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Preface 


I am grateful to the readers of the first edition who have made suggestions 
for improvement.. Apart from some minor corrections, the principal changes 






ecting the curvatures of four mutually tang: cles, 

now known as the Descartes Circle Theorem (p. 12), is proved along the lines 
suggested by Mr. Beecroft on pp. 91-96 of “The Lady’s and Gentleman’s 
Diary for the year of our Lord 1842, being the #eond after Bissextile, de- 
signed principally for the amusement and inst &h of Students in Mathe- 
matics: comprising many useful and entertairiiiig particulars, interesting to 
all persons engaged in that delightful pursuit.” 

For similarity in the plane, a new treatment (pp. 73-76) was suggested by 
A. L. Steger when he was a sophomore at the University of Toronto. For 
similarity in space, a different treatment ( 103) was suggested by Professor 
Maria Wonenburger. A new exercise of - <% introduces the useful concept 
of inversive distarice. Another has be erted on p. 127 to exhibit R. 
Krasnodebski's drawings of symmetrical loxodromes. 

Pages 203-208 have been revised so as to clarify the treatment of affinities 
(which preserve collinearity) and equiaffinities (which..preserve area). The 
new material includes some challenging exercises. F iscovery of finite 
geometries (p. 237), credit has been given to von iui, who anticipated 
Fano by 36 years. 

Page 395 records the completion, in 1968, by G. Ringel and J. W. T. 
#sungs, of a project begun by Heawood in 1890. The result is that we now 
ow, for every kind of surface except the sphere (or pa) the minimal 


“nomber of colors that will suffice for coloring every map oy ty P 
Answers are now given for practically all the exercises; sf rth UR 

















is no longer needed. One of the prettiest answers (p. 15 
plied by Professor P. Szász of Budapest. 
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Toronto, Canada 
January, 1969 


My 


Preface to the 
first edition 


For the last thirty or forty years, most Americans have somehow lost in- 
terest in geometry. The present book constitutes an attempt to revitalize 
this sadly neglected subject. 

The four parts correspond roughly to the four years of college work. 
However, most of Part II can be read before Part I, and most of Part JV 
before Part III. The first eleven chapters (that is, Parts I and JI) will pro- 
vide a course for students who have some knowledge of Euclid and ele- 
mentary analytic geometry but have not yet made up their minds to spe- 
cialize in mathematics, or for enterprising high school teachers who wish to 
see what is happening just beyond their usual curriculum. Part III deals 
with the foundations of geometry, including projective geometry and hyper- 
bolic non-Euclidean geometry. Part IV introduces differential geometry, 
combinatorial topology, and four-dimensional Euclidcan geometry. 

In spite of the large number of cross references, each of the twenty-two 
chapters is reasonably self-contained; many of them can be omitted on first 
reading without spoiling one’s enjoyment of the rest. For instance, Chapters 
1, 3, 6, 8, 13, and 17 would make a good short course. There are relevant 
exercises at the end of almost every section; the hardest of them are pro- 
vided with hints for their solution. (Answers to some of the exercises are 
given at the end of the book. Answers to many of the remaining exercises 
are provided in a separate booklet, available from the publisher upon re- 
quest.) The unifying “ixéad that runs through the whole work is the idea 
of a group of transformiztieens or, in a single word, symmetry. 

The customary empitiasis on analytic geometry is likely to give students 
the impression that geometry is merely a part of algebra or of analysis. It 
is refreshing to observe that there are some important instances (such as 
the Argand diagram described in Chapter 9) in which geometrical ideas are 
needed as essential tools in the @veiopment of these other branches of 
mathematics. The scope of geometry was spectacularly broadened by Klein 
in his Erlanger Programm (Erlangen program) of 1872, which stressed the 
fact that, besides plane and solid Euclidean geometry, there are many other 
geometries equally worthy of attention. For instance, many of Euclid’s own 
propositions belong to the wider field of affine geometry, which is valid not 
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only in ordinary space. but also in Minkowski’s space-time, so successfuily 
exploited by Einstein in his special theory of relativity. 

Geometry is useful not only in algebra. analysis, and cosmology, but also 
in kinematics and crystallography (where it is associated with the theory of 
groups), in statistics (where finite geometrics help in the design of experi- 
ments), and even in botany. The subject of topology (Chapter 21) has been 
developed so widely that it now stands on its own feet instead of being re- 

garded as part of geometry; but it fits into the Erlangen program, and its 
carly stages have the added appeal of a famous unsolved problem: that of 
deciding whether every possible map can be colored with four colors. 

The material grew out of courses of lectures delivered at summer insti- 
tutes for school teachers and others at Stillwater, Oklahoma; Lunenburg, 
Nova Scotia; Ann Arbor, Michigan; Stanford, California; and Fredericton, 
New Brunswick, along with several public lectures given to the Friends of 
Scripta Mathematica in New York City by invitation of the late Professor 
Jekuthiel Ginsburg. The most popular of these separate lectures was the 
one on the golden section and phyllotaxis, which is embodied in Chapter 11. 

Apart from the general emphasis on the idea of transformation and on 
the desirability of spending some time in such unusual environments as af- 
fine space and absolute space, the chief novelties are as follows: a simple 
treatment of the orthocenter (§ 1.6); the use of dominoes to illustrate six of 
the seventeen space groups of two-dimensional crystallography (§ 4.4): a 
construction for the invariant point of a dilative reflection (§ 5.6); a descrip- 
tion of the general circle-preserving transformation (§ 6.7) and of the spiral 
similarity (§ 7.6); an “explanation” of phyllotaxis (§ 11.5); an “ordered” 
treatment of Sylvester’s problem (§ 12.3); an economical system of axioms 
for affine geometry (§ 13.1); an “absolute” treatment of rotation groups 
(§ 15.4): an elementary treatment of the horosphere (§ 16.8) and of the ex- 
treme ternary quadratic form (§ 18.4); the correction of a prevalent error 
concerning the shape of the monkey saddle (§ 19.8); an application of geo- 
desic polar coordinates to the foundations of hyperbolic trigonometry 
(§ 20.6); the classification of regular maps on the sphere, projective plane, 
torus, and Klein bottle (§ 21.3); and the suggestion of a statistical honey- 
comb (§ 22.5). 

I offer sincere thanks to M. W. Al-Dhahir, J. J. Burckhardt, Werner Fen- 
chel, L. M. Kelly, Peter Scherk, and F. A. Sherk for critically reading various 
chapters; also to H G. Forder, Martin Gardner, and C. J. Scriba for their 
help in proofreading, to S. H. Gorig, J. Be. Adttlewood, and J. L. Synge for 
permission to quote certain passaites from 2 eir published works, and to 
M. C. Escher, I. Kitrosser, and the Poya Society of Canada for permission 
to reproduce the plates. 


H.S.M. Coxeter 


Toronto, Canada 
March, 1961 
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Triangles 


In this chapter we review some of the well-known propositions of ele- 
mentary geometry, stressing the role of symmetry. We refer to Euclid’s 
propositions by his own numbers, which have been used throughout the 
world for more than two thousand years. Since the time of F. Commandino 
(1509-1575), who translated the works of Archimedes, Apollonius, and 
Pappus, many other theorems in the same spirit have been discovered. 
Such results were studied in great detail during the nineteenth century. As 
the present tenieacy is to abandon them in favor of other branches of 
mathematics, we shall be content to mention a few that seem particularly 
interesting. 


1.1 EUCLID 


Euclid's work will live long ofter all the text-books of the present doy 
are superseded and forgotten. It is one of the noblest monuments of 
antiquity. 


Sir Thomas L. Heath (1861 -1940)* 


About 300 B.c., Euclid of Alexandria wrote a treatise in thirteen books 
called the Elements. Of the author (sometimes regrettably confused with the 
earlier philosopher, Euclid of Megara) we know very little. Proclus (410~ 
485 A.D.) said that he “put together the Elements, collecting many of Eu- 
doxus’s theorems, perfecting many of Theaetetus’s, and also bringing to ir- 
tefragable demonstration the things which were only somewhat loosely 
proved by his predecessors. This man lived in the time of the first Ptolemy, 
{who} once asked him if there was in geometry any shorter way than that 
of the Elements, and he answered that there was no royal road to geometry.” 
Heath quotes a story by Stobaeus, to the effect that someone who had be- 
gun to read geometry with Euclid asked him “What shall ] get by learning 
these things?” Euclid called his slave and said “Give him a dime, since he 


must make gain out of what he learns.” 
* Heath 1, p. vi. (Such references are collected at the end of the book, pp. 415-417.) 
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Of the thirteen books, the first six may be very brietty described as deal- 
ing respectively with triangles, rectangles, circles, polygons, proportion, and 
similarity. The next four, on the theory of numbers, include two notable 
achievements: [X.2 and X.9, where it is proved that there are infinitely 
many prime numbers, and that y2 is irrational [Hardy 2, pp. 32-36]. 
Book XI is an introduction to solid geometry, XII deals with pyramids, 
cones, and cylinders, and XIII is on the five regular solids. 

According to Proclus, Euclid “set before himself, as the end of the whole 
Elements, the construction of the so-called Platonic figures.” This notion 
of Euclid’s purpose is supported by the Platonic theory of a mystical cor- 
respondence between the four solids 


cube, earth, 
tetrahedron, , J fire 
and the four “elements’ relia 
octahedron, | alr, 
icosahedron _ water 


(cf. Coxeter 1, p. 18}. Evidence to the contrary is supplied by the arith- 
metical books VII-X, which were sbyiously included for their intrinsic in- 
terest rather than for any applicaiiey to solid geometry. 


1.2 PRIMITIVE CONCEPTS AND AXIOMS 


"When | use a word,’ Humpty-Dumpty said, “it means just whot I 
choose it fo mean—neither more nor less.” 

Lewis Carroll (1832 -1898) 

[Dodgson 2, Chop. 6] 


In the logical development of any branch of mathematics, each definition 
of a concept or relation involves other concepts and relations. Therefore 
the only way to avoid a vicious circle is to allow certain primitive concepts 
and relations (usually as few as possible) to remain undefined [Synge 1, pp. 
32-34]. Similarly, the proof of each proposition uses other propositions, 
and therefore certain primitive propositions, called postulates or axioms, 
must remain unproved. Euclid did not specify his primitive concepts and 
relations, but was content to give definitions in terms of ideas that would 
be familiar to everybody. His five Postulates are as follows: 


1.21 A straight line may be drawn from any point to any other point. 
1.22 A finite straight line may be extended continuously in a straight line. 
1.23 A circle may be described with any center and any radius. 

1.24 All right angles are equal to one another. 


1.25 Ifa straight line meets two other straight lines so as to make the two 
interior angles on one side of it together less than two right angles, the other 
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straight lines, if extended indefinitely, will meet on that side on which the an- 
gles are less than two right angles.* 


It is quite natural that, after a lapse of about 2250 years, some details are 
now seen to be capable of improvement. (For instance, Euclid I.1 con- 
structs an cane sea by drawing two circles; but how do we ena 







seas in the modern treatment of his yoe: 
sp. 161-187], it is usual to recognize the primi- 
avo primitive relations of APE (the 


tion whether a figure can be moved without changing its internal structure. 
This principle is nowadays replaced by a further explicit assumption such 
as the axiom of “the rigidity of a triangle with a tail” (Figure |.2a): 


1.26 If ABC is a triangle with D on the side BC extended, while D’ is 
analogously related to another triangle A’ B’C’, andif BC = B’C’, CA = C'A’, 
AB = A'B’, BD = B'D’, then AD = A'D. 





Figure 1.24 


This axiom can be used to extend the notion of congruence from line seg- 
ments to more complicated figures such as angles, so that we can say pre- 
cisely what we mean by the relation 


L ABC = L ABC. 


Then we n iger need the questionable principle of superposition in or- 
der to prove Euclid [.4: 

If two triangles have two sides equal to two sides respectively, and have the 
angles contained by the equal sides equal, they will also have their third sides 
equal, and their remaining angles equal respectively; in fact, they will be con- 
gruent triangles. 


* In Chapter 15 we shall see how far we can go without using this unpleasantly complicated 
Fifth Pastulate. 
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1.3 PONS ASINORUM 


Minos: It is proposed to prove |.5 by taking up the isosceles Triangle, 
turning it ovar: one then laying it down again upon itself. 








Euclid: Surety Esi ‘has too much of the irish Bull about it, and re- 
minds one a little too vividly of the man who walked down his own 
throat, to deserve a place in a strictly philosophica! treatise? 

Minos: | suppose its defenders would say that it is conceived to leave 
a trace of itself behind, and that the reversed Triangle is laid down 
upon the trace so left. 


C. L. Dodgson (1832 -1898) 
[Dodgson 3, p. 48] 


LS. The angles at the base of an isosceles triangle are equal. 

The name pons asinorum for this famous theorem probably arose from 
the bridgelike appearance of Euclid’s figure (with the construction lines re- 
quired in his rather complicated proof) and from the notion that anyone un- 
able to cross this bridge must be an ass. Fortunately, a far simpler proof 
was supplied by Pappus of Alexandria about 340 a.D. (Figure 1.3a): 


R Q O 
4 se D c 
Figure 1.3a 


Let ABC be an isosceles triangle with AB equal to AC. Let us conceive this tri- 
angle as two triangles and argue in this way. Since AB = AC and AC= AB, the two 
sides AB, AC are cqual to the two sides AC, AB. Also the angle BAC is equal to the 
angle CAB, for it is the same. Therefore all the corresponding parts (of the triangles 
ABC, ACB) are equal, im particular, 


é ABC = Z ACB. 


The pedagogical difficuiiy of comparing the isosceles triangle ABC with 
itself is sometimes avoided by joining the apex A to D, the midpoint of the 
base BC. The median AD may be regarded as a mirror reflecting B into C. 
Accordingly, we say that an isosceles triangle is symmetrical by reflection, 
or that it has bilateral symmetry. (Of course, the idealized mirror used in 
geometry has no thickness and is silvered on both sides, so that it not only 
reflects B into C but also reflects C into B.) 
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Any figure, however irregular its shape may be, yields a symmetrical fig- 
ure when we place it next to a mirror and waive the distinction between 
object and image. Such bilateral symmetry is characteristic of the external 
shape of most animals. 

Givén any point P on either side of a geometrical mirror, we can con- 
struct its reflected image P’ by drawing the perpendicular from P to the 
mirror and extending this perpendicular line to an equal distance on the 
other side, so that the mirror perpendicularly bisects the line segment PP’. 
Working in the plane (Figure 1.35) with a line 48 for mirror, we draw two 
circles with centers A, B and radii AP, BP. The two points of intersection 
of these circles are P and its image P’. 


A 

2 

B 
Figure 1.3b 


We shall find that many geometrical proofs are shortened and made more 
vivid by the use of reflections. But we must remember that this procedure 
is merely a short cut: every such argument could have been avoided by 
means of a circumlocution involving congruent triangles. For instance, the 
above construction is valid because the triangles ABP, ABP’ are congruent. 

Pons asinorum has many useful consequences, such as the following five: 

111,3. {fa diameter of a circle bisects a chord which does not pass through the center, 
it is perpendicular to it; or, if perpendicular to it, it bisects it. 

111.20. 7n a circle the angle at the center is double the angle at the circumference, when 
the rays forming the angles meet the circumference in the same two points. 

I1.21. fn a circle, a chord subtends equal angles at any two points on the same one 
of the two arcs determined by the chord (c.g. in Figure 1.3c. PQQ’ = ZPP’Q’). 

IIT.22. The opposite angles of any quadrangle inscribed in a circle are together equal 
to two right angles. 

111.32. ffa chord of a circle he drawn from the point of contact of a tangent, the angle 
made by the chord with the tangent is equal to the angle subtended by the chord at a point 


on that part of the circumference which lies on the far side of the chord (c.g., in Figure 
1.3¢, ZOTP = LTPP’). 


We shall also have occasion to use two familiar theorems on similar tri- 
angles: 
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V1.2. Ifa straight line he drawn parallel to one side of a triangle, it will cut the other 
sides proportionately; and, if two sides of the triangle be cut proportionately, the line join- 
ing the points of section will be parallel to the remaining side. 


V1.4. If corresponding angles of two triangles are equal, then corresponding sides are 
proportional. 

Combining this last result with [11.21 and 32, we deduce two significant 
properties of secants of a circle (Figure 1.3c): 





Figure 1.3¢ 


III.35. ff in a circle two straight lines cut each other, the rectangle contained hy the 
segments of the one is equal to the rectangle contained by the segments of the other (i.c., 
OP x OP’ = OQ x O°’). 

11.36. Jf from a point outside a circle a secant and a tangent be drawn, the rectangle 
contained by the whole secani and the part outside the circle will be equal to the square 
on the tangent (i.e., OP x OP’ = OT?). 


Book VI also contains an important property of area: 


V1.9. Similar triangles are to one another in the squared ratio of their corresponding 
sides (i.¢., if ABC and A’B’C’ are similar triangles, their areas are in the ratio AB? : 
A‘B’), 

This result yields the following easy proof for the theorem of Pythagoras 
[see Heath 1, p. 353; 2, pp. 210, 232, 269}: 


1.47. Ina right-angled triangle, the square on the hypotenuse is equal to the sum of 
the squares on the two catheti. 


In the triangle ABC, right-angled at C, draw CF perpendicular to the 
hypetemuse AB, as in Figure 1.3d. Then we have three similar right-angled 
langies ABC, ACF, CBF, with hypotenuses AB, AC, CB. By V1.19, the 
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Evidently, ABC = ACF + CBF. Therefore AB? = AC? + CR. 


A 
F 

B c 
Figure 1.3d 
EXERCISES 


1. Using rectangular Cartesian coordinates , show that the reficction in the y-axis 
(x = 0) reverses the sign of x. What happens when we reflect in the line x = y? 

2. Deduce 1.47 from II1.36 (applied to the circle with center A and radius AC). 

3. Inside a square ABDE, take a point C so that CDE is an isosccles triangle with 
angles 15° at D and E. What kind of triangle is ABC? 

4, Prove the Erdés-Mordell theorem: If O is any point inside a triangle ABC and 
P, Q, R are the feet of the perpendiculars from O upon the respective sides BC, CA, 
AB, then 


OA + OB + OC > {OP + OQ + OR). 


(Hint:* Let Py and Pe be the feet of the perpendiculars from R and Q upon BC. De- 
fine analogous points Q, and Q2 R, and Rz on the other sides. Using the similarity 
of the triangles PRP, and OBR, express ?;P in terms of RP, OR, and OB. After sub- 
stituting such expressions into 


OA + OB + OC > OA(P;P + PP2)/RO + OB(O,0 + OQ2)/PR 
+ OC(RiR + RR:)/ QP, 


collect the terms involving OP, OQ, OR, respectively.) 
5. Under what circumstances can the sign > in Ex. 4 be replaced by =? 


6. In the notation of Ex. 4, 
OA x OB x OC > (OE + ORXOR + OPXOP + OQ). 


(A. Oppenhcim, American Mathematical Monthly, 68 (1961), p. 230. See also L. J. 
Mordell, Mathematical Gazette, 46 (1962), pp. 213-215.) 


7. Prove the Steiner-Lehmus theorem: Any triangle having two equal internal angle 
bisectors (each measured from a Vertex to the opposite side) is isosceles. (Hint If a 
triangle has two different angles, the smaller angle has the longer internal bisector.) 


* Leon Bankoff, American Mathematical Monthly, 65 (1958), p. 521. For other proofs see G. R. 
Veldkamp and H. Brabant, Nieuw Tijdschrift voor Wiskunde, 43 (1958), pp. 193-196; 4& (1959), 
p. 87. 

+ Court 2, p. 72. For Lehmus'’s proof of 1848, see Coxeter and Greitzer 1, p. 15. 
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1.4 THE MEDIANS AND THE CENTROID 


Oriental mathematics may be an interesting curiosity, but Greek mathe- 
matics is the real thing. .. . The Greeks, as LitHewood saisi si iiis once, 
are not clever schoolboys or “scholarship candidates,” but “Felows of 
another college." So Greek mathematics is permanent.” more per- 
manent even than Greek literature. Archimedes will be remembered 
when Aeschylus is forgotten, because languages die and mathematical 
ideas do not. 


G. H. Hardy (1877 -1947} 
(Hardy 2, p. 21] 





Figure 1.40 


The line joining a vertex of a triangle to the midpoint of the opposite side 
is called a median. 

Let two of the three medians, say BB’ and CC’, meet in G (Figure |.4a). 
Let Zand M be the midpoints of GB and GC. By Euclid VI.2 and 4 (which 
were quoted on page 8), both C’B’ and LM are parallel to BC and half as 
long. Therefore B’C’LM is a parallelogram. Since the diagonals of a paral- 
lelogram bisect each other, we have 


B’G = GL = LB, C’G = GM = MC. 


Thus the two medians BB’, CC’ trisect each other at G. In other words, 
this point G, which could have been defined as a point of trisection of one 
median, is also a point of trisection of another, and similarly of the third. 
We have thus proved [by the method of Court 1, p. 58] the following 
theorem: 


1.41 The three medians of any triangle all pass through one point. 


This common point G of the three medians is called the centroid of the 
triangle. Archimedes (c. 287-212 B.c.) obtained it as the center of gravity of 
a triangular plate of uniform density. 


TRITANGENT CIRCLES HI 


EXERCISES 


1. Any triangle having two equal medians is isosceles.* 
2. The sum of the medians of a triangle lies between ł}p and p, where p is the sum 
of the sides. [Court I, pp. 60-61.] 


1.5 THE INCIRCLE AND THE CIRCUMCIRCLE 
Alone at nights, 
i read my Bible more and Euclid less. 


Robert Buchanan (1841 -1901) 
{An Old Dominie’s Story) 





Figure 1.32 


Euclid II1.3 tells us that a circle is symmetrical by reflection in any diame- 
ter (whereas an ellipse is merely symmetrical about two special diameters: 
the major and minor axes). ít follows that the angle between two inter- 
secting tangents is bisected by the diameter through their common point. 


* [t is to be understood that any exercise appearing in the form of a theorem is intended to be 
proved, It saves space to omit the words “Prave that” or “Show that.” 
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By considering the loci of points equidistant from pairs of sides of a tri- 
angle ABC, we see that the internal and external bisectors of the three 
angles of the triangle meet by threes in four points J, Ia, Ip, Ie, as in Figure 
1.5a. These points are the centers of the four circles that can be drawn to 
touch the three lines BC, CA, AB. One of them, the incenter I, being inside 
the triangle, is the center of the inscribed circle or incircle (Euclid IV.4). 
The other three are the excenters Ia, Ip, Ie: the centers of the three escribed 
circles or excircles [Court 2, pp. 72-88). The radii of the ingircle and excir- 
cles are the inradius r and the exradii rg, ry, re. 
In describing a triangle ABC, it is customary to call the sides 


a= BC, b = CA, c = AB, 
the semiperimeter 
s= a+b +0), 


the angles A, B, C, and the area A. 
Since A + B + C = 180°, we have 


1.51 ZBIC = 90° + 4A, 


a result which we shall find useful in § 1.9. 
Since JBC is a triangle with base a and height r, its area is ar. Adding 
three such triangles we deduce 


A=a+b+4c)r= sr. 
Similarly A = 4(5 + ¢ — a)re = (S — a)ra. THE 


A = sr = (S — a)ra = (s — DO BS — e)re 





‘rom the well-known formula cos A = (b? + c? — a®)/2bc, we find also 
| sin A = [~at — b4 — c4 + 262c2 + 2c2a2 + 2a?b?}/2bc, 
whence 


å = bc sin A 
4 [— at — bt — ct + 2b2c? + 2c?a? + 2a?b?]! 
ila +b +o) a+b cab +cat boe} 


[s(s — a(s — bys — c}}. 


This remarkable expression, which we shall use in § 18.4, is attributed to 
Heron of Alexandria (about 60 a.D.), but it was really discovered by Archi- 
medes. (See B. L. van der Waerden, Science Awakening, Oxford University 
Press, New York, 1961, pp. 228, 277.) Combining Heron’s formula with 
1.52, we obtain 


1.53172 =(4) — (s — as — bXs — 0) Ta? ay ) === 6) 
s s \s-—a S—a 
Another consequence of the symmetry of a circle is that the perpendicular 


bisectors of the three sides of a triangle all pass through the circumcenter O, 


1.53 


tout wl 
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Figure 1.5b Figure 1.53s 


which is the center of the circumscribed circle or circumcireie (Euchd 1V.5). 
This is the only circle that can be drawn through the three vertices A, B, C. 
Its radius R is called the circumradius of the triangle. Since the “angle at the 
center,” Z BOC (Figure 1.55), is double the angle A, the congruent right- 
angled triangles OBA’, OCA’ each have an angle A at O, whence 


R sin A = BA’ = 4a, 


AO ad SP 
3.93 a= sinA sing sinC’ 








Draw AD perpendicular to BC, and let AK be the diameter through A 
of the circumcircle, as in Figure 1.5c. By Euclid III.21, the right-angled tri- 
angles ABD and AKC are similar; therefore 


AD _AC_ yp — be 


© AB AK’ 2R` 
Since A = 48C X AD, it follows that 


1.55 4AR = abc 
= s(s — b\(s — c) + s(s — cps — a) + S(s — a(s — b) 
— (s — ays — bs — c) 





s-a s—b s—c 5 


= Å (ra + t+ re — r). 


Hence the five radii are connected by the formula 


1.56 AR Srat intrer. 


Let us now consider four circles E1, Es, E3, Es, tangent to one another at 
six distinct points. Each circle E; has a bend e;, defined as the reciprocal of 
its radius with a suitable sign attached, namely, if all the contacts are ex- 
ternal fas in the case of the light circles in Figure 1.5d), the bends are all 
positive, but if one circle surrounds the other three (as in the case of the 
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Figure 1.5d 


heavy circles) the bend of this largest circle is taken to be negative; and a line 
counts as a circle of bend 0. In any case, the sum of all four bends is positive. 

In a letter of November 1643 to Princess Elisabeth of Bohemia, René 
Descartes developed a formula relating the radii of four mutually tangent 
circles. In the “bend” notation it is 


1.57 2(e1? + E2? + e3? + €47) = (er + E2 + E3 + &4)?. 





reien 
Giht : i i \ 
Figure 1.50 Figuies: iui 


This Descartes circle theorem was rediscovered in 1842 by an English ama- 
teur, Philip Beecroft, who observed that the four circles E; determine another 
set of four circles H;, mutually tangent at the same six points: Hı through 
the three points of contact of E2, Ez, Ey, and so on. Let y: denote the bend 
of H;i. If the centers of E, Ez, E3 form a triangle ABC, Hg, is either the 
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1.58 PEROS) TENEAT 2! ak 
2 2S ahi eae N4 5 
In the latter (Figure 1.5/), 
hy Mes tae ee eo 
= cm ESP, KETEN N4 = ye 
In either case, we see from 1.53] that 
; ai .—_{l l l Lg 
t2€3 + E3t1 + eye, = |— + —— + —] 1E2863 = M4. 
ey E2 E3 


Similarly n203 + 13m. + 71N2 = t4?, and of course we can permute the sub- 
scripts 1,2,3,4. Hence 


(Xe)? = £27 +... He + Reit +... + 2EzE4 = Le;2 + =n. 


Since this expression involves ¢; and n; symmetrically, it is also equal to 
(Èn;)?; thus 


E1 + E2 + E3 + £4 = 1 + No +n +n > Oz 
Also, since 


(t1 + E2 + E3 — E4Ņt1 + E2 + t3 + E4) = (£1 + €2 + e3) — t4? 
= E1? + £2? + E3? — £42 + 24? 
= (MM3 + NNa + Nana) + Mna + ---) + (Mine +...) — (Mame +...) + 204? 
= (MNs + Tens + NNa) + 204? = 2n4(41 + N2 + Ta + Na), 


1.39 E1 + t2 + £3 — E4 = 24. 


Adding four such equations after squaring each side, we deduce De? = =y;?, 
whencs 


2 d¢;2 = Bej? + Eni? = (2e;)?. 
Thus 1.57 has been proved. 


In 1936, this theorem was rediscovered again by Sir Frederick Soddy, who 
had received a Nobel prize in 1921 for his discovery of isotopes. He ex- 
pressed the theorem in the form of a poem, The Kiss Precise*, of which the 
middle verse runs as follows: 


Four circles to the kissing come. 

The smaller are the benter. 

The bend is just the inverse of 

The distance from the centre. 

Though their intrigue lcft Euclid dumb 


* Nature, 137 (1936), p. 1021; 139 (1937). p. 62. ín the next verse, Soddy announced his dis- 
covery of the analogous formula for 5 spheres in 3 dimensions. A final verse, added by Thorold 
Gosset (1869-1962) deals with n+2 spheres in n dimensions; see Coxeter, Aequationes Marthe- 
maticae, 1 1968), pp. 104-121. 
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There’s now no need for rule of thumb. 
Since zero bend’s a dead straight line 
And concave bends have minus sign, 
The sum of ihe squares of all four bends 
{s half the square of their sum. 


EXERCISES 
1. Find the locus of the image ofa fixed point P by reflection in a variable line 
through another fixed point O. 
2. For the general triangle ABC, cstablish the identities 
Iz l rey A Traln¥o = A. 
Te Tr Te r 
3. The lengths of the tangents from the vertex A to the incircle and to the three 
excircles are respectively 


s—a, $ S-—G Sb. 
4. The citcumcenter of an obtuse-angled triangle lies outside the triangle. 
5. Where is the circumcenter of a right-angled triangle? 


6. Let U, V, W be threc points on the respective sides BC, CA, AB of a triangle 
ABC. The perpendiculars to the sides at these points are concurrent if and only if 


AW? + BU2 4+ CV? = WB? 4+ UC? + VA: 
7. A triangle is right-angled if agd only if r+2R =s. 
8. The bends of Beecroft’s ¢ cles satisfy 





t+ m = &2 + 2 = by + 3 = £4 + He, Lei = O. 
9. For any four numbers satisfying k + / + m + n = 0, there is a “Beecroft con- 
figuration” having bends 


e1 = K(k + l), & = (k + Di, e3 =n? — kl, eg = m? — ki, 
m = 2 — mn, ne = k? — mn, na = m(m + n), Ng = (Mm + n)a. 


(Hint: Express £3, €4, 41, n2 as rational functions of £1, €x. 43, Na.) 


10. If three circles, externally tangent to one another, have centers forming a tri- 
angle ABC, thcy arc all tangent to two other circles (or possibly a circle and a linc) 
whose bends are 

r+4R + 2s 
A 

11. Given a point P on the circumcircle of a triangle, the feet of the perpendiculars 
from P to the three sides all lie on a straight line. (This line is commonly called the Sim- 
son line of P with respect to the triangle, although it was first mentioned by W. Wallace, 
thirty ycars after Simson’s death [Johnson 1, p. 138].) 


12. Given a triangle ABC and a point P in its plane (but not on a side nor on the cir- 
cumcirclc), let 41B1C, be the derived triangle formed by the feet of the perpendiculars 
from P to the sides BC, CA, AB. Let A2B2C2 be derived analogously from A; 8,C, 
(using the same P), and A3B3C;3 from A 2B2C2. Then A383C; is directly similar to ABC. 
[Casey 1, p. 253.) (Hint: Z PBA = ZPA;C; = L PC2B2 = 4 PB3A3.) This result has 
been extended by B. M. Stewart from the third derived triangle of a triangle to the nth 
derived n-gon of an n-gon. (American Mathematical Monthly 47 (1940), pp. 462-466). 
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1.6 THE guit HIE AND THE ORTHOCENTER 





Although the Greeks worked fruitfully, n ‘gn geometry but also in 
the most varied fields of mathematics, nevertheless we today have gone 
beyond them everywhere and certainly also in geometry. 

F. Klein (1849 -1925) 
rs ate [Klein 2, p. 189) 















From now or hall have various occasidiis i eiedyiion the name of L. 
Euler (1707-17! Swiss who spent most of iia ite! im@assia, making im- 
portant contributions to all branches of mathematics. Some of his simplest 
discoveries are of such a nature that one can well imagine the ghost of Euclid 
saying, “Why on earth didn’t I think of that?” 





Figure 1.6a 







If the circumcenter O and centroid G of a tri haide, each median 
is perpendicular to the side that it bisects, and she: aie is “isosceles three 
ways,” that is, equilateral. Hence, if a triangi¢ ABC not equilateral, its 
circumcenter and centroid lie on a unique line OG. On this so-called Euler 
line, consider a point H such that OH = 306G, that is, GH = 20G (Figure 
1.6a). Since also GA = 2A’G, the latter half of Euclid V1.2 tells us that AH 
is parallel to A’O, which is the perpendicular bisector of BC. Thus AH is 
perpendicular to BC. Similarly BH is perpendicular to CA, and CH to AB. 

The line through a vertex perpendicular to the opposite side is called an 
altitude. The above remarks (cf. Court 2, p. 101] show that 





The three altitudes of any triangle all pass through one point on the Euler line. 


This common point H of the three altitudes is called the orthocenter of the 
triangle. 


EXERCISES 


1. Through each vertex of a given triangle ABC draw a line parallel to the opposite 
side. The perpendicular bisectors of the sides of the triangle so formed suggest an alter- 
Native proof that the three altitudes of ABC arc concurrent. 


‘2, The orthocenter of an obtuse-angled triangle lies outside the triangle. 
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3. Where is the orthocenter of a right-angled triangle? 
4. Any triangle having two equal altitudes is isosceles. 


5. Construct an isosceles triangle ABC (with base BC), given the median BB’ and 
the altitude BE. (Hint: The centroid is two-thirds of the way from B to B’.)(H. Freu- 
denthal.) 


6. The altitude 4D of any triangle ABC is of length 
2R sin B sin C. 


7. Find the perpendicular distance from the centroid G to the side BC. 
8. Ifthe Euler line passes through a vertex, the triangle is either right-angled or 


isosceles (or both). ; 
9. Ifthe Euler line is parallel to the sie BC the angles B and C satisfy 


tan B tan C = 3. 





1.7 THE NINE-POINT CIRCLE 


This circle is the first really exciting one to appear in any course on 
elementary geometry. 


Daniel Pedoe {1910 - } 
[Pedoe 1, p. 1] 





The feet of the altitudes (that is, three points like D in Figure 1.6a) form 
the orthic triangle (or “pedal triangle”) of ABC. The circumcircle of the 
orthic triangle is called the nine-point circle (or “Feuerbach circle”) of the 
original triangle, because it contains not only the feet of the three altitudes 
but also six other significant points. In fact, 


1.71 The midpoints of the three sides, the midpoints of the lines joining the 
orthocenter to the three vertices, and the feet of the three altitudes, all lie on a 
circle. 
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EXERCISES 


1. In Figure 1.84, UV and VW make equal angles with CA. Deduce that the ortho- 
center of any triangle is the incenter of its orthic triangle. (In other words, if 4BCis a 
triangular billiard table, a ball at U, hit in the direction UY, will go round the triangle 
UVW indefinitely, that is, until it is stopped by friction.) 

2. How does Fagnano’s problem collapse when we try to apply it to a triangle ABC 
in which the angle A is obtuse? 

3. The circumcircles of the three equilateral triangles in Figure 1.8¢ all pass through 
P, and their centers form a fourth equilateral triangle.* 

4. Three holes, at the vertices of an arbitrary triangle, are drilled through the top of 
atable. Through each hole a thread is passed with a weight hanging from it bclow the 
table. Above, the three threads are all tied together and then released. If thc three 
weights are all equal, where will the knot come to rest? 

5. Four villages are situated at the vertices of a square of sidc one mile. The in- 
habitants wish to connect the villages with a system of roads, but they have only enough 
material to make 1/3 + | miles of road. How do they proceed? [Courant and Rob- 
bins 1, p. 392.) 

6. Solve Fermat’s problem for a triangle ABC with A > 120°, and for a convex 
quadrangle ABCD. 

7. Iftwo points P, P’, inside a triangle ABC, are so situated that L CBP = 2 PBP’ 
= ZP’BA, LACP’ = Z2P’CP = ZPCB, then ZBP'P = ZPP'C. 

8. if four squares are placed externally (or internally) on the four sides of any 
parallelogram, thcir centers are the vertices of another square. [Yaglom 1, pp. 96-97.] 

9. Let X, Y, Z be the centers of squares placed externally on the sides BC, CA, AB 
of a triangle ABC. Then the segment AX is congruent and perpendicular to YZ (also 
BY to ZX and CZ to XY). (W. A. J. Luxemburg.) 

10. Let Z, X, U, V be the centers of squares placed externally on the sides AB, BC, 
CD, DA of any simple quadrangle (or “quadrilateral”) ABCD. Then the segment ZU 
(joining the centers of two “opposite” squares) is congruent and perpendicular to XV. 
[Forder 2, p. 40.] 


1.9 MORLEY’S THEOREM 


Many of the proofs in mathematics are very long and intricate. Others, 
though not long, are very ingeniously constructed. 
E. C. Titchmarsh (1899 -1963) 
[Titchmarsh 1, p. 23] 


One of the most surprising theorems in elementary geometry was discov- 
ered about 1899 by F. Morley (whose son Christopher wrote novels such as 
Thunder on the Left). He mentioned it to his friends, who spread it over 


* Court [1, pp. 105-107]. See also Mathesis 1938, p. 293 (footnote, where this theorem is attrib- 
uted to Napoleon); and Forder {2, p. 40] for some interesting generalizations. 
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Extend the sides of the isosceles triangles below their bases until they meet 
again in points A, B, C. Sincea + 8 + y + 60° = 180°, we can imme- 
diately infer the measurement of some other angles, as marked in Figure 
l. 9a. For instance, the triangle AQR must have an angle 60° — a at its 
tui since its angles at Q and R area + Bandy + a. 
{ng to 1.51, we see that one way to characterize the incenter J of a 
triala BC is to describe it as lying on the bisector of the angle A at such 
a distance that 





¿BIC = 90° + 


Applying this principle to the point P in the triangle P’BC, we observe that 
the line PP’ (which is a median of both the equilateral triangle POR and 
the isosceles triangle P’QR) bisects the angle at P’. Also the half angle at 
P’ is 90° — a, and 


¿BPC = 180° — a = 90° + (90° — a). 


Hence P is the incenter of the triangle P’BC. Likewise Q is the incenter of 
Q’CA, and R of R'AB. Therefore all the three small angles at C are equal; 
likewise at A and at B. In other words, the angles of the triangle ABC are 
trisected. 

The three small angles at A are each $4 = 60° — a; similarly at B and 
C. Thus 


a = 60° 44, B= 60° 4B y= 60° —4C. 


4 
By choosing these values for the base angles of our isosceles triangles, we 
can ensure that the above procedure yields a triangle ABC that is similar 
to any given triangle. 
This completes the proof. 


EXERCISES 


nes PP’, QQ’, RR’ (Figure 1.9a) are concurrent. In other words, 
A, B, C meet again to form another triangle P’Q’R’ which is perspec- 
equilateral triangle POR. (In general P’Q’R’ is not equilateral.) 

2. What values of a, 8, y will make the triangle ABC (i) equilateral, (ii) right- 
angled isosceles? Sketch the figure in each case. 

3. Let Pi and Pz (on CA and AB) be the images of P by reflection in CP’ and BP’. 
Then the four points P, Q, R, Po are evenly spaced along a circle through A. In the 
special case when the triangle ABC is equilateral, these four points occur among the 
vertices of a regular enneagon (9-gon) in which A is the vertex opposite to the side QR. 
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Regular Polygons 


We begin this chapter by discussing (without proofs) the possibility of 
constructing certain regular polygons with the instruments allowed by 
Euclid. We then consider all these polygons, regardless of the question of 
constructibility, from the standpoint of symmetry. Finally, we extend the 
concept of a regular polygon so as to include star polygons. 


2.1 CYCLOTOMY 


One, two! One, two! And through ond through 
The vorpol blade went snicker-snack! 


Lewis Corral! 
[Dodgson 2, Chap. 1] 






Euclid’s postulates imply a restriction on the instruments that 2 
for making constructions, namely the restriction to ruler (or strig 
and compasses. He constructed an equilateral triangle (1.1), a square (1V. 6), 
a regular pentagon (IV.11), a regular hexagon (IV.15), and a regular 15-gon 
(IV.15}. The number of sides may be doubled again and again by repeated 
angie bisections. It is natural to ask which other regular polygons can be 
constructed with Euclid’s instruments. This question was completely an- 
swered by Gauss (1777-1855) at the age of nineteen [see Smith 2, pp. 301- 
302]. Gauss found that a regular n-gon, say {n}, can be so constructed if 
the odd prime factors of n are distinct “Fermat primes” 


F, = 22% + 1. 
The only known primes of this kind are 
Fo = 22 41=3, Fp 2? 4+1=5, Fe=2*+1 = 17, 
Fy = 244 1 = 257, Fe = 216 + 1 = 65537. 
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2.3 ISOMETRY 


One way of describing the structure of space, preferred by both New- 
ton and Helmholtz, is through the notion of congruence. Congryent 
parts of space V, V’ are such as can be occupied by the same rigid 
body in two of its positions. If you move the body from one into the 
other position the particle of the body covering a point P of Y will after- 
wards cover a certain point P’ of Y’, and thus the result of the mo- 
tion is a Mapping P — P’ of V upon Y’. We can extend the rigid body 
either octually or in imagination so as to cover on arbitrarily given 
point P of space, and hence the congruent mopping P —> P’ can be 
extended to the entire space. 


Hermann Weyl (1885 -1955) 
[Weyl 1, p, 43] 


We shall find it convenient to use the word transformation in the special 
sense of a one-to-one correspondence P — P’ among all the points in 
the plane (or in space), that is, a rule for associating pairs of points, 
with the understanding that each pair has a first member P and a second 
member P’ and that every point occurs as the first member of just one pair 
and also as the second member of just one pair. It may happen that the 
members of a pair coincide, that is, that P’ coincides with P; in this case P 
is called an invariant point (or “dostie point”) of the transformation. 

In particular, an isometry (or “sgugruent transformation,” or “congru- 
ence”) is a transformation which preserves length, so that, if (P, P’) and 
(Q, Q’) are two pairs of corresponding points, we have PQ = P’Q’: PQ 
and P’Q’ are congruent segments, For instance, a rotation of the plane about 
P (or about a line through P perpendicular to the plane) is an isometry hav- 
ing P as an invariant point, but a translation (or “parallel displacement”) 
has no invariant point: every point is moved. 

A reflection is the special kind of isometry in which the invariant points 
consist of all the points on a line (or plane) called the mirror. 

A still simpler kind of transformation (so simple that it may at first seem 
too trivial to be worth mentioning) is the identity, which leaves every point 
unchanged. The result of applying several transformations successively is 
called their product. If the product of two transformations is the identity, 
each is called the inverse of the other, and their product in the reverse order 
is again the identity. 

2.31 Ifan isometry has more than one invariant point, it must be either fie 
identity or a reflection. 


To prove this, let A and B be two invariant points, and P any point not on 
the line 4B (Figure 1.35). The corresponding point P’, satisfying 


AP’ = AP, BP = BP, 


must he on the circle with center A and radius AP, and on the circle with cen- 
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we say that S is of period 4. Similarly S?, being a half-turn, is of period 2 [see 
Coxeter 1, p. 39]. The only transformation of period 1 is the identity. A 
trans:ation is aperiodic (that is, it has no period), but it is conveniently said 
to be of infinite period. 

Some figures ¿ admit both reflections and rotations ¢ 
The lette; f4 
mirror (lii 





soemetry operations. 
Figure 2.4d) has a horizontal mirror (like E) and a vertical 
s well as a center of rotational symmetry (like N) where the 
ïs tersect. Thus it has four symmetry operations: the identity 1, 


ntal reflection Ry, the vertical reflection Re, and the half-turn 











Figure 2.4< Figure 2.4d 


EXERCISES 


1. Every isometry of period 2 is either a reflection or a half-turn [Bachmann 1, pp. 
2-3). 

2. Express (a) a half-turn, (b) a quarter-turn, as transformations of (i) Cartesian co- 
ordinates, (ii) polar coordinates. (Take the origin to be the center of rotation.) 


2.5 GROUPS 


Symmetry, as wide or as narrow as you may define its meaning, is one 
idea by which man through the oges has tried to comprehend and 
create order, beauty, and perfection. 


Hermann Weyl [1, p. 5] 


A set of transformations [Birk kiitin 
to form a group if it contains the 
(including the product of one with: zh its inverse). The number of 
distinct transformations is called t} the group. (This may be either 
finite or infinite.) Clearly the syi@eiry Soerations of any figure form a 
group. This is called the symmetry group of the figure. In the extreme case 
when the figure is completely irregular (like the numeral 6) its symmetry 
i “or onc, consisting of the identity alone. 


“%¢Lane 1, pp. 115-118] is said 
h and the product of any two 
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This is the same as R,Rz if the two mirrors are at right angles, in which case 
R;Rz« is a half-turn and (R,R2)? = 1 


EXERCISES 


1. The product of quarter-turns (in the samc sense) about C and B is the half-turn 
about the center of a square having BC for a side. 

2. Let ACPO and BARS be squarcs on the sides AC and BA ofa triangle ABC. IfB 
and C remain fixed while A varies freely, PS passes through a fixed point. 


2.7 THE KALEIDOSCOPE 


Dz is a special case of the general dihedral group D,, which is, for n > 2. 
the symmetry group of the regular n-gon, {n}. (See Figure 2.7a for the cases 
n = 3,4,5.) This is evidently a group of order 2n, consisting of n rotations 
(through the n effectively distinct multiples of 360°/m) and n reflections. 
When n is odd, each of the n mirrors joins a vertex to the midpoint of the op- 
posite side; when z is even, $n mirrors join pairs of opposite vertices and 4n 
bisect pairs of opposite sides [see Birkhoff and MacLane 1, pp. 117-118, 135]. 





Figure 2.7a 


a 


w 





hae ioderare just the operations of the cyclic group Ca. Thus the 
operations « ais: : plude all the operations of C,: in technical language, Cn 
isa subgrosigs Sr Wiii The rotation through 360°/n, which generates the sub- 
group, may be described as the product S = RR: of reficctions in two adja- 
cent mirrors (such as OB and OC in Figure 2.7a) which are inclined at 
180°/n. 

Let Ry, Re... ., Ra denote the n reflections in their natural order of ar- 
rangement. Then RıRx41, being the product of reflections in two mirrors 
inclined at k times 180°/n, i @ rotation through k times 360°/n: 


Ri Ryay = SA. 
Thus Rxy41 = RyS*, and the n reficctions may be expressed as 
Ry, R:S, R182, .. ., RiS?-}. 
In other words, D, is generated by R; and S. By substituting RıRz for S, we 
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ordinary regular p-gon, { p}. When d > 1, the sides crass one another, but 
the crossing points are not counted as vertices. Since d may be any posi- 
tive integer relatively prime to p and less than 4p, there is a regular poly- 
en {n} for each rational number n > 2. In fact, it is occasionally desir- 
2 alte to include also the digon {2}, although its two sides coincide. 

~= When p = 5, we have the pentagon {5} of density 1 and the peniggram 
{3} of density 2, which was used as a special symbol by the Babylonians and 
by the Pythagoreans. Similarly, the octagram {$} and the decagram {'P} 
have density 3, while the dodecagram {'?} has density 5 (Figure 2.82). These 
particular polygons have names as well as symbols because they occur as 
faces of interesting polyhedra and tessellations.* 





Figure 2.8a 


Polygons for which d > 1 are known as star polygons. They are fre- 
quently used in decoration. The earliest mathematical discussion of them 
was by Thomas Bradwardine (1290-1349), who became archbishop of Can- 
terbury for the last month of his life. They were also studied by the great 
German scientist Kepler (1571-1630) [see Coxeter 1, p. 114]. It was the 
Swiss mathematician L. Schlafli (1814-1895) who first used a numerical 
symbol] such as { p/d}. This notation is justified by the occurrence of for- 
mulas that hold for {n} equally well whether n be an integer or a fraction. 
For instance, any side of {n} forms with the center O an isosceles triangle 
OPoP, (Figure 2.85) whose angle at O is 27/n. (As we are introducing 
trigonometrical ideas, it is natural to use radian measure and write 27 in- 
stead of 360°.) The base of this isosceles triangle, being a side of the poly- 
gon, is conveniently denoted by 2/. The other sides of the triangle are equal 
to the circumradius R of the polygon. The altitude or median from O is 
the inradizs z of the polygon. Hence 


2.81 R= lesc7, raiot 


Ifn = p/é the atga of the polygon i$ naali defined to be the sum of 
the areas of the P isosceles triangles, namely 


+H. Š. Pa, Coxetax, Mi. S. Longnet-Higeins, and J. C. P. Miller, Uniform polyhedra, Philosoph- 
ical Transactions of dhe Royal Saviely, A, 246 (1954), pp. 401-450. 
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Figure 2.8b 


2.82 pir = pl? cot i 


When d = I, this is simply pë cot 7/p; in other cases our definition of area 
has the effect that every part of the interior is counted a number of times 
equal to the “local density” of that part; for example, the pentagonal re- 
gion in the middle of the pentagram {3} is counted twice. 

The angle PoP; P2 between two adjacent sides of {7}, being the sum of 
the base angles of the isosceles triangle, is the supplement of 27/n, namely 


2.83 ( = 2) 


The line segment joining the midpoints of two adjacent sides is called the 
vertex figure of {n}. Its length is clearly 
2.84 2/ cos = 
n 
[Coxeter 1, pp. 16, 94]. 


EXERCISES 


1. If the sides of a polygon inscribed in a circle are all equal. the polygon is regular. 
2. Ifa polygon inscribed in a circle has an odd number of vertices, and all its an- 
gles are equal, the polygon is regular. (Marcel Ricsz.) 
3. Find the angles of the polygons 
{5}, Gb (9h (D (3). 
4. Find the radii and vertex figures of thc polygons 
{8}, {$}, {12}, (¥}. 


5. Give polar coordinates for the kth vertex ?; of a polygon {7} of circumradius 
1 with its center at the pole, taking Po to be (1, 0). 


6. Can a square cake be cut into nine slices so that everyone gets the same amount of 
cake and the same amount of icing? 


3 


isometry in the Euclidean plane 


Having made some use of reflections, rotations, and translations, we nat- 
urally ask why a rotation or a translation can be achieved as a continuous 
displacement (or “motion”) while a reflection cannot. It is also reasonable 
to ask whether there is any other kind of isometry that resembles a reflec- 
tion in this respect. After answering these questions in terms of “sense,” 
we shall use the information to prove a remarkable theorem (§ 3.6) and to 
describe the seven possible ways to repeat a pattern on an endless strip 


(§ 3.7). 


3.1 DIRECT AND OPPOSITE ISOMETRIES 


“Take care of the sense, and the sounds will take core of themselves.” 
Lewis Carroll 
[Dodgson 1, Chap. 9] 


By several applications of Axiom 1.26, it can be proved that any point P 
in the plane of two congruent triangles ABC, A’B’C’ determines a corre- 
sponding point P’ such that AP = A’P’, BP = BYP, CP = C’P’. Likewise 
another point Q yields Q’, and PQ = P’Q’. Hence 

3.11 Any two congruent triangles are related by a unique isometry. 


In § 1.3, we saw that Pappus’s proof of Pons asinorum involved the com- 
parison of two coincident triangles ABC, ACB. We see intuitively that this 
is a distinction of sense: if one is counterclockwise the other is clockwise. 
It is a “topological” property of the Euclidean planc that this distinction 
can be extended from coincident triangles to distinct triangles: any two 
“directed” triangles, ABC and A’B’C’, either agree or disagree in sense. 
(For a deeper investigation of this intuitive idea, see Veblen and Young [2, 
pp. 61-62} or Denk and Hofmann [1, p. 56].) 

If ABC and A’B‘C’ are congruent, the isometry that relates them is said 
to be direct or opposite according as it preserves or reverses sense, that is, 
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3.13 Every isometry of the plane is the product of at most three reflections. 
If there is an invariant point, “three” can be replaced by “two.” 


We prove this in four stages, using 3.11. Trivially, if the triangles ABC, 
A’B’C’ coincide, the isometry is the identity (which is the product of a re- 
flection with itself). If A coincides with A’, and B with B’, while C and C’ 
are distinct, the triangles are related by the reflection in AB. The case when 
only A coincides with A’ can be reduced to one of the previous cases by re- 
flecting ABC in m, the perpendicular bisector of BB’ (see Figure 3.1). Fi- 
nally, the general case can be reduced to one of the first three cases by re- 
flecting ABC in the perpendicular bisector of AA’ [Coxeter 1, p. 35]. 


Since a reflection reverses sense, an isometry is direct or opposite accord- 
ing as it is the product of an even or odd number of reflections. 

Since the identity is the product of two reflections (namely of any reflec- 
tion with itself), we may say simply that any isometry is the product of two 
or three reflections, according as it is direct or opposite. In particular, 


3.14 Any isometry with an invariant point is a rotation or a reflection ac- 
cording as it is direct or opposite. 


EXERCISES 


1. Name two direct isometries. 
2. Name one opposite isometry. Is there any other kind? 





3. If AB and A’B’ are related by a rotation, how can the cente See con- 
structed? (Hint: The perpendicular bisectors of AA’ and BB’ aretive Syarily dis- 


tinct.) 
4. The product of reficctions in three lincs through a point is the reflection in an- 
other line through the same point (Bachmann 1, p. 5]. 


3.2 TRANSLATION 


Enoch walked with God; and he was not, for God took him. 
Genesis V, 24 


The particular isometries so far considered, namely reflections (which are 
‘as (which are direct), have each at least one invariant 
Ometry that leaves no point invariant is a translation 
[Bachmann 1, p. 7], which may be described as the product of half-turns 
about two distinct points O, O’ (Figure 3.2a). The first half-turn trans- 
forms an arbitrary point P into P", and the second transforms this into PT, 
with the final result that PP" is parallel to OO’ and twice as long. Thus the 
length and direction of PP" are constant: independent of the position of P. 
Since a translation is completely determined by its length and direction, 
the product of half-turns about O and 0’ is the same as the product of half- 
turns about Q and Q’, provided QQ’ is equal and parallel to OO’. (This 
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means that OO'Q'Q is a parallelogram, possibly collagsing to form four 
collinear points, as in Figure 3.24.) Thus, fora giver: translation, the cen- 
ter of one of the two half-turns may be arbitrarify assigned. 

3.21 The product of two transiations is @ translation. 

For, we may arrange the centers so thai the firsi translation is the prod- 
uct of half-turns about O, and Oz, while the second is the product of half- 


turns about Oz and Os. When they are combined, the two half-turns about 
Oz2 cancel, and we are left with the product of half-turns about O, and O3. 





Figure 3.2a Figure 3.2b 


Similarly, if m and m’ (Figure 3.25) are the lines through O and O’ per- 
pendicular to OO’, the half-turns about O and O’ are the products of re- 
flections in m and OO’, OO’ and m. When they are combincd, the two 
reficctions in OO’ canccl, and we are left with the product of reflections in 
mand m’. Hence 


3.22 The product of reflections in two parallel mirrors is a translation 
through twice the distance between the mirrors. 


If a translation T takes P to P" and Q to Q", the segment QQ" is equal 
and parallel to PP"; therefore POQQTP'" is a parallelogram. Similarly, if an- 
other translation U takes P to Q, it also takes P” to Q7; therefore 


TU = UT. 
(In detail, if Q is P", Q" is PT. But U takes PT to P?". Therefore PT" 
and P'" coincide, for all positions of P.) In other words, 
3.23 Translations are commutative. 


The product of a kalf-turn H and a translation T is another half-turn; for 
we can express the translation as the product of two half-turns, one of which 
is H, say T = HH’, and then we have 


HT = H?H’ = H: 
3.24 The product of a half-turn and a translation is a half-turn. 


EXERCISES 


1. If Tis the product of half-turns about O and O’, what is the product of half- 
turns about O’ and 0? 

2. When a translation is expressed as the product of two reflections, to what ex- 
tent can one of the two mirrors be arbitrarily assigned? 
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We have seen (Figure 3.25) that the product of reflections in tg parallel 
mirrors m, m’ is a translation. Tixiegusydaecregarded as ‘tx ‘miting case 
ofa rotation whose center is very ESNA Ðr the two pafaike}mirrors are 
i t a very smaii argie. Accord- 
X translation is denoted by Ca. 
andi: afinite group generated Sr ive pwallel reflections is denoted by 
D,,.. Abstractly, C,. is the “free group with one generator.” If T is the gen- 
erating translation, the group consists of the translations 


eg ay TA: dy dy, FF es 










RR'R R'R R 1 R’ RR’ soe 







Similarly, D,, generated by the r: 
(Figure 3.75), consists of the refiei ganslations 


/RR’R, R’R, R L R RR’, RRR’... 
(Coxeter 1, p. 76]; its abstract definition is simply 
R? = R? = 1. 


This group can be observed when we sit in a barber’s chair between two 
parallel] mirrors (cf. the New Yorker, Feb. 23, 1957, p. 39, where somehow 
the reflection RR’RR’R yields a demon). 

A different geometrical representation for the same abstract group D. 
is obtained by interpreting the generators R and R’ as half-turns. There is 
also an intermediate representation in which one of them is a reflection and 
the other a half-turn; but in this case their product is no longer a transla- 
tion but a glide reflection. 

Continuing in this manner, we could soon obtain the complete list of the 
seven infinite “one-dimensional” symmetry groups: the seven essentially 
distinct ways to repeat a pattern on a strip or ribbon [Speiser 1, pp. 81-82]: 


pt IROOM a IOS. Absiract Group 
OL LL L 1 translation C 
Gi)... L r Lr... ] glide reflection ws 
GD.. V V V V... 2 reflections 
(iv)...N NNN... 2 half-turns D, 
(vy)... VAVA l reflection 
and 1 half-turn 
(vi)...D DDD... 1 translation 


and | reflection Co X Dy 
(vii)... H HHH... 3 reflections Do X Dı 
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terstices (Figure 4.1]c). (We use the.term tessellation for any arrangement 
of polygons fitting together so as £> gover the whole plane without over- 
lapping.) BER 








A typical parallelogram is forméd S¥ the four points 1, X, XY, Y. The 
translation T = X*Y¥ transforms this parallelogram into another one hav- 
ing the point T (instead of 1) at its “first” corner. There is thus a one-to- 
one correspondence between the cells or tiles of the tessellation and the 
transformations in the group, with the property that each transformation 
takes any point inside the original cell to a point similarly situated in the new 
cell. For this reason, the typical parallelogram is called a fundamental region. 

The shape of the fundamental region is far from unique. Any paratlelo- 
gram will serve, provided it has four lattice points for its vertices but no 
others on its boundary or inside [Hardy and Wright 1, p. 28]. This is the 
geometrical counterpart of the algebraic statement that the group generated 
by X, Y is equally well generated by X“Y?, X°Y*, provided 


ad — be = +1. 
To express the old generators in terms of the new, we observe that 
(XYL) Xe Y4- = Kad—be, (Xayd) (XY A)r = Yad—he, 


But there is no need for the fundamental region to be a parallelogram at all; 
for example, we may replace each pair of opposite sides by a pair of con- 
gruent curves, as in Figure 4. ld. 


o 4 © ° 


o o oO 


Neo 






ESCHER’S PICTURES i 
EXERCISES 


1. Why do the vertices of the quadrangles in Figure 4.2c form two superposed l: 
‘es? 

2. Draw the tessellation of Dirichlet regions for a given lattice. Divide each regit 
‘0 two halves by means ofa diagonal. The resulting tessellation is a special case of t 
ssellation of scalene triangles (Figure 4.24) or of irtega}i2 ausdrangles (Figure 4.2 
cording as the Dirichlet region is rectangular or hezigaia 


| 
p 






= A 
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Piate i 


The groups pl and p2 are two of the simplest of the seventeen discre 
roups of isometries involving two independent translations. Several oth 
‘ull be mentioned in this section and the next. Convenient generators for 
{them are listed in Table I on p. 413. 
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Tie ait of filling a plane with a repeating pattern reached its highest de- 
velopment in thirteenth-century Spain, where the Moors used all the seven- 
teen groups in their intricate decoration of the Alhambra [Jones 1}. Their 
preference for abstract patteyas was due to their strict observance of the 
Second Commandment. Ths Hutch artis: M. C. Escher, free from such 
scruples, makes an ingenious application of these groups by using animal 
shapes for their fundamental regions. For instance, the symmetry group of 
his patters ef knights on horseback (Plate I) s#ezs at first sight to be p1, 
generated by-« horizontal translation and a vertical translation. But by 
ignoring tlie Gistinction between the dari- ight specimens we obtain the 
more interesting group pg, which is gener: zi by two parallel glide reflec- 
tions, say G and G’. We observe that iks ¥ertical translation can be ex- 
pressed equally well as G? or G’?. It is remarkable that the single relation 


G? = G? 


provides a complete abstract definition for this group [Coxeter and Moser 
1, p. 43]. Clearly, the knight and his steed (of either color} constitute a fun- 
damental region for pg. But we must combine two such regions, one dark 
and one light, in order to obtain a fundamental region for p1. 

Similarly, the symmetry group of Escher’s pattern of beetles (Plate II) 
seems at first sight to be pm, generated by two vertical reflections and a ver- 
tical translation. But on looking more close.y wg see that there are both 
dark and light beetles, and that the colors arẹ sia interchanged by glide 
reflections. The complete symmetry group em, whose fundamental region 
is the right or left half of a beetle of either color, is generated by any such 
vertical glide reflection along with a vertical reflection. To obtain a funda- 
mental region for the “smaller” group pm, we combine the right half of a 
beetle of either color with the left half of an adjacent beetle of the other 
color. 

A whole beetle (of either color) provides a fundamental region for the 
group ply x «one of its generating translations oblique) or equally well for 
Pg. 















EXERCISES 


1, Locate the axes of two glide reflections which generate pg in Plates J and II. 


2. Any two parallelograms whose sides are in the same two directions can together 
be repeated by translations to fill the plane. 


4.4 SIX PATTERNS OF BRICKS 


Figure 4.4a shows how six of the seventeen two-dimensional space groups 
arise as the symmetry groups of familiar patterns of rectangles, which we 
may think of as bricks or tiles. The generators are indicated as follows: a 
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Similarly, it tratiétiirras any point Q on BB’ into a point Q’ on BB’. If AA’ 
and BB’ are not parallel, these two invariant lines intersect in an invariant 
point O. Hence 


5.13 Any dilatation that is met a translation has an invarsant point. 


This invariant point O is weigwe. For, a dilatation that has two invariant 
points O; and O2 can only be the identity, which may reasonably be re- 
garded as a translation, namely a translation through distance zero [Wey] 
1, p. 69]. 

Clearly, any point P is transformed into a point P’ on OP. Let us write 


OP = OP, 


with the convention that the number A is positive-or negative according as 
P and P’ are on the same side of O or on opp: sides. With the help of 
some homothetic triangles (as in Figure 5.14} ‘see that À is a constant, 
that is, independent of the position of P. Moreover, any segment PQ is 
transformed into a segment | A | times as long, and oppositely directed if 
A < 0. We shall use the symbol O(A) for the dilatation with center O and 
ratio A. (Court [2, p. 40] prefers “(O, Ay.) 

In particular, O(1) is the identity and O(—1) is a half-turn, Clearly, the 
only dilatations which are also isometries are half-turns and translations. 
In the case of a translation, such a symbol as O(A) is no longer available. 








Figure 5.1< 


EXERCISES 


I. What is the inverse of the dilatation O(A)? 
2. If the product O,(A;) and O2(Az) is O(A1A2). where is O? 


3. Express the dilatation O(A) in terms of (a) polar coordinates, (b) Cartesian co- 
Ordinates. 


4. Explain the action of the pantograph ( Figure 5.1), an instrument invented by 
Christoph Scheiner about 1630 for the purpose of making a copy, reduced or enlarged, 
of any given figure. It is formed by four rods, hinged at the corners of a parallelo- 
gram 4A’BC whose angles are allowed to vary. The three collinear points O, P. P’ 
on the respective rods AA’, AC, A'R, remain collincar when the shape of the parallclo- 
gram is changed. The instrument is pivoted at O. When a pencil point is inserted at 
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5.4 THE INVARIANT POINT OF A SIMILARITY 


When a figure is enlarged so as to remain still of the same shape, 
every straight line in it remains a straight line, and every angle re- 
mains congruent to itself. Al! the parts of the figure are equally en- 
forged. When one figure is an enlarged copy of another, the two 
are said to be similar. The degree of enlargement necessary to make 
one figure equal to the other is called their ratio of similitude. The 
ratio of two lines in the one figure is equal to the ratio of the two 
corresponding lines in the other. 


W. K. Clifford {1845 -1879)} 
t#dathematical Papers, p. 631) 


A similarity (or “similarity transformation,” or “similitude”) is a trans- 
formation which takes each segment AB into a segment A’B’ whose length 
is given by 

A'B _ 

AB 
where p is a constant positive number (the same for all segments) called the 
ratio of magnification (Clifford’s “ratio of similitude”). It follows that any 
triangle is transformed into a similar triangle, and any angle into an equal 
(or opposite) angle. When u = 1, the similarity is an isometry. Other spe- 
cial cases are the dilatations O( yp). 


A’, 





Figure 5.44 Figure 5.4b 


A less familiar instance is the dilative rotation (or “spiral similarity”, 
Figure 5.4a), which is the product of a dilatation O(u) and a rotation about 
O. Another is the dilative reflection (Figure 5.46), which is the product of a 
dilatation O(j) and the reflection in a line through O. We would not obtain 
anything new (in either case) if we replaced this dilatation O(j) by O( —y). 
For, since O(— u) = O(—1)- O(u), and O(— 1) is a half-turn, the product of 
O(jt) and a rotation through « about O is the same as the product of X — p) 
and a rotation through a + 7: and since O(—1) is the product &f to per- 
pendicular reflections, the product of O(n) and the reflection it s line m 
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of circles (infinitely many), and they are all orthogonal to the circle of in- 
version. Hence 


6.21 The inverse of a given point P is the second intersection of any two 
circles through P orthogonal to the circle of inversion. 





figure 6.2a 


The above remarks provide a simple solution for the problem of drawing, 
through a given point P, a circle (or line) orthogonal to two given circles, 
Let Pı, P2 be the inverses of P in the two circles. Then the circle PP; Pz 
(or the line through these three points, if they »appen to be collinear) is 
orthogonal to the two given circles. 

If O and C are the centers of two orthogoné! tirsies w and y, as in Figure 
6.2a, the circle on OC as diameter passes through the points of intersection 
7, U. Every other point on this circle is inside one of the two orthogonal 
circles and outside the other. It follows that, if a and 6 are two perpen- 
dicular lines through O and C respectively, either a touches y and 6 touches 
w, OT a cuts y and 6 lies outside w, or a lies outside y and & i3 w. 


6.3 INVERSION OF LINES AND CIRCLES 





figure 6.3a 
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Figure 6.66 


5. Let the inversive distance between two nonintersecting circles be defined as the 
natural logarithm of the ratio of the radii (the larger to the smaller) of two concentric 
circles into which the given circles can be inverted. Then, if a nonintersecting pencil 
of coaxal circles includes aj, a2, œz (in this order), the three inversive distances satisfy 


(a1, a2) + (a2, a3) = (01, a3). 

6. Two given unequal circles are related by infinitely many dilative rotations and 
by infinitely many dilative reflections. The locus of invariant points (in either case) is 
the circle having for diameter the segment joining the two centers of similitude of the 
given circles. (This locus is known as the circle of similitude of the given circles.) What 
is the corresponding result for two given equal circles? 

7. The inverses, in two given circles, of a point on their circle of similitude, are 
images of each other by reflection in the radica) axis of the two circles (Court 2, p. 199). 


6.7 CIRCLE-PRESERVING TRANSFORMATIONS 


Having observed that inversion is a transformation of the whole inversive 
plane (including the point at infinity) into itself, taking circles into circles, we 
naturally ask what is the most general transformation of this kind. We dis- 
tinguish two cases, according as the point at infinity is, or is not, invariant. 

In the former case, not only are circles transformed into circles but also 
lines into lines. With the help of Euclid III.2] (see p. 7) we deduce that 
equality of angles is preserved, and consequently the measurement of angles 
is preserved, so that every triangle is transformed into a similar triangle, and 
the transformation is a similarity (§ 5.4). 

If, on the other hand, the given transformation T takes an ordinary point 
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O into the point at infinity O’, we consider the product J,T, where J; is the in- 
version in the unit circle with center O. This product JT, leaving O’ invari- 
ant, is a similarity. Let k? be its ratio of magnification, and Jẹ the inver 
sion in the circle with center O and radius k. Since, by 6.11, J.J, ia the 
dilatation O(k2), the similarity J;T can be expressed as J,J,S, where S ig xin” 
isometry. Thus 
T = J,S, 
the product of an inversion and an n isometry. 
To sum up, 


6.71 Every circle-preserving tré hasvimation of the inversive plane is either 
a similarity or the product of an inversion and an isometry. 


It follows that every circle-preserving transformation is the product of at 
most four inversions (provided we regard a reflection as a special kind of in- 
version) [Ford 1, p. 26]. Such a transformation is called a homography or an 
antihomography according as the number of inversions is even or odd. The 
product of two inversions (either of which could be just a reflection) is called 
a rotary or parabolic or dilative homography according as the two inverting 
circles are intersecting, tangent, or nonintersecting (i.e., according as the 
orthogonal penci} of invariant circles is nonintersecting, tangent, or inter- 
secting). As special cases we have, respectively, a rotation, a translation, 
and a dilatation. The most important kind of rotary homography is 
the Möbius involution, which, being the inversive counterpart of a half- 
turn, is the product of inversions in two orthogonal} circles (e.g., the product 
of the inversion in a circle and the reflection in a diameter). Any product of 
four inversions that cannot be reduced to a product of two is called a 
loxodromic homography [Ford 1, p. 20]. 


EXERCISE 


When a given circle-preserving transformation is expressed as JS (where J is an inver- 
sion and S an isometry), J and S are uniquc. There is an equally valid expression SJ’, in 
which the isometry precedes the inversion. Why does this revised product involve the 
same $? Under what circumstances will we have J’ = J? 


6.8 INVERSION IN A SPHERE 


By revolving Figures 6.1a, 6'3a, 6.3a, 6.3b, and 6.4a about the line of 
cenšas (OP or OA or OC), we see that the whole theory of inversion ex- 
tends readily from circles in the plane to spheres in space. Given a sphere 
with center O and radius k, we define the inverse of any point P (distinct 


from 0) to be the point P’ on the ray OP whose distance from O satisfies 
OP x OF = k. 


Alternatively, P’ is the second intersection of three spheres through P orthog- 
ona} to the sphere of inversion. Every sphere inverts into a sphere, ro- 
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lsometry and similarity 
in Euclidean space 


This chapter is the three-d)mensional counterpart of Chapters 3 and 5. 
In §7.5 we find a proof (independent of Euclid’s Fifth Postulate) for the 
theorem (discovered by Michel Chasles in 1830) that every motion is a 
twist. In §7.6 we see that every similarity (except the twist and the glide 
reficction, which are isometries) is a three-dimensiona} dilative rotation. 

Most isometries are familiar in everyday life. When you walk straight for- 
ward you are undergoing a translation. When you turn a comer, it is a rota- 
tion; when you ascend a spiral staircase, a twist. The transformation that 
interchangcs yourself and your image in an ordinary mirror is a reflection, 
and it is easy to see how you could combine this with a rotation or a trans- 
lation to obtain a rotatory reflection or a glide reflection, respectively. 


7.1 DIRECT AND OPPOSITE ISOMETRIES 





A congruence is either proper, carrying a left screw ina ei aut and 
a right one into a right, or it is improper or reflexive, ch 
screw into a right one and vice versa. The pregar congruanpis ‘ore 
those transformations which . . . connect the pdsiidns m mf poiat bf aio 
rigid body before and after a motion. 





H. Wes ime 


| oN, 


The axioms of congruence, a sample of which was giveri fù 126, ‘card be. 
extended in a natural manner from plane geometry to solid georielty4 iig 
space, an isometry (Weyl’s “congruence”) is stil} any transfor rere ‘that pres) 
serves length, so that a line segment PQ is transformed into a congrvent seg“ | 
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the central inversion O(— 1) is opposite, as we have seen. 

In space, as in the plane, two similar figures are related by a similarity, 
which in special cases may be an isometry or a dilatation. By a natural ex- 
tension of the terminology we now take a dilative rotation to mean the prod- 
uct of a rotation about a line /(the axis) and a dilatation whose center O lies 
oni The plane through O perpendicular to / is invariant, being transformed 
according to the two-dimensional “dilative rotation” of § 5.5. In the special 
case when the rotation about /is a half-turn, there are infinitely many other 
invariant planes, namely all the planes through /. Any such plane is trans- 
formed according to a dilative reflection. 

Suppose a dilative rotation is the product of a rotation through angle a 
and a dilatation O(A) (where O lies on the axis). The following values of a 
and À yield special cases which are familiar: 


a À Similarity 

0 l Identity 

n l Half-turn 

a 1 Rotation 

T —J Reflection 

0 -1 Central inversion 
a —) Rotatory inversion 
0 A Dilatation 


We observe that this table includes all kinds of isometry, both direct and op- 
posite, except the translation, twist and glide reflection (which have no in- 
variant points). Still more surprising}y, we shall find that, with these same 
three exceptions, every similarity is a dilative rotation. 

The role of similar triangles is now taken over by similar tetrahedra. 
Evidently 


7.61 Two given similar tetrahedra ABCD, A'B'C’D’ are related by a 
unique similarity ABCD — A’B’C' D’, which is direct or opposite according as 
the sense of A’B’C’ D' agrees or disagrees with that of ABCD. 


In other words, a similarity is completely determined by its effect on any 
four given non-coplanar points, and we have the following generalization of 
Theorem 7.13: 


7.62 Two given similar triangles ABC, A’B'C’ are related by just two 
similarities: one direct and one opposite. 


As a step towards proving that every similarity which is not an isometry 
is a dilative rotation, let us first prove 


7.63 Every similarity which is not an isometry has just one invariant point. 


Part Il 


Coordinates 


In the preceding chapters, a few exercised on coordinates have been in- 
serted for the sake of those readers: wh are alteady aquainted with analytic 
geometry. Other readers, having. piatte stich exercises, are awaiting en- 
lightenment at the present stage. id addition to the usual rectangular Car- 
tesian coordinates, we shall consider oblique and polar coordinates. (The 
polar equation for an ellipse is important because of its use in the theory of 
orbits.) After a brief mention of special curves we shall give an outline of 
Newton’s application of calculus to problems of arc length and area. The 
section on thre: “nsional space culminates in a surprising property of 
the doughnut-si 










8.1 CARTESIAN COORDINATES 


Though the idea behin 





is childishly simple, yet the method of 

anolytic geometry is so i that very ordinary boys of seventeen 

con use it to prove res h would have baffled the greotest of 

the Gredii-gémeters—Euclid, Archimedes, and Apollonius. 

E. T. Bell (1883 -1960) 
[E. T. Bell t, p. 21) 





Analytic geometry may be described as the representation of the points 
in n-dimensional space by ordered sets of n (or more) numbers called co- 
ordinates. For instance, any position on the earth can be specified by its 
latitude, longitude, and height above sea level. 

The one-dimensional case is well illustrated by a thermometer. There is 
a certain point on the line associated with the number 0; the positive inte- 
gers l, 2, 3,... are evenly spaced in one direction away from 0, the nega- 
tive integers — l, —2, —3, . . . in the opposite: Girsction, and the fractional 
numbers are interpolated in ‘the natural manž. The displacement from 
one point x to another point x’ is the positive ùt negative number x’ — x. 
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In the two-dimensional case, the position of a point in a plane may be 
specified by its distances from two fixed perpendicular lines, the axes. This 
notion can be traced back over two thousand years to Archimedes of Syra- 
cuse and Apollonius of Perga, or even to the ancient Egyptians; but it was 
first developed systematically by two Frenchmen: Pierre Fermat (whose 
problem about a triangle we solved in § 1.8) and René Descartes (1596-1650). 
In their formulation the two distances were taken to be positive or zero. The 
important idea of allowing one or both to be negative was supplied by Sir 
Isaac Newton (1642-1727), and it was G. W. Leibniz (1646-1716) who first 
called them “coordinates.” (The Germans write Koordinaten, the French 
coordonnées.) 





figure 8.10 


For some purposes it is just as easy to use oblique axes, as in the second 
part of Figure 8.la. Starting from the origin O, where the axes intersect, 
we reach the general point (x, y) by going a distance x along the x-axis OX 
and then a distance y along a line parallel to the y-axis OY. The x-axis is 
Said to have the equation y = 0 because every point (x, 0) satisfies this equa- 
tion; similarly, x = 0 is the equation of the y-axis. On any other line through 
the origin, consideration of homothetic triangles shows that the ratio y/x is 
constant; thus any line through the origin (0, 0) may be expressed as 
ax + by = 0. 

To obtain the equation for any other line, we take a point (x1, 1) onit. In 
terms of new coordinates x’, y’, derived by translating the origin from (0,0) 
to (x1, V1), the line may be expressed as ax’ + by’ = 0. Since x’ = x — xı 
and y’ = y — yı, the same line, in terms of the original coordinates, is 


a(x — xı) + by — ¥1) -0 
or, say, 
8.11 ax + by+ec=0. 


Thus every line has a Jinear equation, and every linear equation determines a 
line. In particular, the line that makes intercepts p and g on the axes is 
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x y 
8.12 Ž+7=b; 
for, this equation is linear and is satisfied by both i jand (0, g). Two 
lines of the form 8.1] are parallel if they have the Sait’ ratio a/b (includ- 
ing, as one possibility, b = 0 for both, in whick case they are parallel to the 
y-axis). The point of intersection of two nonparallel lines is obtained by 
solving the two simultaneous equations for x and y. 

If $ Æ 0, the equation 8.1] may be solved for y in the form y = 
—(ax 4 c)/b. More generally, points whose coordinates satisfy an equation 
F(x, y) = 0 or y = f(x) can be plotted by giving convenient values to the 
abscissa x and calculating the corresponding values of the ordinate y. This 
procedure is particularly appropriate when f(x) is a one-valued function of 
x. In other cases we may prefer to use parametric equations, expressing x 
and y as functions of a single variable (or parameter) t. For instance, if Py 
denotes the point (x1, y1), any line through Pı has parametric equations 





8.13 x= Xx + X6, y= y + Vi, 


where X and Y depend on the direction of the line. 

Sometimes, for the sake of symmetry, the single parameter ¢ is replaced 
by two parameters, /; and fo, related by an auxiliary equation. For instance, 
the general point (x, y) on the line through two given points Pı and Py 
is given by 

X = Xi + lX, Y = Hit ky, othk=l. 


This point P, dividing the segment P,P» in the ratio fz : t1, is the centroid (or 
“center of gravity”) of masses t; at P; and f2 at Pe. Positions outside the in- 
terval from P, (where t2 = 0) to Pz (where tı = 0) are covered by allowing fz 
or fy to be negative, while still satisfying tı + tz = 1; we may justify this by 
calling them “electric charges” instead of “masses.” 

For problems involving the distance between two points or the angle be- 
tween two lines, it is often advisable to use rectangular axes, so that the dis- 
tance from the origin to (x, y) is the square root of x? + y?, and the distance 
PP, is the square root of 


(xı — x2) + Q1 — y2)?. 
Multiplication of the expression }? = ax + by + ¢ by a suitable number en- 


ables us to normalize the equation / = 0 of the general line so that a# +b? = 1. 
Writing / = 0 in the form 


(x — x1 + 2al)? + Q — yı + 26h)? = (x — x1}? + O — V1), 


where h = axı + by; + c, we recognize it as the locus of points equidistant 
from 
(xı — 2ah, yı — 264) and (x1, y1); 


110 COORDINATES 


in other words, the line / = 0 serves as a mirror which interchanges these two 
points by reflection. It follows that the foot of the perpendicular from P; to 
i = Ois (x, — ah, yı — bh), and that the distance from P; to the line is +7, 
(provided a? + b? = 1). In particular, the distance from the origin to/ = 0 
is +c. 
The locus of points at unit distance from the origin is the circle 
x2 + y? = 1. 

which has the parametric equations 

x = cos§, y=sin@ 
or, with: = tan}, 

-l-e mee 2 

ie oe a TER 





EXERCISES 


L. In terms of genera) Cartesian coordinates, the point (x, y) will be transformed into 
(—x, —y) bythe half-turn O(—1) (§ 5.1), 
(px, py) by the dilatation O(a), 
(x +a,y) bya translation along the x-axis. 
2. In terms of rectangular Cartesian coordinates, the point (x, y) will be transformed 
into 
(x, =y) by reflection in the x-axis, 
(y, x) by reflection in the line x = y, 
(—y, x) by a quarter-turn about the origin, 
(x + a, —y)by a glide reflection (in and along the x-axis), 
(ux, ~y) by a dilative reflection (§ 5.6). 
3. Let My denote the midpoint of PjP;. For any four points P1, P2, P3, P4, the mid- 
points of My2M34, M13M gg; Afatin aii coincide. 


8.2 POLAR COORMINATCS — 


The deriving of short cuts from basic principles covers some of the finest 

achieverteniy af the greotest mathematicians. 
i M. H. A. Newman {1897 -  } 
(Mathematical Gazette 43 (1959), p. 170) 


For problems involving directions from a fixed origin (or “pole”) O, we 
often find it convenient to specify a point P by its polar coordina 
where r is the distance OP and 8 is the angle that the direction: 
with a given initial line OX, which may be identified with the x-x2# «if rec- 
tangular Cartesian coordinates. Of course, the point (r, 0} is the same as 
(r, 0+ 2nm) for any integer n. It is sometimes desirable to allow r to be 
negative, so that (r, 0) is the same as (—r, 8 + 7). 
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Given the Cartesian equation for a curve, we can deduce the polar equa- 
tion for the same curve by substituting 


8.21 x= rcosð, y=rsinð. 
For instance, the unit circle x? + y? = 1 has the polar equation 
(r cos 8)? + (r sin 6)? = 1, 


which reduces to 
r= 1: 


(The positive value of r is sufficient if we allow @ to take all values from — r 
to 7 or from 0 to 27.) This procedure is helpful in elementary trigonometry, 
where students often experience some difficulty in proving (and remember- 
ing) the trigonometrical functions of obtuse and larger angles. Taking an 
angle XOP with OP = |, we can simply define its cosine and sine to be the 
abscissa and ordinate of P. 

Polar coordinates are particularly suitable for describing those isometries 
(§ 3.5) and similarities (§ 5.4) which have an invariant point; for this point 
may be used as the origin. Thus the general point (r, 6) will be transformed 
into 

(r, 8 + a) by a rotation through a, 
(r,@ + 7) by a half-turn, 


(r, — 8) by reflection in the initial line, 
(r,2« — 0) by reflection in the line 8 = a, 
(ur, 8) by the dilatation O(j), 


(ur, 0 + a) by a dilative rotation with center O, 
(ur, 2a — 8) by adilative reflection with center O and #38 @ = ¢. 
Likewise, inversion in the circle r = k (see § 6.1) will transfora G #} into 
(k2/r, 8). —— 


The Cartesian expressions for the same transformations can be deduced 
at once. For instance, the rotation through a about O transforms (x, y) 
into (x’, y’) where, by 8.21, 


x’ =rcos(@ + a) =r(cosĝ cosa — sin ĝ sina) = x cosa — y sina, 
= rsin (9 + a) =r(cos@sina + sin@cosa)= xsina + ycosa. 


In particular, a quarter-turn transforms (x, y) into (—y, x), and it follows 
that a necessary and sufficient condition for two points (x, y) and (x’, y’) to 


lie in perpendicular directions from the origin is 
8.22 xx’ + yy’ = 0. 
Such a transformation as 
— vai 
8.23 vax cos a — y sin a, 
y =xsma + yeaa 


has two distinct aspects: an “active” or alibi aspect, in which each point 
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Conversely, any two circles that satisfy this relation are orthogonal. In par- 
ticular, the circles 


8.32 x? + y? 4+ Igx +¢=0, 
8.33 x2 + y? + 2fy —c =0, 


whose centers lie on the x- and y-axes respectively, are orthogonal. Keep- 
ing c constant and allowing g or f to take various values, we obtain two or- 
thogonal pencils of coaxal circles, whose radical axes are x = 0 andy = 0 
respectively. Ifc = 0, we have two orthogonal tangent pencils, each con- 
sisting of all the circles that touch one of the axes at the origin. Ifc > 0, 
the circles 8.32, for various values of g, form a nonintersecting pencil, in- 
cluding the two point circles 


X+teFrty=0, g= tye, 


which are the limiting points (+= yc, 0) of the pencil. The circles 8.33, which 
pass through these two points, form the orthogonal intersecting pencil. 


EXERCISES 


1. Thecircle x2 + y? = k? inverts (x, y) into 


is k?y 
xe + y? d x2 + y? 


Apply this inversion to the line 8.J 1 and to the circle 8.3). 

2. Find the locus of a point (x, v) whose distances trom (k/u, 0) and (uk, 0) arc in 
the ratio 1 : pw (ef. § 6.6). 

3. Obtain the Cartesian equation of the locus of a point the product of whose dis- 
tances from (a, 0) and { — au. 0) is a?. Deduce the polar cquation of this “figure of 
eight,” which is the /emniscate of Jacob Bernoulli. 

4. Given two equal circles in contact, find the locus of the vertices of triangles for 
which the fìrst is the nine-point circle (§ 1.7), the second is an cxcirele (§ 1.5). (Answer: 
A lemniscate.*) 

§. A circle of radius b rojJs without sliding on the outside of a fixed circle of radius 
nb. The locus of a point fixed on the circumference of the rolling circle is called an 
epicycloid (when nis an integer, an a-cusped epicycloid). Obtain the paramctric equa- 
tions 
8.34 





x = (n + l)b cost — bcos(n + 1). 
y= (n + Dbsin :— b sin {n + Iy. 
Sketch the cases n = J (the cardioid), n = 2 (the nephroid), n = 3, and n = 4. [See 
Robson 1, p. 368.] 

6. Shifting the origin to the cusp (0, 0), obtain the polar equation 

r = 2b (1 — cos 8) 

for the cardioid (8.34 with n = 1). Dedsce that chords through the cusp are of con- 
stant length. 

* Richard Blum, Canadian Mathematical Buiferi, 1 (1958), pp. 1-3. 
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7. A circle of radius b rolis without sliding on the inside of a fixed circle of radius 
nb, wherc n > I. Find parametric equations for the hvgorcyefcid (when n is integral, 
the n-cusped hypocycloid) which is the locus of a point fixed on the circumference of 
the rohing circle. Sketch the cases n = 2 (which is surprising}. 2 = 3 (the de 5 
and n = 4 (the astroid). Eliminate the parameter in the lagi two cases, obtaini 
the astroid, 







x23 4 y2/38 = g2/3 (a= 4b) 







303]. 
sred that a)l the Simson lines for any given triang 
Three of the jines, namely, those parallel to the sides of Morlcy’s equilateral triangle 
(§ 1.9), are the “apsidal” tangents which the deltoid shares with the nine-point circle. 
Their points of contact arc the vertices of the equilateral triangle X YZ described in 
Ex. 3 on page 20. For details, see Baker [1, pp. 330-349, especially p. 347]. 





8.4 CONICS 


In addition to the straight lines, circles, planes and spheres with which 
every student of Euclid is familiar, the Greeks knew the properties of 
the curves given by cutting a cone with a plane—the ellipse, porabola 
and hyperbola. Kepler discovered by analysis of astronomical obser- 
vations, and Newton proved mathematically on the basis of the in- 
verse square law of gravitational attraction, thot the planets move in 
ellipses. The geometry of anctent Greece thus became the corner- 
stone of modern astronomy. 


J. L. Synge (1897-  ) 
[Synge 2, p. 32] 





Figure 8.4a 


There are several different ways to define a conic (or “conic section”). 
One of the most straightforward is the following (cf. § 6.6): A conic is the 
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locus of a point P whose 
tance PK from a fixed. t 
Other definitions fo, 


digtance OP froii x fixed point O is e times its dis- 
0 figure 8.4a), where e is a positive constant. 
genis. Proposed by Menaechmus about 340 B.C., 
were reconciled with this sie xy Pappus of Alexandria (fourth century A.D.) 
or possibly by Euclid {s$s Castdze 1, pp. 9-13]. 

The conic is called an ellipse if e < 1, a parabola if e = 1, a hyperbola if 
€ > l. (These names are due to Apollonius.) 

The point O and the line HX are called a focus and the corresponding 
directrix. The number e, called the eccentricity, is usually denoted by e (but 
then, to avoid any possible misunderstanding, we should add “where e need 
not be the base of the natura] logarithms” [Littlewood 1, p. 43]). The chord 
LL’ through the focus, parallel to the directrix, is called the latus rectum; 
its length is denoted by 2/, so that 


l = OL = eLH. 


In terms of polar coordinates with the initial line OX perpendicular to the 
directrix, we have 








r 


OP = ePK = (LH — r cos 0) 


8.41 = l — er cos , 
so that 
8.42 l= l + ecos 8. 


Since this equation is unchanged when we replace 8 by — 9, the conic is sym- 
metrical by reflection in the initial line. When.# = 0, r = //(! + e); and 
when @ = 7, r = {/(1 — e); therefore the cons meets the initial line twice 
except when e = 1. 

Ife < }, 8.42 makes r finite and positive for all values of @; therefore the 
ellipse is a closed (oval) curve: Ife = 1, r is still finite and positive except 
when 8 = 7; therefore the parabola is not closed but extends to infinity in 
one direction. Ife > lL, ris positive or negative according as cos @ is greater 
or less than — 17s; therefore the hyperbola consists of two separate branches, 
given by 





-a <<a, a< 8< 27-4, 


respectively, where a = arcsec (—e). 
Squaring 8.41, we obtain the Cartesian equation 


8.43 - x? + y? = (l — ex)? 


(which indicates that a circle may be regarded as an ellipse with eccentricity 
zero). Ife 1l, we can divide by 1 — e? and then write a for //(I| — e?), 
obtaining 

y? 


x? +7; = la — wax 
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es uve called the asymptotes of the hyperbola. If a = b, they are 
perpendicular, and we have a rectangular (or “equilateral”) hyperbola. 
Ife = 1, then 8.43 reduces to 


y? = 2 ($1 — x) 

or, by reflection in the line x = 4/7, 

8.45 y? = 2k. 

This is the standard equation for the parabola (Figure 8.4c). 





Figure 8.4¢ 





The most convenient parametric equat re: for the ellipse 


8.46 x=awst, y= bsint, 
for the parabola 
8.47 x = 22, y = 24, 
and for the hyperbola 
8.48 x=acosht, y= bsinhs, 
where 
cohr= Se", sinh t= 5 Z, 


(These functions will be discussed in § 8.6.) 


EXERCISES 
1. What kind of curve has the polar cquation 
r = į l sec? 408? 
2. What kind of curve has the Cartesian equation 
4x2 + 24xy + 12? = 5? 


(See Ex. 5 at the cnd of §8.2.) 


3. The sum {or difference) of the distances of a point on an ellipse (or hyperbola) 
from the two foci is constant. 
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4. Express the eccentricity of a centra) conic in terms of its semiaxes a and b. What 
is the eccentricity of a rectangular hyperbola? 

5. Given points B and C, the locus of the vericx A of a triangle ABC whose Euler 
line is parallel to BC (as in Ex. 9 at the end of §1.6) is an ellipse whose minor axis is 
BC while its major axis is twicc the altitude of the equilateral triangle on BC. (Hint: 
If A, B. C are (x. y) and (= 1, 0), the circumcenter, equidistant from A and C, is (0, 4 ¥).) 

6. An expression such as 


F = ax? + 2hxy + by? 


is callcd a binary quadratic form. It is said to be definite if ab > h?, so that F has the 
samc sign for all valucs of x and y except x = y = 0. It is said to be positive definite 
if this sign is positive. It is said to be semidefinite if ab = h?, so that F is a times a 
perfect squarc; positive semidefinite if a > 0, so that F itself is a perfect square: indef- 
inite if ab < h, so that F is positive for some values of x and y, negative for others. 
The equation F = 1 represents an ellipse if F is positive definite, a pair of parallel lines 
of F is positive scmidcfinite. and a hyperbola if F is indefinite. 

7. What happens to the equation fog ihe rectangular hyperbola x? — y? = a? when 
we Tolale the axes through the angle } 7? 

8. Describe a gcomctrical interpretation for the parameter / in 8.46. [Hini: Com- 
parc (a cos 4, b sin 2) with (a cos 7, a sin £).] 

9, In what respect is the hyperbola 8.441 morc satisfactorily represented by the 
equations 

X = asccn, y = dbtanu 

than by the equations 8.48? 

10. The circle r = / inverts the conic 8.42 into the limaçon 

r= I(l + ecos 0). 

Sketch this curve for various values of £. When £ = 1 (so that the conic is a parab- 
ola), it is“a cardioid. 

11. The circle r = a inverts the rectangular hyperbola r? = a? sec 20 into the lem- 


niscale of Bernoulli 
r2? = u? cos 26 


(sec Ex. 3 at the cnd of $8.3). 


8.5 TANGENT, ARC LENGTH, AND AREA 


i do not know what I may appear to the world; but to myself | seem 
to have been only like a bay playing on the seashore, and diverting 
myself in now and then fixt a smoother pebble or a prettier shel! 
than ordinary, whilst the <r&é? oceon of truth lay all undiscovered be- 
fore me. 


Sir Isaac Newton 
(Brewster's Memoirs of Newton, vol. 2, Chap. 27) 


The curves with which we shall be concerned are “rectifiable,” that is, there 
is a well-defined arc length s between any two points P and Q on such a 
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y _ xdy — ydx 

d- = —_—__... 
x x2 


the radii (along which y/x remains constant) make a zero contribution to 
the integral on the right side of 8.57. Hence, if the arc goes from t = t to 
t = tz, the area of the sector is 


8.59 






[cf. Courant 1, = 


EXERCISES 


1. The line x — (t + ¢’) y + 2/0’ = 0 is a secant of the parabola 8.47, meeting it 
in the points whose parameters are ¢ and 7’. Making /’ tend to , deduce the cquation 


x Wy + 2? =0 


for the tangent at the point whose parameter is ¢, so that, if (x1, y1) lies on the parab- 
ola 8.45, the tangent at this point is 


Yiy = Kx + X) 
2. The line 


x > 
= COS a 4+ sin a = cos B 
a b 


is a secant of the ellipse 8.46, meeting it in the points / = a + 8. Making £ tend to 
0, deduce the equation 
x Fi: 
= cos? +” sing = ) 
a 
for the tangent at the point whose parameter is ¢ [Robson 1, p. 274}. Obtain analo- 
gous results for the hyperbola 8.48. Deduce that, if (x1, y1) lies on the central conic 
8.44, the taapett af this point is 






XX LAY- 
a2” b ` 
3. At the point 7 on the ellipse 8.46, the normal, being perpendicular to the tangent, is 


ax by 
— — — = @ - h. 
cos? sing 


Differentiating partially with respect to ¢ and then eliminating /, obtain the envelope 


of normals in the form 
(sta) late) 
a? — p2 az — b? 


[Forder 3, pp. 36-37; Lamb 2, p. 350]. Hint: 








ax ; by 
TE a n — 
COB ts -i ga’ Sir ae 


4. Use 8.56 to reconcile 8.51 and 8.54. 
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8.6 HYPERBOLIC FUNCTIONS 


The hyperbolic sine and cosine have a property in reference xe 
the rectangular hyperbola, exactly analogous to that of the sine 
and cosine with reference to the circle. For this reason the former 
functions are called hyperbolic functions, just as the latter are 
called circular functions. 


E. W. Hobson (1856 -1933) 
[Hobson 1, pp. 329 -330] 


As a very simple application of the formula 8.59, consider the unit circle 
x? + y? = lor 
= cos f, y=sint 


(Figure 8.5c). Since 


ax _ a dy _ _ 
a —sint= —y and y= OSE = x, 
the area of the sector from ¢ = 0 to any other value is 
4 f (> x-y) a=} I (x? + y®)dt 


yi 


which, of course, we knew already. More interestingly (Figure 8.5d), if the 
curve is the rectangular hyperbola x? — y2 = 1 or 


x = cosh f, y = sinh 4, 


so that 


dy = cosh t = x, 


ax : 
-=sinhti=y é 
sinh y and a 


dt 


the area of the sector is -~ 


tf («4 Y y) a = ff (x? — y*)dt 
ee 


iie above results, we see clearly the analogy that relates the 

circular and Jyperbolic functions. In Figures 8.5c and d, we have a sector 

AOP of the circle or rectangular hyperbola, respectively. In both cases 0.4 
= ł and the parameter z is twice the area of the sector. In the former, 
OM = costand PM = sini. Inthe latter, OM = cosh tand PM = sinh?. 
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including the ordinary cylinder of revolution (or “tight circular cylinder”) 
x? + y? = k?, and the quadric cones 


ax? + by? + cz? = 0, 


including the cone of revolution (or “right circular cone”) x? + y? = ¢2?. 
The equation x? + y? + z2 = 0, which is satisfied only by (0, 0, 0), may 

be regarded either as a peculiar kind of cone or as a sphere of radius zero. 

The general sphere, having center (x’, y’, z’) and radius k, is, of course, 


-XP+ +E- k, 


We observe that this is an equation of the second degree in which the coeffi- 
cients of x?, y?, z? are all equal while there are no terms in yz, zx, xy. 

The sphere x? + y? + z2 = k?, whose center is the origin, inverts the point 
(X, Y, Z) into 


(= ra” EEES, À Sr eee Seen 

X24 Y24 272’ X24 y24 72° X24 ¥2 4 Z? 

The plane through this inverse point, perpendicular to the line 8.81, namely, 
Xx+ Zz = k2, 


is called the polar plane of (X, Y, Z) with respect to the sphere. If (X, Y, Z) 
lies in the sphere, the polar plane is simply the tangent plane. 











The three-dimensional analogues of the conics are the quadric surfaces or 
quadrics, whose plane sections are conics (or occasionally pairs of lines, 
which may be regarded as degenerate conics). These surfaces, whose equa- 
tions are of the second degree, include not only the elliptic and hyperbolic 
cylinders, the quadric cone, and the a but also the ellipsoid 


1 = 

b2 i, 
the Ayperboloid of one sheet 

PE ee 
8.86 +5 za" 


[R. J. T. Bell 1, p. 149, Fig. 41], the Ayperboloid of two sheets 


and the Ayperbolic paraboloid 
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tain a continuous system of such circles, and a second system by reversing 
the sign of z. 

The plane 8.89 meets the torus in two circles, one in each system (with a 
replaced by a + v in the second system). Since these two circles are sec- 
tions of the two spheres 


x2 + y? + 7? — a2 + b? = + 2b(y cos a — x Sin a), 


their points of intersection are the two “antipodal” points 
2 2 2 p?. 
(= 2 = cs g, + f= sin a, + É Va? — b? ) 
2 


(with signs agreeing). Sise each of these is a point of contact, 8.89 is a 
bitangent plane [R. J. T. Rell t, p. 267). - 

Comparing 8.89 with §.27, we see that the “oblique” circles on the torus 
lie in the same planes (through the center) as the pairs of parallel] genera- 
tors of the hyperboloid of revolution 

pach cg ge 
a~—p2 b` 


(This remark is due to A. W. Tucker.) 


EXERCISES 

1. The plane through three given points (xi, ya 21) (F = J, 2. 3) is 

XX yi a l 

X2 ye z2 l 

Xs Ys zg | 

Ps oz al 

If the requirement of passing through a point is replaced (in one or two cases) by the 

requirement of being parallel to a line with direction numbers Xi, Yi, Zi. the correspond- 
ing row of the determinant is replaced by 


Re Y Z 0. 


= 0. 


2. In terms of general Cartesian coordinates, the point (x, y, z) will be transformed 
into 
{—x, —y, —z) by the central inversion O(—1), 
(px. py, pz) by the dilatation O{#) (87.6). 


(x, y, 2+¢) by a translation along the z-axis. 
3. ln terms of rectangular coordinates, the point (x. y, z} will be transformed into 
(x, y, —2) by reflection in the (x. y)-plane, 
(y: xX, 2) by reflection in the plane x = y, 
{=y x, 2 by a quarter-turn about the z-axis, 


(x, —y¥.z+¢) bya glide reflection _ {§7.4). 

4. In terms of cylindrical coordinates, the point (7, 0, z) will be transformed into 
(r,8 +a,z +c) bya twist, 
(pr,8 + a, pz) bythe general dilative rotation (§7.6). 
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of R. Cotes* (1682-1716), after whose untimely death Newton said, “If Cot = 
had lived, we might have known something!” . 
Setting @ = 7 in 9.51, we obtain the “famous formula” 
ei z= cl, 
which connects in such a surprising way the three. important numbers 
e = 2.71828 ..., m = 3.14159. 


and i. 


1. Evaluate e!7+. Is i real? 





efi — e- "i 


2. From 9.51 deduce cos 8 = ,sin# = , the familiar formulas 





eft 4 ei 
2 


for cos (@ + a), sin (@ + a), and the derivatives of cos 6, sin 8. 


9.6 ROOTS OF EQUATIONS 


Gauss ... was the first mathematician to use complex numbers in a 
really confident ond scientific way. 


G. H. Hardy 
[Hardy and Wright 1, p. 188) 


In the field of complex numbers we can solve any quadratic equation that 
has real coefficients; for example, the equation 9.31 has tie two roots i and 
—i. Still more remarkably, we can solve any quadrati equation with com- 
plex coefficients; indeed, not only any quadratic equation but also any equa- 
tion of degree 3 or 4. In saying that we can “solve” an equation we mean 
here that we can find explicit expressions for the roots in terms of the coeffi- 
cients, It was proved by E. Galois (who was murdered in1832 when he was 
aniy 20 years old) that the general algebraic equation 9.21 with n > 4 cannot 
be solved in this sense [Infeld 1]. Nevertheless, the fundamental theorem 
of algebra (which Gauss proved in 1799) asserts the existence of roots for 
all values of n, even when explicit expressions are not available. (For a 
neat proof, see Birkhoff and MacLane [1, pp. 101-103].} In fact, numerical 
solutions can be found, correct to any assigned number of decimal! places. 


ne 






EXERCISE 


A ladder, 24 feet long, rests against a wall with the extra suppor! of a cubical box 
of edg= 7 feet, placed at the bottom of the wall with one horizontal edge against the lad- 
der. How far up the wall does the ladder reach? (Hint: Take 7x to be the height of the 
top of the ladder above the top of the bux, Obtain an equation whose relevant root is 
Ix = 9+ 4\/2.) 

* Harmonia mensurarum, Cambridge, 1722, p. 28. 


10 


The five Platonic solids 


We saw, in §4.6, that the Euclidean plane can be filled with squares, four 
at each vertex. If we try to fit squares together with only three at each ver- 
tex, we find that the figure closes as soon as we have used six squares, and 
we have a cube {4, 3}. Similarly, we can fill the plane with equilateral tri- 
angles, six at each vertex, and it is interesting to see what happens if we 
use three, four, or five instead of six. Another possibility is to use penta- 
gons, three at each vertex, in accordance with the symbol {5, 3}. 

With the possible exception of spheres, such polyhedra are the simplest 
solid figures. T. wovide an easy approach to the subject of topology as 
well as an intefiszage exercise in trigonometry. They can be defined and 
generalized in vee 








i 


Sus ways [see, gg, Hitvert and Cohn-Vossen 1, p. 290]. 


10.1 PYRAMIDS, PRISMS, AND ANTIPRISMS 


Although a Discourse of Solid Bodies be an uncommon and neglected 
Part of Geometry, yet that it is no inconsiderable or unprofitable Im- 
provement of the Science will (no doubt) be readily granted by such, 
whose Genius tends as well to the Practical as Speculative Parts of it, 
for whom this is chiefly intended. 


Abraham Shorp (1651 -1742}) 
(Geometry improv'd, London, 1717, p. 65) 


A convex polygon (such as {n}, where n is an integer) may be described 
as a finite region of a plane “enclosed” by a finite number of lines, in the 
sense that its interior lies entirely on one side of each line. Analogously, a 
convex polyhedron is a finite region of space enclosed by a finite number of 
planes [Coxeter 1, p. 4]. The part of each plane that is cut off by other planes 
is a polygon that we call a face. Any common side of two faces is an edge. 

The most familiar polyhedra are pyramids and prisms. We shall be con- 
cerned solely with “right regular” pyramids whose faces consist of a regu- 
lar n-gon and n isosceles triangles, and with “right regular” prisms whose 
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Figure 10.10 Figure 10.1b 


in Table II on p. 413. Each polyhedron is characterized by a Schläfli sym- 
bol { p, ¢}, which means that it has p-gonal faces, q at each vertex. The 
numbers of vertices, edges, and faces are denoted by V, E, and F. They 
can easily be counted in each case, but their significance will become clearer 
when we have expressed them as functions of p and q. We shall also ob- 
tain af: expression for the dihedral angle, which is the angle between the 
planes of two adjacent faces. 


EXERCISES 


1. Give an alternative description of the octahedron (as a dipyramid). 

2. Describe a solid having five vertices and six triangular faces. 

3. Describe the following sections: (i) of a regular tetrahedron by the plane mid- 
way between two opposite cdges, (ii) of a cube by the plane midway between two op- 
posite vertices, (iii) of a dodecahedron by the plane midway between two opposite faces. 

4. Six congruent rhombi, with angles 60° and 120°, will fit together to form a 
rhombohedron (“distorted cube”). From the two opposite “acute” corners of this 
solid, regular tetrahedra can be cut off in such a way that what remains is an octa- 
hedron. In other words. two tetrahedra and an octahedron can be fitted together to 
form a rhombohecdron. Deduce that the tetrahedron and the octahedron have sup- 
plementary dihedral angles, and that infinitcly many specimens of these two solids 
can he fitted together to fill the whole Euclidean space [Ball 1, p. 147]. 


10.2 DRAWINGS AND MODELS 


You boil it in sawdust: you solt it in glue: 
You condense it with locusts and tape: 
Still keeping one principal object in view— 

To preserve its symmetrical shape. 


Lewis Carroll 


(Dodgson 2a, Fit 5] 


Leonardo da Vinci made skeletal models of polyhedra, using strips of 
wood for their edges and leaving the faces to be imagined [Pacioli 1]. When 


DRAWINGS AND MODELS 


AN 


Tetrahedron 13, 3} 


H 


151 
Cube }4, 3} 
Octahedron $3, 4| 


ss 


Dodecahedron }5, 3ł 


EY 


icosahedron |3, 5{ 


Figure 10.2a 
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l-l or 2:1 or 1:2 or 3-1 or 1°3. 


These five possibilities provide a simple proof of Euclid’s assertion [Rade- 
macher and Toeplitz 1, pp. 84-87]: 
There are just five convex regular polyhedra: 


{3,3}, {4,3}, {3,4}, (5,3}, (3, 5} 


The inequality 10.33 is not merely a necessary condition for the existence 
of { p, q} but also a sufficient condition; for in § 10.1 we saw how to con- 
struct a solid corresponding to each solution. 

The same inequality arises in a more elementary manner when we con- 
struct a model of the polyhedron from its net. Ata vertex we have g p-gons, 
each contributing an angle 

¢ — 2) n. 
P 


In order to form a solid angle, these q face angles must make a total less 


than 27. Thus 
l- 2 2r 
q ( he Z 


whence, as before, (p — 2)(q — 2) < 4. 


Any maker of medels soon observes that the amount by which the sum 
of the face angles ai a vertex falls short of 27 is smaller for 2:complicated 
solid like the dodecahedron than for a simple one like the tefzghedron. Des- 
cartes proved that if this amount, say 6, is the same at every vertex, it is 
actually equal to 47/V [Brückner %, p, %0]. In the case of { p, q}, this is an 
immediate consequence of the formuia 10.32 for V, which yields 


4a T r: 2 
— = (2p + UQ- tare -q (1 -2)r 


EXERCISES 
1. The number of edges of { p, q} is given by 


EVs pi+q'—}. 


2. Consider an arbitrary polyhedron having p-gonal faces for various values of p, 
and q faces at a vertex for various values of q. Generalize the cquations 10.31 in the 
form ` 

Zq = 2E = Èp, 


where the first summation is taken over all the vertices and the last over all the faces. 
Deduce that every polyhedron has either a face with p = 3 or a vertex with q = 3 (or 
both). (Hint: If not, we would have Èg > 4V and Èp > 4F.) 

3. If the faces are all alike and the edges are all alike and the vertices are all alike, 
the faces are regular. Show by an cxample that this result for polyhedra is not valid 
for tessellations. 


RECIPROCATION 159 
6. The points (x, v, z) that belong to the solid octahedron are given by the inequality 
xl tly] + lel <l. 


7. If cach edge of a regular tetrahedron is projected into an arc of a greal circle on 
the circumspherc, at what angles do these arcs intersect? Find the equations of the 
planes of the six great circles. 
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The figure of a pentagon with diagonals can be neatly displayed by tying 
a simple knot in a Jong strip of paper and carefully pressing it flat (Figure 
11.1¢). 
EXERCISES 


1. Defining 7 to be the ratio of the diagonal of a regular pentagon to its side. es- 
tablish 11.11 by applying 1.54 to the isosceles triangle PRS. 

2. Show how one further setting of the compasscs will yield a point (in Figure 11.15) 
dividing the given segment QU in the ratio 7 : 1. 


11.2 DE DIVINA PROPORTIONE 


Del suo secondo essentiale effecto . . . Del terço suo singulare effecto 
. . . Del quarto suo ineffabile effecto... ... Del .10. suo supremo 
effecto .. . Del suo .1]. excellentissimo effecto . . . Del suo .12. quasi 
incomprehensibile effecto . . . 


Luca Pacioli (ca. 1445 -1509) 
[Pacioli 1, pp. 6-7] 


Under the beneficent influence of the artist Piero della Francesca (ca. 
1416-1492), Fra Luca Pacioli (or Paccioli) wrote a book about 7, called De 
divina proportione, which he illustrated with drawings of models made by 
his friend Leonardo da Vinci. His enthusiasm for the subject is apparent 
in the above titles that he chose for various chapters. (It is interesting to 
observe how closely some of his old Italian resembles English.) 
.y = The seventh inestimable effect” is the occurrence of r as the circumra- 
“i @bas of a regular decagon of side 1. (We can thus inscribe a pentagon in a 
. given circle by first inscribing a decagon and then picking out alternate ver- 

tices.) “The ninth etfect, the best of all” is that two crossing diagonals of 
a regular pentagon divide one another in extreme and mean ratio. “The 
twelfth almost incomprehensible effect” is the following property of the regu- 
lar icosahedron {3, 5}. 





Figure 11.20 Figure 11.2b 
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The faces. surrounding a vertex of the icosahedron belong to a pyramid 
whose base is a regular pentagon (similar to the vertex gure). Any two 
opposite edges of the icosahedron belong to a rectangle whose longer sides 
are diagonals of such pentagons. Since the diagonal of a pentagon is 7 times 
its side, this rectangle is a golden rectangle, whose skies are in the ratio rT: 1. 
In fact, the twelve vertices of the icosahedron (Figure 11.24) are the twelve 
vertices of three golden rectangles in mutually perpendicular planes (Figure 
11.25). A model is easily made from three ordinary postcards (which are 
nearly golden rectangles). In the middle of each card, cut a slit parallel to 
the Jong sides and equal in length to the short sides. For a practical rea- 
son, the slit in one of the cards must be continued right to the edge. Then 
the cards can easily be put together so that each passes through the middle 
of another, in cyclic order. 





Figure 32.2¢ 


We see from Figure 11.2¢ that a goiden rectangle can be inscribed in a 
square so that each vertex of the rectangle divides a side of the square in 
the ratio 7 : 1. Identifying this with one of the three “equatorial” squares 
of a regular octahedron, we deduce that am icosahedron can be inscribed in 
an octahedron so that each vertex of the icosahedron divides an edge of the 
octahedron in the ratio 7 : 1. 


EXERCISES 


1. Using Cartesian coordinates referred to the planes of the three golden rectangles, 
obtain the 12 vertices of the icosahedron in the form 


(0. =7. =1). (#1,0, 7), (+7 23,0). 
2. These 12 points divide the 12 edges of the octahedron 
(+72, 0, 0), (0. +72. 0). (0,0, 17?) 
in the ratio 7 : l. 


3. Obtain cęordinates for the 20 vertices of the regular dodecahedron [Coxeter 1, 
p. 53]. 
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fori = frèi + fi? and fok = figs, 
obtaining  for41 = fata + ffri + fear) + fe? 
= (fei + ffri + fr? 
= fè + feds, 
and then add 
Sox = fr&e and foxys = fi? + fega» 
obtaining = foxse2 = fk + ffr- + farsi) + fess 
= fi fe+i t+ fri frre 


= Sst Sk+1- 
Similarly, to establish the identity 
11.45 T = fat + fo-i, 


which is obvious when n = 1 or 2, we add 
Tk = fit + fk- and kt) = fegt + fr, 
obtaining Tk+2 = fr42T + fki 


The identity 11.45 continues to hold when n is negative, provided we de- 
fine f-k = f-k+42 — f-k+1 (for k > 0), so that 


J- = (2 D+ fy 


Thus T-¥ = flit + f-k-3 
11.46 = (— IHT — fry). 
and 
11.47 (—1)-* = fey — fat 
11.471 = fxr — fam}. 
Adding 11.45 (with k for n) and 11.47, we obtain 
11.48 gk = Te + (—T)-*. 
Similarly, subtracting 11.471 from 11.45 (with k for n), we obtain 
11.49 p A Eia E A E a 
T+T? v5 


an explicit formula which was discovered by J. P. M. Binet in 1843. 
From 11.48 and 11.49 we immediately deduce 


k && +fVv5 p-k 8 — faV5. 
T = 2 s ( T) — P) > 


Part IIl 
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two rays and n — l segments. The points can be named Fy, Po,..... Pain 
such a way that the two rays are P1/Pn, P,/Pi, and the n — | segments are 


PiP, Pil soci Palas 


each containing none of the points. We say that the points are in the order 
P,P2...P», and write [P1P2. .. Pa]. Necessary and sufficient conditions for 
this are 

[PiP2Ps], [P2PsPo],..., [Pn-2Pn-Pn]. 


Naturally, the best logical development of any subject uses the simplest or 
“weakest” possible set of axioms. (The worst occurs when we go to the op- 
posite extreme and assume everything, so that there is no development at 
all!) In his original formulation of Axiom 12.27 [Pasch and Dehn 1, p. 2: 
“IV. Kerngavz"! Pasch made the following far stronger statement: If a line in 
the plane @f ® given triangle meets one side, it also meets another side (or 
else passes through a vertex). Peano’s formulation, which we have adopted, 
excels this in two respects. The word “plane” (which we shall define in 
§ 12.4) is not used at all, and the line DE penetrates the triangle ABC in a 
special manner, namely, before entering through the side CA, it comes 
from a point D on C/B. It might just as easily have come from a point on 
A/B (which is the same with C and A interchanged) or from a point on B/A 
ot B/C (which is quite a different story). The latter possibility (with a slight 
change of notation) is covered by the following theorem (12.278). Axiom 
12.27 is “only just strong enough”; for, although it enables us to deduce the 
statement 12.278 of apparently equal strength, we could not reverse the roles: 
if we tried instead to use 12.278 as an axiom, we would not be able to deduce 
12.27 as a theorem! 








Figure 12.2d 


THEOREM 12.278 If ABC is a triangle and [AFB] and[BCD), then there is, 
on the line DF, a point E for which [CEA]. 

Proof. Take H on B/F (as in Figure 12.2d) and consider the triangle DFB 
with [FBH] and [BCD]. By 12.27 and 12.272, there is a point R for which 
[DRF] and [HCR]. By 12.274, [A FB] and [FBH] imply [AFH]. Thus we 
have a triangle DAF with [AFH] and [FRD). By 12.27 and 12.272 again, 
there is a point L for which {22A} and [HRL]. By 12.277, [HCR] and [ERL] 
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We naturally regard this ratio as being negative if P lies between Q and Q’, 
that is, if the two triangles are oppositely oriented. 





É P È P 


Figure 13.4¢ Figure 13.4d 


These ideas enable us to define the area of any polygon in such a way that 
equivalent polygons have the same area, and when two polygons are stuck to- 
gether to make a larger polygon, the areas are added. To compute the arca 
of a given polygon in terms of a standard triangle OA B as unit of measure- 
ment, we dissect the polygon into triangles and add the areas of the picces, 
each computed as follows. 

By applying a suitable translation, any given triangle can be shifted so that 
one vertex coincides with the vertex O of the standard triangle OAB. Ac- 
cordingly, we consider a triangle OPQ. Let the line PQ meet OA in P’, and 
OB in Q’, as in Figure 13.4d. Multiplying together the three ratios 


OPQ _ PQ OPQ OP OAG OQ 
OP' Q’ TPQ? OAQ' 0A’ OAB 7 OB 
we obtain the desired ratio 
OPQ _ PQ OP’ ae 
OAB ~ Pg! RA OBR- 


To obtain an analytic expression “Roy the dred of a: tiahle OPQ, referred 
to axes through the vertex O, we iaite the, coordigates ofthe points 


13.43 








to be 
(0, 0). (1, 0), (0, 1), (x, ps itera , 0), @, q), 
respectively. Since the equation <- ae - 


P q 
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and can serve asaunitcell. If the vertices of such a parallelogram (in coun- 
terclockwise order) are 


(0, 0), (x, y) {x +X1,¥ + ya) (x1, Yı) 
we see from 13.44 that 


13.52 Xy — YX = l. 
In other words, this is the condition for the points 
13.53 (0, 0), (x, y), (x1, yi) 


to form a positively oriented “empty” triangle of area 4, which could be used 
just as well as (0, 0) (1, © (0, 1) to generate the lattice. Thus a lattice is com- 
pletely determined, apart from its position, by the area of its unit cell. More 
over, although there are infinitely many visible points in a given lattice, ‘hey 
all play the same role. (These properties of affine geometry are in market 
contrast to Euclidean geometry, where the shape of a lattice admits unlim- 


ited variation and each lattice contains visible points at infinitely many dif- 
ferent distances.) 
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Figure 13.5b 


George Pélya* has applied 13.52 to a useful lemma in the theory of num- 
bers. The Farey series Fa of order n is the ascending sequence of fractions 
from 0 to 1 whose denominators do not exceed n. Thus y/x belongs to Fy 
if x and y are coprime and 
13.54 Os ye xe Ws 
For instance, F5 is 


#,4,4,4.%,4,4%,4,4,4,4. 


* aoin J interarum ac Scientiarum R gia t niversi atis Hung ric e Francisco-Josephinae, Sectio 
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Figure 13.7a 


Conversely, given a point P on the line 4142. we can find numbers z; and 
t2 such that 
A 4 PAR 
ti PAs to AiP* 
then P will be the centroid of masses tı and fg at Ay and Ag. Since masses 
ki and plo (where p + 0) determine the same point as % and z2, these bary- 
centric coordinates are homogeneous: 


(fi, t2) = (pli, pt2) (u Æ 0). 


Similarly, as Möbius observed in 1827, we may set up barycentric coor- 
dinates in the plane of a iriangle of reference ArA2A3. Wty + tg + ty Æ0, 
masses fy, fo, t3 at the three. vertices determine a point P (the centroid) whose 
coordinates are (t, b3 In particular, (1, 0, 0) is Ay, (0, 1, 0) is Ag, 
(0, 0, 1) is 43, and (0, čs; s the point on 4243 whose one-dimensional co- 
ordinates with respect to Az and Ag are (f2, f3). To find coordinates for a 
given point P of general position, we find z2 and ż; from such a point Q on 
the line 4,P, as in Figure 13.76, and then determine z, as the mass at Ay 
that will balance a mass fg + ż3 at Q so as to make P the centroid. Again, 
as in the one-dimensional case, these coordinates are homogencous: 


(ti, f2, #3) = (uta. pt2, pls) (uw Æ O). 


Joining P to Ay, Ao, Ay, we decompose A;A2Az3 into three triangles hav- 
ing a common vertex P, The areas of these triangles are proportional to the 
barycentric coordinates of P, as in Figure 13.7¢. This fact follows at once 
from 13.42, since 


t3 _ A2Q _ A1420 _ PA2Q _ AiA2Q — PA2Q _ PALA? 
fo QA3 AsQA3 PQA} AQA; — PQA3 PA3A:` 








A, 


A, 





Figure 13.7b Figure 13.7c 
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Proof (&oséer t, p 140}, When all three lines are in one plane, this fol- 
lows at once from £3.11, so letus assume that they are not. For any point 
Q on q, the plazes Gp and Or meet in a line, say q’ (Figure 13.8a). Any 
common paint of g and r would lie in both the planes Qp, pr, and there- 
fore on their zorro ime p, this is impossible, since p is parallel tor. Hence 
g is parallel to r. But the only line through Q parallel tor is g. Hence q 
coincides with q’, and is coplanar with p. Any common point of p and q 
would lie also on r. Hence p and q are parallel. 


The transitivity of parallelism provides an alternative proof for 13.81. To 
establish the impossibility of a point O lying on both planes y and q’r’, we 
imagine two lines through O, parallel to g (and g’), r (and r^). The planes 
y and q’r’, each containing both these lines, would coincide, contradicting 
our assumption that A does not lie in y. 

The three face planes OBC, OCA, OAB of a tetrahedron OABC form with 
the respectively parallel planes through A, B, C a parallelepiped whose faces 
are six parallelograms, as in Figure 13.85 [Forder 1, p. 155]. 


(x.y,2z) 





figure 13.8b Figure 13.8c 


it is now easy to build up a three-dimensional theory of dilatations, trans- 
lations, and vectors. Three vectors d, e, f are said to be dependent if they 
are coplanar, in which case each is expressible as a linear combination of 
the other two. Three vectors e, f, g are said to be independent if the only 
solution of the vector equation 


xe + yf + zg =0 
isx=y=Z= Q. Three such vectors provide a basis for a system of three- 
dimensional affine coordinates. In fact, if 


s i memng, 3 S = 
‘es: OA, t = OB, g = OC, 


as in Figure 13.8¢, the gencral vector OP may be exhibited as a diagonal of 
the parallelepiped forfied “by drawing through P three planes parallel to 
OBC, OCA, OAB. Then 


—=> 
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where the terms of this sum are vecters along three edges of the parallele- 


piped. . 
In space, as in a plane, the centcoid, P OF masses 1, at points A; is deter- 


mined by a vector OP such that 
—> nem 
Xt; OP = Xt; OA; (24, Æ 0). 
If On; = xe + yif + zig, we deduce 


—> ` 
Zr; OP = Lijxje + Liyif + Uzig. 
Feacs in terms of alline coordinates, 
¥3.8% The centroid of k masses h (Èu A 0) at points (xi, Yi z 
Ged .,k) is 


ixi Èti yi Xizi 
24 ` 





21; j Xi 


In particular, iff; + t2 + t3 = 1, the centroid of three masses fy, fz, ts 
at the points 
(1, G, G), (0, 1, 0), (0,0,1) 
is (f1, f2, ty). Hence 


13.84 The affine coordinates of any point in the planex +y + z= 1 
are the same as its areal coordinates referred to the triangle cut out from this 
plane by the coordinate planes x = 0, y = 0, z = 0. 


It follows that there is a line 


ty 


through the origin (in affine space) for each point with barycentric coordi- 

nates (fy, fg, 13}. On the other hand, lines lying in the plane x + y + z = 0 
yield no corresponding points in the parallel plane x + y + z = 1, unless 
vGagree to extend the affine plane by postulating a line at infinity 

. eh + > ts +3 = 0 

jo astinform the pene tive plane. This possibility has already been men- 

tioned m4 4.9; we shail. ¢xp ire 4t more systematically in Chapter 14. 


EXERCISES 


fix Af a line eis poraflel tr a Biase a, and a plane through a meets a in 6, then a 
and 4 are paratei Dnes. Muncie planc through a meets ain c, then b and c arc paral- 
jel hives. = 

2. If a, B. y are planes intersecting in lines Bey = a, y'a =b, at B =c, and 
a is parallel to b, then a, b, ¢ are all parallel. 

3. All tee Hues through 4 parallel to a are in a plane parallel to « [Forder 1, p. 155}. 


LATTICES 225 


4. Each of the six edges of a tetrahedron lies on a plane joining this edge to the 
midpoint of the opposite edge. The six planes so constructed all pass through onc 
point: the centroid of equal masses at the four vertices. 

5. Develop the theory of three-dimensional barycentric coordinates referred to a 
tetrahedron 41424343. 


13.9 THREE-DIMENSIONAL LATTICES 


The small parallelepiped built upon the three translations selected os 
unit translotions . . . is known as the vnit cell.... The entire crystal 
structure is generoted through the periodic repetition, by the three unit 
translations, of the matter contained within the volume of the unit cell. 
M. J. Buerger (1903 - ) 

[Buerger 1; p. 5] 


The theory of volume in affine space is more difficult than that of area in 
the affine plane, because of the complication introduced by M. Dehn’s ob- 
servation that two polyhedra of equal volume are not necessarily derivable 
from each other by dissection and rearrangement. A valid treatment, sug- 
gested by Mrs. Sally Ruth Struik, may be described very briefly as follows. 
It is found that any two tetrahedra are related by a unique affinity ABCD > 
A'B'C'D', which transforms the whole space into itself in such a way as to 
preserve collinearity. In particular, a tetrahedron ABCC" is transformed 
into ABC'S by the affine reflection 


AB(CC’), 


which interchanges € and C while leaving invariant every point in the plane 
that joins AB to the midpoint of CC’. Two tetrahedra are said to have 
the same volume if one can be transformed into the other by an equiaffinity: 
the product of an even number of affine reflections. Such a comparison is 
easily extended from tetrahedra to parallelepipeds, since a parallelepiped 
can be disse¢ted into six tetrahedra al! having the same volume. 

In three dimensions, as in two, a /attice may be regarded as the set of 
points whose affine coordinates are integers. However, as it is independent 
of the chosen coordinate system, it is more symmetrically described as a 
discrete set of points whose set of position vectors is closed under subtrac- 
tion, at is, along with any two of the vectors the set includes also their 
diffsvee¢e. Subtracting any one of the vectors from itself, we obtain the 
zero vector 

c—c=0 
and hence also O — b = —b, a — (—b) = a + b,a + a = 2a, and so 


on: the set of vectors, containing the difference of any two, also contains the 
sum of any two, and all the integral multiples of any one. The lattice is one-, 
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two-, or three-dimensional according to the number of independent vectors. 
In the three-dimensional case, a set of three independent vectors e, f, g is 
called a basis for the lattice if all the vectors are expressible in the form 


13.91 xe + yf + zg, 


where x, y, z are integers. If three of these vectors, say r1, r2, r3 form an- 
other basis for the same lattice, there must exist 18 integers 


Oey Dis Co Aas Bas Ca (a = l, 2,3) 
such that 
Pa = Aae + baf + Cag, e = TA,r,, f= Bara g= Crt, 
and therefore 
la = GgdAg lg + bg2Bg tg + CaCa tp 
whence 


_}l ifa=@, 
Aa Ay + ba Bg + Ca C = { Waan 


Since the product of two determinants is obtained by combining the rows 
of one with the columns of the other, we have 


ay bi Ci A 1 A 2 A 3 1 0 0 
az by C2 By Bo B3 =1|0 l O0j= hL 
a3 b3 Cx Ci C2 C3 0 0 1 


Since the two determinants on the left are integers whose product is 1, each 
must be +1. Conversely, if aa, bas Ca are given so that their determinant is 
+1, we can derive A,, B,, C, by “inverting the matrix,” and the given basis 
e, f, g yields the equally effective basis r,. Hence 


A necessary and sufficient condition for two triads of independent vectors 


e, f,g and a,e+b,f +g (a = I, 2, 3) 
to be alternative bases for the same lattice is 
ay by C] 
13.92 a2 be Cex} = H1 
a3 ba cs 


[cf. Hardy and Wright 1, p. 28; Neville 1, p. 5]. 


In other words, a lattice is derived from any one of its points by applying a 
discrete group of translations: one-, two-, or three-dimensional according as 
the translations are collinear, coplanar but not collinear, or not coplanar. 
In the one-dimensional case the generating translation is unique (except that 
it maybe reversed), but in the other cases the two or three generators, that is, 
the basic vectors, siz'y be chosen in infinitely many ways. When they have 
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been chosen, we can use *hem t& set up a System of affine coordinates so that, 
in the three-dimensional case, the vector 13.91 goes from the origin (0, 0, 0) 
to the point (x, y, z), and the lattice consists of the points whose coordinates 
are integers. The eight points 


(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (O, 1, 1), (1, 9, 1), (1, 1, 0), (L, 1, 1}, 
derived from the eight vectors 
O, e, f, g. f +g, g +e, e — f, e+f+g, 


evidently form a parallelepiped, which is a unit cell of the lattice. By an argu- 
ment analogous to that used for a two-dimensional lattice in § 4.1, any two 
unit cells for the same lattice have the same volume. 


Any line joining two of the lattice points contains infinitely many of them, 
forming a one-dimensional sublattice of the three-dimensional lattice. In 
fact, the line joining (0, 0, 0) and (x, y, z) contains also (nx, ny, nz) for every 
integer n. If x, y, z have the greatest common divisor d, the lattice point 


(x/d, y/d, z/d) 


lies on this same line, and the corresponding translation generates the group 
of the one-dimensional lattice. The lattice point (x, y, z) is visible if and only 
if the three integers x, y, z have no common divizi greater than 1. 

Any triangle of lattice points determines a a planie eontaining a two-dimen- 
sional sublattice. For, if vectors i 


rı = xje + yf + zig and “Va X2€ + yof + Z2g 





have integral components, so also does tit; + tore for any integers f1 and tz. 
The parallel plane through any other latte ‘point will contain a congruent 
sublattice. Thus we may regard all the lattice points as being distributed 
among an infinite sequence of parallel planes, called rational planes [Buer- 
ger 1, p. 7]. 

Any such plane, being the join of three points whose coordinates are in- 
tegers, has an equation of the form 


13.93 Xx + Yy + Zz=N, 


where the coefficients X, Y, Z, N are integers, so that the i int ferdepts on the 
coordinate axes have the rational values N/X, N/Y, N/Z. CRB i is the rea- 
son for the name “rational” planes.) We may assume that the greatest 
common divisor of X, Y, Z is |; for, any common factor of X, Y, Z would 
be a factor of N too, and then we could divide both sides of the equation 
by this number, obtaining a simpler and equally effective equation for the 
same plane. 

Conversely, any such equation (in which the greatest common divisor of 
X, Y, Z is 1) represents a plane containing a two-dimensional sublattice. 
This is obvious when X = 1, since then we can assign arbitrar integral 


228 AFFINE GEOMETRY 


values to y, z, and solve 13.93 for x. When X, Y, Z are all greater than 1, we 
consider the set of numbers 


xX + yY 4+ ZZ. 


where x, p. z are variable integers while X, Y, Z remain constant. This set 
(like the set of lattice vectors) is an deal: it contains the difference of any 
two of its members and (therefore) all the multiples of any one. Let d de- 
note its smallest positive member, and N any other member. Then N is a 
multiple of d: for otherwise we could divide N by d and obtain a remainder 
N — qd, which would be a member smaller than d. Thus every member of 
the set is a multiple of d But X, Y, Z are members. Therefore d, being a 
common divisor, must be equal to 1, and the set simply consists of all the 
integers. In other words, the equation 13.93 has one integral soluti n (and 
therefore infinitely many) [cf. Uspensky and Heaslet 1, p. 54]. 

For each triad of integers X, Y. Z, coprime in the above sen not 
necessarily coprime in pairs), we have a sequence of parallel planes 13.93, 
evenly spaced, one plane for each integer N. Since every lattice point lies in 
one of the planes. the infinite region between any two consecutive planes is 
completely empty. One of the planes, namely that for which N = 0, passes 
through the origin. The nearest others, given by N = +], are appropriately 
called first rational planes [Buerger 1, p. 9). We shall have occasion to con- 
sider them again in § 18.3. 





EXERCISES 


1. How can a parallelepiped by dissected into six tetrahedra all having the same 
volume? 







2. Identify the transformati äv, 2) > (x, y. — 2) with the affine reflection that 
leaves invariant the plane 2 = 0 while interchanging the points (0, 0, +1). 


3. A lattice is transformed into itsclf by the central inversion that interchanges two 
of its points. 

4. Every lattice point in a first rational plane is visible. 

5. ts every rational plane through a visible point a tirst rational planc? 

6. Finda triangle of lattice points in the first rational plane 

6x + lOr + 152 = 1. 
7. Obtain a formula for all the lattice points in this plane. 
8. The origin is the only lattice point in the plane 


N+ \y2y + y '3z= 0. 


14 


Projective geometry 


In affine geometry, as we have seen, parallelism plays a leading role. 
In projective geometry, on the other hand, there is no parallelism: every pair 
of coplanar lines is a pair of intersecting lines. The conflict with 12.61 is ex- 
plained by the fact that the projective plane is not an “ordered” plane. The 
set of points on a line, like the set of lines through a point, is closed: given 
three, we cannot pick out one as lying “between” the other two. At first 
sight we might expect a geometry having no circles, no distances, no angles, 
no intermediacy, and no parallelism, to be somewhat meagre. But, in fact, 
a very beautiful and intricate collection of propositions emerges: proposi- 
tions of which Euclid never dreamed, because his interest in measurement 
led him in a different direction. A few of these nonmetrical propositions 
“A by Pappus of Alexandria in the fourth century A.D. Others 
‘ith the names of two Frenchmen: the architect Girard De- 
sargues (1591- 1661) and the philosopher Blaise Pascal (1623- 1662). Mean- 
while, the related subject of perspective |Y aglom 2, p. 31} had been studied 
by artists such as Leonardo da Vinci (1452-1519) and Albrecht Dürer (1471- 

1528). 

Kepler’s invention of points at infinity made it possible to regard the 
projective plane as the affine plane plus the line at infinity. A converse 
relationship was suggested by Poncelet’s Traité des propriétés projectives des 
figures (1822) and von Staudt’s Geometrie der Lage (1847), in which projec- 
tive geometry appeared as an independent science, making it possible to 
regard the affine plane as the projective plane minus an arbitrary line o, and 
then to regard the Euclidean plane as the affine plane with a special rule for 
associating pairs of points on o (in “perpendicular directions”) [Coxeter 2, 
pp. 115, 138]. This standpoint became still clearer in 1899, when Mario Pieri 
placed the subject on an axiomatic foundation. Other systems of axioms, 
slightly different from Pieri’s, have been proposed by subsequent authors, 
The particular system that we shall give in § 14.1 was suggested by Bach- 
mann [1, pp. 76-77]. To test the consistency of a system of axioms, we ap- 
ply it to a “model,” in which the primitive concepts are represented by fa- 
miliar concepts whose properties we are prepared to accept [Coxeter 2, pp. 
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186-187]. In the present case a convenient model for the projective plane 
is provided by the affine plane plus the line at infinity (§ 6.9). We shall ex- 
tend the barycentric coordinates of § 13.7 to general projective coordinates, 
so as to eliminate the special role of the line at infinity. The result may be 
regarded as a purely algebraic model in which a point is an ordered triad of 
numbers (x1, X2, Xs}, not all zero, with the rule that (4x1, x2, ux) is the same 
point for any u ~ 0, and a dine is a homogeneous linear equation, One ad- 
vantage of this model is that the numbers x, and p are not.necessarily real. 
The chosen axioms are sufticiently general to allow the ce nates to be- 
long to any field: instead of real numbers we may use rationa) ##smbers, com- 
plex numbers, or even a finite field such as the residue classes modulo a prime 
number. Accordingly we speak of the real projective plane, the rational pro- 
jective plane, the complex projective plane, or a finite projective plane. 





14.1 AXIOMS FOR THE GENERAL PROJECTIVE PLANE 


The more systematic course tn the present introductory memoir. . . 
would have been to ignore altogether the notions of distance and 
metrical geometry. . . . Metricol geometry is a port of descriptive 
geometry, and descriptive geometry is all geometry. 


Arthur Cayley *(1821 -1895) 


The projective plane has already been mentioned in § 6.9. As primitive 
concepts we take point, line, and the relation of incidence. Ifa point and a 
line are incident, we say that the point lies on the line and the Hie'gasses 
through the point. The related words join, meet (or “intersect”), iz urreni 
and collinear have their usual meanings. Three non-collinear poiitts are the 
vertices of a triangle whose sides are complete lines. (“Segments” are not de- 
fined.) A complete quadrangle, its four vertices, its six sides, and its three di- 
agonal points, are defined $1.7. A hexagon A,BoC,A2B,Co2 has six 
vertices Ay, Bo,..., Cy anë ides 


A,B, BC), CyA2, AoB,, Bi Co, C2A. 


Opposite sides are defined in the obvious manner; for example, 42B, is op- 
posite to A,B2. After these preliminary definitions, we are ready for the five 
axioms. 











AXIOM 14.11] Any two distinct points are incident with just one line. 
NOTATION. The line joining points A and B is denoted by AB. 


* Collected Mathematical Papers, 2 (Cambridge. 1889), p. 592. Cayley, in 1859, used the word 
“descriptive” where today we would say “projective.” His idea of the supremacy of projective ge- 
ometry must now be regarded as a slight exaggeration. Itis true that projective geometry includes 
the affine, Euclidean and non-Euclidean geometries; but it does not include the general Rieman- 
nian geometry. nor topology. 
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AXIOM 14.12 Any two lines are incident with at least one point. 
THEOREM 14.121] Any two distinct lines are incident with just one point. 


NOTATION. The point of intersection of lines a and b is denoted by a- b; 
that of AB and CD by AB+ CD. The line joining a- b and c- dis denoted by 
(a-b)(c-d). 

AXIOM 14.13 There exist four points of which no three are cediineer. 


AXIOM 14.14 (Fano’s axiom) The three diagonal poiri ae a suwsplete 
quadrangle are never collinear. 


AXIOM 14.15 (Pappus’s theorem) If the six vertices of a hexagon lie al- 
ternately on two lines, the three points of intersection of pairs of opposite sides 
are collinear. 


One of the most elegant properties of projective geometry is the principle 
of duality, which asserts (in a projective plane) that every definition remains 
significant, and every theorem remains true, when we consistently inter- 
change the words point and line (and consequently interchange fie on and 
pass through, join and intersection, collinear and concurrent, etc.). To estab- 
lish this principle it will suffice to verify that the axioms imply their own 
duals. Then, given a theorem and its proof, we can immediately assert the 
dual theorem; for a proof of the latter could be written down mechanically 
by dualizing every step in the proof of the original theorem. 

The dual of Axiom 14.11 is Theorem 14.121, which the reader will have 
no difficulty in proving (with the help of 14.12). The dual of Axiom 14.12 
is one-half of 14.11. The dual of Axiom 14.13 asserts the existence of a 
complete quadrilateral, which is a set of four lines (called sides) intersecting 
in pairs in six distinct points (called vertices). Two vertices are said to be 
opposite if they are not joined by a side. The three joins of pairs of oppo- 
site vertices are called diagonals. If PQRS is a quadrangle with sides 


p=PQ, q=PS, r=RS. s=OR, w=PR, u=QS, 
as in Figure 14.la, then pqrs is a quadrilateral with vertices 


P=p-¢, Q=ps, R=er-s, S=qr W=p'r, U=¢@s. 





Figure 14.14 
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Axiom 14.14 tells us that the three diagonal points 
U=q-s, V=wu W=per 


are not collinear. Its dual asserts that the three diagonals of a complete 
quadrilateral are never concurrent. If this is false, there must exist. @ par- 
ticular quadrilateral whose diagonals are concurrent. Let it be pgrs, with 
diagonals 


u = QS, v= WU, w = PR. 


Since these are concurrent, the point w> u = V must lie on v, contradicting 
the statement that U, V, W are not collinear. 


A, By C 





Figure 14.1b 


Axiom 14.15 inyolves nine points and nine lines, which can be drawn in 
many ways (apparently different though projectively equivalent), such as the 
two shown in Figure 14.1b. AB2C142B,C2 is a hexagon whose vertices lie 
alternately on the two lines 4;B,C,, A2B2C2. The points of intersection of 
pairs of opposite sides are 


A3 = ByC2+ B2C;, B; = C1d2' C243, Cy = A, Bz+ A2 B). 


The axiom asserts that these three points are collinear. Our notation has 
been devised in such a way that the three points 4;, Bj, Cx are collinear 
whenever 

i+j+k=0 (mod 3).* 


Another way to express the same result is to arrange the 9 points in the form 
ofa matrix 


A By Cy 
14.151 Ag Bz Ce 
Ax B3 Cx 


* Coxeter, Self-dual configurations and regular graphs, Bulletin of the American Mathematical 
Society, 56 (1950), p. 432. 
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If this were a determinant that we wished to evaluate, we would proceed to 
multiply the elements in triads. These six “diagona!” tgiads, as well as the 
first two rows of the matrix, indicate triads of collinesg points. The axiom 
asserts that the points in the bottom row are likewise collinear. Its inherent 
self-duality is seen from an analogous matrix of lines 


a, by Cy 
a bz C2 
a3 b3 c3 


These lines can be picked out in many ways, one of which is 


â; = A3B,Co, by = A;B3C2, ĉi = A2,B2Co, 
az = AcB3C;, be = A3B.Cy, Cz = AiBiG,, 
a3 = A,B2C3, b3 = A2BiC3, ¢3 = AxBxCs. 


This completes our proof of the principle of duality. 


EXERCISES 


1. Every line is incident with at least three distinct points. (This statement, and the 
existence of a nonincident point and line, are sometimes used as axioms instead of 14.13 
[Robinson 1, p. 10; Coxeter 2, p. 13].) 

2. Asetofm points and n lines is called a configuration (Me. na) if c of the n lines pass 
through each of the points while d of the m points lie on each of the lines. The four 
numbers are not independent but satisfy cm = dn. The dual of (Me, na) iS (ng, Me). 

In the case of a self-dua! configuration, we have m = n, c = d, and the symbol (na, na) 
is conveniently abbreviated to ng. Simple instances arc the triangle 3,. the complete 
quadrangle (43, 62) and the complete quadrilateral (62, 44). Axiom 14.14 asserts the 
nonexistence of the Fano configuration* 7;. The points and lines that occur in Axiom 
14.15 (Figure 14.15) form the Pappus configuration 95, which may be regarded (in how 
many ways?) as a cycle of three triangles such as 

AıBıC2, AzBeC3, AzB3Ci, 
each inscribed in the next (cf. Figure 1.84, where UV W is inscribed in ABC). The self- 
duality is evident. 
By a suitable change of notation, Axiom 14.15 may be expressed thus: /f AB, CD, 
EF are concurrent, and DE, FA, BC are concurrent, then AD, BE, CF are concurrent. 

3. A particular finite projective plane, in which only 13 “points” and 13 “lines” exist, 
can be defined abstractly by calling the points P; and the lines p; (i = 0.1,..., 12) with 
the rule that P; and p; are “incident” if and only if 

i+j=0,1.30r9 (mod 13). 


Construct a table to indicate the 4 points on each line and the 4 lines through each point 
[Veblen and Young 1, p. 6]. Verify that all the axioms are satisfied; for example. 
PoP: P2Ps is a complete quadrangle with sides 


PoP, = po. PoP2= Pi. PiPs = ps, PoPs =ps. P2P3 = pu. PaP: = piz 


* Coxeter, Bulletin of the American Mathematical Society, $6 (1950), pp. 423-425. 
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and diagonal points Ps = po* pit, P4 = po’ P2. Pa = pi * pe- A possible matrix for 
Axiom 14.15 is 


Po P2 Ps 
Px; Pe Pe}. 
Po Pio Ps 


The first row may be any set of three collinear points. The second row may be any 
such set on a line not incident with a point in the first row. The last row is then deter- 
mined; e.g., in the above instance it consists of 


P2P5*PaPs = Po, PaPa * PoPa = Pio, PoPa PaPa = Ps. 








‘ape Matrix” 14.151 in that sets of collinear points 
occur not Only in the rows and g¢ zed diagonals but alse in the columns. In other 
words, the 9 points form a config ia which is not merely $3 bat (94, 123). When any 
one of the 9 points is omitted, the remaining 8 form a self-dual configuration 8; which 
may be regarded as a pair of mutually inscribed quadrangles (such as PoP9 Ps Pg and 
P2P3P oP). [Hilbert and Cohn-Vossen 1, pp. 101-102.) 

4. The geometry described in Ex. 3 is known as PG(2, 3). More generally, PG (2, p) 
is a finite plane in which each line contains p+ 1 points. Consequently, each point lies 
onp+! lines. There are p? +9 + | points (and the same number of lines) altogether. In 
other words, the whole geometry is a configuration ny with n = p?+p4+landd = p+. 
{Actually p is not arbitrary, ¢.g., although it may be any power of an odd prime, for 
instance, 5, 7, or 9, it cannot be 6.)* The possibility of such finite planes indicates 
ue projective geometry defined by. Axioms 14.11 to 14.15 is not categorical: it is not 
. infinitely many. 


yreester's theorem (§ 4.7) is false. 


This differs from the general “! 






14.2 PROJECTIVE COORDINATES 


Modern algebra does not seem quite so terrifying when expressed in 
these geometrical terms! 

G. de B. Robinson {1906 - ) 

[Robinson 1, p. 94] 


We saw, in § 13.7, that three real numbers 1, £2, t3 will serve as barycentric 
coordinates for a point in the affine plane (with respect to any given triangle 
of reference) if and only if 

l + t2 + t3 #0. 


Also a linear homogeneous equation 13.72 wili serve as the equation for a 
line if and only if the coefficients 7), T2, T; are not all equal. The remarks 

* By not insisting on Axiom 14.14, we can develop a “geometry of characteristic 2” in which p is 
a power of 2. By not insisting on Axiom 14.15, we can develop a “non-Desarguesian plane.” For 
the application to mutually orthogonal Latin squares, see Robinson 1, p. 161, Appendix II. 


HOMOGENEOUS COORDINATES 235 


just after 13.84 indicate that these artificial restrictions will be avoided when 
we have extended the real affine plane to the real projective plane by adding 
the line at infinity 


14.21 ito += 0 


and all its points (which are the points at infinity in various directions). 
When we interpret T1, T2, 73 as the distances from Ay, A2, A; to the line 


Titi + Tote + Tstz = 0, 


it is obvious that a parallel line is obtained by adding the same number to 
all three 7’s. Hence the point of intersection of two parallel lines satisfies 
14.21, that is, it lies on the line at infinity. 

To emphasize the fact that, in projective geometry, the line at infinity 
no longer plays a special role, we shall abandon the barycentric coordinates 
(11, t2, ty) in favor of general projective coordinates (x1, Xz, X3), given by 


fy = MXi, lo = 2X2, 13 = 3X3, 


where u1, #2. fa are constants, pipers =Æ 0. Thus (x1, x2, x3) is the cen- 
troid of masses p,x, at A, (a = 1,2, 3), and the line at infinity has the un- 
distinguished equation 


BIX + 2X2 + MaX = 0. 


The contrast between these two kinds of coordinates may also be ex- 
pressed as follows. Barycentric coordinates can be referred to any given tri- 
angle; the “simplest” points 


(1, 0,0), (0, 1,0), (0, 0, 1) 


are the vertices, and the unit point (1, 1, 1) is the centroid. More usefully, 
projective coordinates can be referred to any given quadrangle! Taking 
three of the four vertices to determine a system of barycentric coordinates, 
suppose the fourth vertex is (4, #2, #3). By using these p’s for the transition 
to projective coordinates, we give this fourth vertex the new coordinates 
(1, 1, 1). Just as, in affine geometry, all triangles are alike, so in projective 
geometry al! quadrangles are alike. 

To prove that projective coordinates provide a model (in the augmented 
affine plane) for the abstract projective plane described in § 14.1, we can take 
each of our geometric axioms and prove it analytically (i.c., algebraically). 

To prove 14.11, we merely have to observe that the line joining points 
(1, V2, ¥3) and (21, Zz, 23) is 


Y2 Ys 
Z2 Z3 


Yi )2 
24 Z2 


14.22 X: + xy = 0 














x) + ys Vi 
= Z3 «O24 





(cf. 13.74). Similarly, for 14.12 (or rather, 14.121), the point of intersection 
of lines È Y, Xa = 0 and ÈZ, Xa = 0 is 
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Y? Y3 Ya Yı Yi Ye 
i Za Wa al I3 Mji 
For 14.13, we can use the four points 
14.23 = (1,0, 0); (0, 1,9)... (0,0,1) (l,1, 1) 


The diagonal points of the quadrangle so formed arè 
eee (0,1,1) (0,1, (1,1,0) 
If these three points lay on a line 2X, Xa = 0, we should have 
14.24 Xe + Xa = 0, X} +X, = 0, X1 + X2 = 0, 
whence Xi = Xz = Xa = 0, which is absurd. This proves 14,14. 
Finally, to prove 14.15 we use the coordinates 14.23 for the four points 
Ay, Ax Az, C1. 
On the lines C141, CyA2, C,A3, which are 
X2 = X3, X3 = Xi, X1 = X2, 
we take the points B,, Bs, B to be 
(Pl) (1,4 1), (l, 1,7). 
The three lines 438), Ais, A2B2, being 
xi = pXe, X2 = Xa, X3 = Xj, 
all pass through the same point Cz if 
14.25 par = 1. 
The three lines A;B3, 428;. 4,22, being 
Xg Gey, Fy = PX3, Xa = 1X2, 
all pass through the same point Cy if 
gpr- = 1. 
Since this condition agrees with 14.25, the proof is complete. However, 


it is important to observe that the above deduction can be carried through 


in the more general situation where the coordinates belong not to a field 
but to an arbitrary division ring [Birkhoff and MacLane 1, p. 222]. We can 
still speak of points and lines, but Axiom 14,15 will have to be replaced by 
a weaker statement if the coordinate ring includes elements p and g such 


ms pa Qp. 


For instance, we might have p = k and q = j in a “quaternion geometry” 
whose coordinates are based on “units” i, j, k satisfying 


È = P = k? = ijk = —l. 
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When the 4’s and B’s are so chosen, 14.15 is false. We have thus estab- 
lished an important connection between geometry and algebra: Hilbert’s 
discovery that, when homogeneous coordinates are used in a plane satisfy- 
ing the first four axioms, Pappus’s theorem is equivalent to the commutative 
law for multiplication, 

EXERCISES 


1. Given five points, no three collinear, we can assign the coordinates 14.23 to any 
four of them, and then the coordinates (x1, x2, X3) of the fifth are definite (apart from 
the possibility of multiplying al) by the same constant). If the mutual ratios of the 
three x's are rational, we can multiply by a “common denominator” so as to make them 
all integral. In this case we can derive the fifth point from the first four by a linear 
construction, involving a finite sequence of operations of joining two known points or 
taking the point of intersection of two known lines. Devise such a construction for 
the point (1, 2, 3). 

2. The four points (1, +1. +1) form a complete quadrangle whose diagonal tri- 
angle is the triangle of reference. 

3. A configuration 83. consisting of two mutually inscribed quadrangles, exists in 
the complex projective plane, but not in the ré šective plane. When it does exist, 
its eight points appear in four pairs of “appa yhose joins are concurrent. The 
complete figure is a (94, 123). Hint: Let t quadrangles be PoP2P,P, and 
P1P3Ps5Pz, so that the sets of three collinear points are 


PoP; Ps, PiPPa, PoPsPs, PaP4Pe, PaPsP:. PsPePo, PeP1P1. Pr PoPe. 






Take PoP, Pe as triangle of reference and let P3, Ps, P7 be (1, 1, 0), (0. 1, 1). (1. 0. x). 
Deduce that Ps and Pe are (1, I, x + 1) and (1, x + J,.x}. Obtain an equation for x 
from the collinearity of Po?s Ps. 

4. If pis an odd prime, a finite projective plane PG(2, p) can be obtained by tak- 
ing the coordinates to belong to the field GF( p) which consists of the p residues (or, 
strictly, residue classes) modulo p [Ball 1, pp. 60-61]. For instance, the appropriate 
“finite arithmetic” for PG(2, 3) consists of symbols 0, 1. 2 which behave like ordinary 
integers except that 

14+2=0 and 2x2=1. 


In the notation of Ex. 3 at the end of § 14.1, take Po?) P2 to be the triangle of reference 
and P; the unit point (1, 1, 1). Find coordinates for the remaining points, and equations 
for the lines. 

Finite planes, and the analogous finite n-spaces PG(n. p}. were discovered by von 
Staudt* and rediscovered by Fano. Von Staudt took n to be 2 or 3. Fano took pod 
a prime. The generalization PG(n, p*) is credited to Veblen and Bussey. 





5. Taking the coordinates to belong to G#(2). which consists of the two “numbers”. 
Q and 1 with the rule for addition 
1+ 1=90, 


we obtain a linite “geometry” in which the diagonal points of a complete quadrangle 
are always collinear! Our proof of 14.14 breaks down because now the equations 14.24 
*K.G.C. von Staudt, Beiträge zur Geomeirie der Lage, vol. | (Nürnberg, 1856). pp. 87-88; Gino 


Fano, Giornale di Matematiche, 30 (1892), pp. 114-124; Veblen and Bussey, Transactions of the 
American Mathematical Society, 7 (1906), pp. 241--259. 
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have not only the inadmissible solution X; = X = Xa = 0 but also the signilicant 
gation X4 = Xz = X3 = 1, which yiclds the line 


Xy + X2 + xy = 0. 


This PG(2, 2) can be described abstractly by calling its seven points P; and its seven 
lines p; @ = O,1,..., , 6) with the rule that P; and pj are incident if and only if 


i+j=0,lor3 (mod 7). 


14.3 DESARGUES’S THEOREM 


The fundamental idea for this pure geometry come from the desire of 
Renaissonce painters to produce a ‘‘visual'’ geometry. How do things 
really look, and how can they be presented on the plane of the draw- 
ing? For example, there will be no parallel lines, since such lines ap- 
peor to the eye to converge. 


S. H. Gould (1909- ) 
[Gould 1, p. 298] 


Two triangles, with their vertices named in a particular order, are said to 
be perspective from a point (or briefly, “perspective”) if their three pairs of 
corresponding vertices are joined by concurrent lines. For instance, in Fig- 
ure 14.16, the triangles A414243 and BBB (sic) are perspective from Cj. 
By permuting the vertices of B;B,B, cyclically, either forwards or back- 
wards, we see that the same two triangles are also pers ective from C2 or 
C3. In fact, oue of the neatest statements of Axiom tat 5 [see Veblen and 
Young 1, p. 100} is: 


If two triangles are doubly perspective they are pee perspective. 


Dually, two triangles are said to be perspective from a line if their three 
pairs of corresponding sides meet in collinear points. It was observed by 
G. Hessenberg* that our axioms suffice for a proof of 


DESARGUES'S THEOREM. Zf two triangles are perspective from a point they 
are perspective from a line, and coħversely. 


The details are as follows. Let two triangles POR and P’Q’R’ be per- 
spective from O, as in Figure 14.3a, and let their corresponding sides meet 
in points 

D = QR: QR, E= RP: RP, F= PQ: PQ. 


We wish to prove that D, E, F are collinear. After defining four further 
points 
S= PR-QR, T= PQ’-OR 
U = PQ- OS, V = P'Q » OS, 
we have, in general,f enough triads of collinear points to make three applica- 
tions of Axiom 14.15. The “matrix” notation enables us to write simply 
* Mathematische Annalen, 61 (1905), pp. 161- 172. 
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Oo Qo g O P P P Q T 
PS R|.IZČZR ST. U S 
D T U E V T DE F 

















The last row of the last matrix exhibits the desired collinearity. 
The converse follows by the principle of duality. 





EXERCISES 


1. The triangle (p, 1, 1) (1, y, 1) (1, 1, r} is perspective with the triangle of refer- 
ence from the unit point (1, }, }). Pairs of corresponding sides meet in the three col- 
linear points 

O,g-—ll—nrn. (l—p.0,r-—1). (p-1,1- 49,0). 

2. Desargues’s theorem involves 10 points and 10 lines. forming a configuration 103. 
To obtain a symmetrical notation, consider triangles P14P24P24 and Pi5P25P3s5. perspec- 
tive from a point P4s and consequently from a line P23P31Pi2. Then three points Py 
are collinear if their subscripts involve just three of the numbers 1, 2, 3, 4. 5. If the 
remaining two of the five numbers are k and /, we may call the line py. Then the 
same two triangles may be described as ps pos pss and pig Poa pas, perspective from the 
line pas 

3. In the finite projective plane PG(2, 3), the two triangles P| PzP and PaPyP4 are 
perspective from the point Po and from the line PoPi2P 59. Identify the remaining points 
in Figure 14.34. (In this special geometry, U and V both coincide with F, which is 
not surprising in view of the fact that Figure 14.3a involves 14 points whereas the whole 
plane contains only 13.) 


14.4 QUADRANGULAR AND HARMONIC SETS 


Desargues’s theorem enables us to prove an important property of a 


240 PROJECTIVE GEOMETRY 


quadrangular set of points, which is the section of the six sides of a com- 
plete quadrangle by any line that does not pass through a vertex: 


14.41 Zoch goin: of a quadrangular set is uniquely determined by the re- 
maining pairis 

Proof. Les PORS be a complete quadrangle whose sides PS, QS, RS. 
OR, RP, PO meet a line g (not through a vertex) in six points A, B, C, D, 
E, F, certain pairs of which may possibly coincide. (The first three points 
come from three sides all containing the same vertex S; the last three from 
the respectively opposite sides, which form the triangle POR.) To shew 
that F is uniquely determined by the remaining five points, we set uj am- 
other quadrangle P’Q’R’S’ whose first five sides pass through A, 8, C, D, E, 
as in Figure 14.4a. Since the two triangles PRS and P’R’S’ ate perspective 
from the line g, the converse of Desargues’s theorem tells us that they 
are also perspective from a point; thus PP’ passes through the point 
O = RR’- SS’. Similarly, the perspective triangles ORS and Q’R’S’ show 
that QQ’ passes through this same point O. In fact, all the four lines PP’ 
QQ’, RR’, SS’ pass through O. so that PORS and P’Q’R’S’ are “persp 
tive quadrangles.” By the direct form of Desargues’s theorem, the trian} 
POR and P’Q’R’, which are perspective from the point O, are also persp 
tive from the line DE, which is g; that is, the sides PQ and P’Q’ both r 
g in the same point F. 





Figure 14.40 


We shall find it convenient to use the symbol 
(AD) (BE) (CF) 


to denote the statement that the six points form a quadrangular set in the 
above manner. This statement is evidently unchanged if we apply any per- 
mutation to .4BC and the same permutation to DEF. It is also equivalent 
to any of 


(AD) (EB) (FC), (DA) (BE) (FC), (DA) (EB) (CF). 


To obtain other permutations we need a new quadrangle. With the ex- 
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Figure 14.4b 


ercise of some ingenuity we can retain two of the four old vertices, say Q 
and S. Defining 


R' = QR: SF, P = PS- QC, 


as in Figure 14.4b, we apply Axiom 14.15 to the hexagon PROCFS accord- 
ing to the scheme 








P FQ 
C aS], 
R PE 


with the conclusion that R’P’ passes through E£. Just as the quadrangle 
PORS yields (AD) (BE) (CF), the quadrangle P'QR'S yields (A D) (BE) 
(FC). In other words, the statement (AD) (BE) (CF) implies (AD) (BE) 
(FC), and hence also 


14.42 (AD) (BE) (CF) implies (DA) (EB) (FC). 
In the important special case (AA) (BB) (CF), which is abbreviated to 
H(AB, CF), 


we say that the four points form a harmonic set, or, more precisely, that F 
is the harmonic conjugate of C with respect to A and B. This means that 4 
and B are two of the three diagonal points of a quadrangle while C and F 
lie respectively on the remaining sides, that is, on the sides that pass through 
the third diagonal point. Axiom 14.14 tells us that the harmonic conjugates 
C and F are distinct (except in the degenerate case when they coincide with 
A or B). 
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EXERCISES 

1. HAS, CF) is equivalent to H(BA, CF) or H{(AB, FC) or H(BA, FC). 

2. Describe in detail a construction for the harmonic conjugate of C with respect 
to two given points 4 and B (on a line through C, as in Figure 14.4c). 
_ & The harmonic conjugate of (0. 1, A) with respect to (0, 4, 0) and (0.0.1) is 

(, I A). 

4 Tn PG(2, 3) (see Ex. 3 at the end of § 14.1), every set of four collinear points is a 
harmonic set in every order: e.g.. H( PoPs, PaPa), H( PoPa, PoP1), HC Pofa, PrP}. 
> & Us Figure 6.6a, HAA’, A142). Deduce the metrical definition 


AA, AA: 


AA’ T A'Aa 





for a harmonic set. (Hint: Defining E' as in Ex. 4 at the end of § 6.6, consider the 
quadrangle formed by P, £, £ and the point at infinity on 4 ,P.) 


14.5  PROJECTIVITIES 


A range is the set of all points on a line. Dually, a pencil is the set of all 
lines through a point. Ranges and pencils are instances of one-dimensional 
forms. We shall often have occasion to consider a (one-to-one) correspond- 
ence between two one-dimensional forms. The simplest possible corre- 
spondence between a range and a pencil arises when the lines of the pencil 
join the points of the range to another point, so that the range is a Section 
of the pencil. The correspondence between two ranges that are sections of 
one pencil by two distinct lines is called a perspectivity,; in such a case we 
write 


X = xX’ or xL yx, 
A A 


meaning that, if X and X’ are corresponding points of the two ranges, their 
join XX’ continually passes through a fixed point O, which we call the cen- 
ter of the perspectivity. There is naturally also a dual kind of perspectivity 
relating pencils instead of ranges. 

The product of any number of perspectivities is called a projectivity. Two 
ranges (or pencils) related by a projectivity are said to be prejextively related, 
and we write 


X z X. 
For instance, in the circumstances illustrated in Figure 14.5a, 


ABCD Ê AoBoCoDo S A’B'C'D', ABCD z ABCD, 
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\ 
A B € x 





Figure 14.5b 


Analogously, we can define a projectivity relating a range to a pencil, or vice 
versa. 

Given three distinct points 4, B, C on a line, and three distinct points 
A’, B’, C’ on another line, we can relate them by a pair of perspectivities in 
the manner of Figure 14.54, where the axis (or “intermediary line”) of the 
projectivity joins the points 


Bo = AB’ BA’, Co = ACCA’, 
so fiat ABC 3 AoBoCo 4 ABC. 


For each point X on AB we obtain a corresponding point X’ on A'B’ by 
joining A to the point Xo = A’X+ ByCo, so that 


ABCX a AoBoCoXo 4 AIBC’. 


By Axiom 14.15, the axis BoCo, being the “Pappus line” of the hexagon 
AB'CA’ BC’, contains the point BC’: CB’. Similarly, it contains the point 
of intersection of the “cross joins” of ay two pairs of corresponding points. 
In particular, we could have derived the same point X’ from a given point 
X by using perspectivities from B’ and B (or any other pair of correspond- 
ing points) instead of A’ and A. 

It can be proved [Baker 1, pp. 62-64; Robinson 1, pp. 24-36] that the 
product of any number of perspectivities can be reduced to such a product 
of two, provided the initial and final ranges are not on the same line. In 
other words, 


14.8% Any projectivity relating ranges on two distinct lines is expressible 
as the product of two perspectivities whose centers are corresponding points (in 
reversed order) of the two related ranges. 


To relate two triads of distinct points ABC and A’B’C’ on one line, we 
may use an arbitrary perspectivity ABC = A,B,C, to obtain a triad on an- 
other line, and then relate 4;B,C, to A’B’C’ as in 14.51. Hence 
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14.52 [1 is possible, by a sequence of not more than three perspectivities, 
to relate any three distinct collinear points to any other three distinct collinear 
points. 

A projectivity X — X’ on one line may have one or more invariant points 
(such that X = X^). If it has more than two invariant points, it is merely 
the identity, X ~ X. In fact. the above construction for a projectivity 


ABCX ~ ABCX’ 


on one line involves four points on another line such that 
ABCX = AıBıCıX1ı x ABCX’. 


By 14.51, there is essentially ce one projectivity 4; B,C, x ABC. We have 
thus proved 


THE FUNDAMENTAL. THES í OF PROJECTIVE GEOMETRY; „4. projectivity 
is determined when thrëž poeritufione range und the Corres panting proepoinis 
of the other are given. '' i6; i 


If a projectivity releli caine ‘pn two distinct lines has añ ivari ‘point 
A, this point, belongine’z6 Sei tanges, must be the common point of the 
two lines, as in Figure 14.5¢c. Let B and C be any other points of the first 
range, B’ and C’ the corresponding points of the second. The fundamental 
theorem tells ug #tat the perspectivity 








O ap 
ABC 5 AB'C', 


where O = BB’: CC’, is the same as the given projectivity ABC x ABC. 
Hence 







14.53 A projectivity ber#se% two distinct lines is equivalent to a perspec- 
tivity if and only if their point ‘of ntersection is invariant. 


Returning to the aorta s&f 4_projectivity between ranges on one line 
(i.e., a projective trans sagof the line into itself), we recall that, if such 
a transformation is not ‘merely the ideniity, i fot have more than two 
invariant points. It is said to be elliptic | par ee of hyperbolic according 
as the number of invariant points is 0, 1, or 2.~ 









ën coordinates are used, 
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invariant points arise from roots of quadratic equations; thus elliptic pro- 
jectivities do not occur in complex geometry, but 


ABC = BCA 

is elliptic in real geometry [Coxeter 2, p. 48}. 

Figure 14.5d (cf. 14.4a) suggests a simple construction for a hyperbolic 
projectivity ABF ~ ACE in which one of the invariant points is given: 

ABF Ê asp Ë ACE. 
A A 
Here S and P may be any two points collinear with A, and then the other 
two vertices of the quadrangle are 
Q = BS: FP, R= CS- EP. 


The second invariant point is evidently D, on QR. When the same projec- 
tivity is expressed in the form ADB — ADC (that is, when both invariant 
points are given), we have the analogous construction 


ADB Ê aus Ë ADC, 
A A 


where U = AS-QD. This can still be carried out if A and D coincide (i.e., if 
g passes through the diagonal point U = PS - QR of the quadrangle), in 
which case we have the parabolic projectivity 


AAB = AAC 
[Coxeter 2, p. 50]. 





Figure 14.5e 


An involution is a projectivity of period 2, that is, a projectivity which in- 
terchanges pairs of points. Figure 14.Se is derived from Figure 14.5d by 
adding extra points T, W, Z. We may imagine this figure to have been de- 
rived from any four given collinear points A, C, D, F by taking a point R 
outside their line, letting the joins RA, RD, RC meet an arbitrary line 
through Fin T, Q, W, respectively, and then taking Z = AQ- RC. Since 
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ADCF Ê ZRCW 4 orrw È parc, 
AN A A 
we have 
14.54 ADCF ~ DAFC. 


But, by the fundamental theorem, there is only one projectivity ADC ~ DAF. 
Hence, if a projectivity interchanging A and D transforms C into F, it inter- 
changes Cand F. In other words, 

14.55 Any projectivity that interchanges two points is an involution. 


Applying the same set of three perspectivities to another point B, we have 


pes4pke 


Since Q(ABC, DEF), we have now sated the theorem of the quadrangu- 
lar set: 


14.56 The three pairs of opposite sides of a quadrangle meet any line (not 
through a vertex) in three pairs of an involution. 

Combining this with 14.55, we have an alternative proof for 14.42 [Veb- 
len and Young 1, p. 101). 


Since the involution ACD x DFA is determined by its pairs AD and CF 
(or any other two of its pairs), it is conveniently denoted by 


(AD\KC#) z 


or (DA)(CF) or (CF KAD), etc. Thus (4 BE)(C F) implies that the pair 
BE belongs to (ADXCF), and CF to (AD)(BE), and AD to (BEXCF). The 
points in a pair are not necessarily distinct. When A = D and B = E, so 
that H(A B, CF), we have the hyperbolic involution (AA)(BB) which inter- 
changes pairs of harmonic conjugates with respect to A and B. Since this 
same involution is expressible as (AA)(CF), 


14.57 If an involution has one invariant point, it has another, and con- 
sists of the correspondence between harmonic conjugates with respect to these 
two points. 


It follows that there is no parabolic involution. 


EXERCISES 
1. Let the lines OA,OB,.... O,A’, OB’... . and AoBo in Figure 14.5a be denoted 
by a.6,...,a@,b,...ando. ‘Use the principle of duality to justify the notation 
abcd & a'b'e'd’. 
A 


2. The harmonic property is invariant under a projectivity: if H(AB, CF) and 
ABCF = A’ BC’ F, then H(A’B’, CF’) [Coxeter 2, p. 23]. 
3. H(AB, CF) implies H(CF, A8). (Hint: By 14.54, ACBF = CAFB.) 
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4. Draw #4 tage and its section, as in Figure 14.5d. Take an arbitrary point 
X on g and construct the corresponding point X’ in the hyperbolic projectivity 


ABF = ACE. 


Do the same for ADB — ADC, and draw the modificd figure that is appropriate for 
the parabolic projectivity AAB AAC. 
5. Two perspectivities cannot suffice fur the construction of an elliptic projectivity. 
6. In the notation of Figure 14.46, 


E 


An 


ADCF g AUP'P 


7. Any projectivity may be expressed as the product of two involutions [Coxeter 2, 
p. 54]. 
8. The projectivities on the line x3 = 0 are the linear transformations 


DUR'R È DAFC. 


HX") = CX + 12X2, 
UX'2 = C21X1 + CovXz, 


where ¢11:¢22% C12C21. Under what circumstances is such a projectivity (i) parabolic, 
(ii) an involution? 


14.6 COLLINEATIONS AND CORRELATIONS 


A collineation is a transformation (of the plane) which transforms collinear 
points into collinear points. Thus it transforms lines into lines, ranges into 
ranges, pencils into pencils, quadrangles into quadrangles, and so on. A 
projective collineation is a collineation which transforms every one-dimen- 
sional form projectively. 


14.61 Any collineation that transforms one range into a projectively re- 
lated range is a projective collineation. 

Proof [Bachmann 1,p. 85]. Let the given collineation transform the range 
of points X on a certain line a into a projectively related range of points X’ 
on the corresponding line a’, and let it transform the points Y on another 
line 6 into corresponding points Y’ on 4’. Any perspectivity relating X and Y 
will be transformed into a perspectivity relating X’ and Y’. Hence 


so that the coilineation induces a projectivity Y x Y between the points of 
b and 6’, as desired. 


It follows that a projective collineation is determined when two corre- 
sponding quadrangles (or quadrilaterals) are given [Coxeter %,'p. 60]. 

A perspective collineation with center O and axis o is a cédliseation which 
leaves invariant all the lines through O and all the points on o. (By 14.61, 
every perspective collineation is a projective collineation.) Following Sophus 
Lie (1842-1899), we call a perspective collineation an elation or a homology 


= 


t — 
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according as the center and axis areopese ‘Bote at- A harmonic ho- 





mology is the special case when cite ja eins 2 and A’, on a line a 
through O, are harmonic conjugates * fi gad o-a. Every pro- 
jective collineation of period 2 is-a a bipmomehotyogy 1 Coxcter 2, p. 64]. 

We have seen that a collineatio# 1s agent- to-pe ind line-to-line trans- 
formation which preserves incidences. SdiieWnR ditulogously, a correla- 
tion is a point-to-line and line-to-point transformation which dualizes inci- 
dences: it transforms points A into lines a’, and lines b into points B’, in 
such a way that a’ passes through B’ if and only if A lics on b. Thus a cor- 
relation transforms collinear points into concurrent lines (and vice versa), 
ranges into pencils, quadrangles into quadrilaterals, and so on. A projec- 
tive correlation is a correlation that transforms every one-dimensional form 
projectively. Ín a manner resembling the proof of 14.61, we can establish 


14.62 Any correlation that transforma, one range into a projectively re- 


PIRRE; 


tirai 








A”. When the ord don is of nc cle 


cides with A and 
we can sage the notation se one 


are a ere TC- 









ona form a projectively related pencil of lines eh A: 

Since a polarity dualizes incidences, if A lies on b, a > 
In this case we say that A and B arc conjugate points, a an 
lines. It may happen that A and a are incident, so that each i3!se 
We can be sure that this does not always happen, for it is easy to prove “that 
the join of two self-conjugate points cannot be a self-conjugate line. Ít is 
slightly harder to prove that no line can contain more than two self-con- 
jugate points (Coxeter 2, p. 68]. The following theorem will be used in 
§ 14.7: 


14.63 A polarity induces an involution of conjugaie points on any line that 
is not self-conjugate. 

Proof. On a non-self-conjugate line a, the projectivity X Kix (Figure 
14.64) transforms any non-self-conjugate point Binto another point C = a'b, 
whose polar is AB. The same projectivity transforms C into B. Since it 
interchanges B and C, it must be an involution. 


Dually, x and AX are paired in the involution of conjugate lines through ^. 
Such a triangle ABC, in which each vertex is the pole of teecgpnsite si 
(so that any two vertices are conjugate points, and any tw 3 > 
jugate. lines), is said to be self-polar. If P is any point a@ se, its 
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polar p does not pass through a vertex. and the polarity may be described 
as the unique projective correlation that transforms the quadrangle ABCP 
into the quadrilateral abcp. An appropriate symbol, analogous to the sym- 
bol (AB)(PQ) for an involution, is 


(ABC\Pp). 
Thus any triangle ABC, any point P not on a side, and any line p not through 
a vertex, determine a definite polarity (A BC)(Pp), in which the polar x of 
an arbitrary point X can be constructed by simple incidences. As a first 
step towards this construction we need the following lemma:* 





Figure 14.6a 






14.64 If the polars of the vertices of a triangle i 


istinct from the re- 
spectively opposite sides, they meet these sides inékteé sotlivear points. 

Proof. Let APX be a triangle whose sides PX, XA, AP meet the polars 
a, p, x of its vertices in points A,, Py, X3, as in Figure 14.66. The polar of 
Xı = x + AP is, of course, xı = X(a » p). Define also the extra points 
P’=a:AP, X' = a:AX and their polars p’ = A(a-p), x’ = A(a:x). 
By 14.54 and the polarity, we have 


AP’PX, a P'AX,ıP x p'axyp x AX'XP3. 


By 14.53, AP’PX,; = AX'XP,. Since the center of this perspectivity is 
P'X' - PX = As, the three points A;, P;, Xı are collinear, as desired. 


We are now ready for the construction (Figure 14.6c): 


14.65 In the polarity (ABCX Pp). the polar of a point X (not on AP, BP, 
or p) is the line XX determined by 


* This is known as Chasles's theorem. The proof given in The Real Projective Plane (Coxeter 
2, p. 71] suftices for real geometry but not for the more general geometry which is developed 
here, Lemma 5.54 of that book is false in the finite geometry PO(2, 3), which admits a quadri- 
lateral whose three pairs of opposite vertices P)P2, PaPy. PoP are pairs of conjugate points in 
the polarity P; — p: although the four sides PyP3Po, PoPo Py, PoPaPs, Pi? Pe contain their re- 
spective poles Po, Pz. Ps. Pir. (The remaining three of the thirteen points in this finite plane are 
the diagonal points of the quadrangle PoP;PsPii: their joins in pairs are the diagonals of the 
quadrilateral pop; papi.) See also W. G. Brown, Canadian Mathematical Bulletin, 3 (1960), pp. 
221-223. 
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Figure 14.6b Figure 14.6c 


A, =a" PX, Py =p:AX, Xı = AP: 4AP, 
Bo = b» PX, Po = p' BX, Xo = BP> BoP2. 


Proof. By 14.64, the polars a, p, x meet the lines PX, AX, AP in three 
collinear points, the first two of which are A; and Pı. Hence x passes 
through Xı = AP + AıPı. Similarly x passes through Xz; = BP + B2P2. 


In terms of coordinates, a projective collineation is a linear homogene- 
ous transformation 


14.66 BX’. = ECagXp det(c,,) Æ 0, 


where the summation is understood to be taken over the repeated index £ 
(for each value of a). The nonvanishing of the determinant makes it pos- 
sible to solve the equations for x, in terms of x’, so as to obtain the in- 
verse collineation. By suitably adjusting the coefficients Cag, we can trans- 
form the particular quadrangle 14.23 into any given quadrangle [Coxeter 2, 
p. 197]. 

Since the product of two correlations (e.g., a polarity and another corre- 
lation) is a collineation, any given projective correlation can be exhibited 
as the product of an arbitrary polarity and a suitable projective collinea- 
tion, The most convenient polarity for this purpose is that in which the line 


EX xa = 0 


is the polar of the point (X1, X2, X3). Combining this with the general col- 


‘lineation 14.66, we obtain the correlation that transforms each point (y, | 
into the line 


1. 


14.661 X(Zcapva)Xa = 0, 
where again we must have det(c,,) 4 0. In fact, the correlation is associ- 
ated with the bilinear equation 

DECA Ye = O 


[cf. Coxeter 2, p. 200). 
The correlation is a polarity if it is the same as its inverse, whose equa- 
tion, derived by interchanging (x) and (y), is 
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ZECapYaXg = 0, Or Tlce.XVe = Ô. 


Thus a polarity occurs when Cga = ÀCag, where A is the same for ali wand £, 
so that Cag = ACge = À?Cap A? = 1,A = H1. But we canneihaver>A.= — 1, 
as this would make the determinant 


0 iz —C31 
—C12 0 C233 = 0. 
¢31 —C23 0 


Hence A = 1, and Cga = Cag. In other words, 


14.67 A projective correlation is a polarity if and only if its matrix of co- 
efficients is symmetric. 


Thus the general polarity is given by 
14.68 ZUCapX Vp = 0, Cha = af» det(cag) > a 0, 


meaning that the polar of (y1, y2, y3) is 14.661, or that 14.68 is the condi- 
tion for points (x) and (y) to be conjugate. Setting yg = Xg, we deduce 
the condition 


VUCapXaXp = 0, 


OF C11X12 + C22X22 + €33X3? + 2C23X2X3 + 2¢31x%3X1 + 2C12xX1xX2 = Q, 
for the point (x) to be self-conjugate. Hence 


14.69 Ifa polarity admits self-conjugate points, their locus is given by an 
equation of the second degree. 
EXERCISES 


1. Given the center and axis of a perspective collineatiés, 2nd one pair of corre- 
sponding points (collinear with the center), set up a constructicr: for the transform X’ 
of any point X [Coxeter 2, p. 62]. 

2. Any two perspective triangles are related by a perspective collineation. 

3. A collineation which leaves just the points of one line invariant is an elation. 

4. An elation with axis o may be expressed as the product of two harmonic ho- 
mologies having this same axis o [Coxeter 2, p. 63]. 

§. In PG(2, 3). the transformation P; -> Pi+ı (with subscripts reduced modulo 13) 
is evidently a cullineation of period 13. Is it a projective collineation? Consider also 
the transformation Pi > Pai. 

6. What kind of collineation is 

(i) x‘) = Xn X’2 = Xz, X3 = CX: 
(ii) x’) = X1 + yxy, X2 = X2 + Cory, X3 = X3? 

7. Use 14.64 to prove Hesse’s theorem: If two pairs of opposite vertices of a com- 
plete quadrilateral are pairs of conjugate points (in a given polarity), then the third 
pair of opposite vertices is likewise a pair of conjugate points. 

8. Give an analytic pect ašsicá&s theorem. (Hint: Apply the condition 14.68 to 
the pairs of vertices : = 






: » (l, #1, 0) 
of the quadrilateral x, 2 
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9. The bilinear equation 
Xay1 + X2¥2 + Xyz = 0 LES 
is the condition for (x) and ( v) to be conjugate in the polarity (A Biv? #25, where ABC 
is the triangle of reference, P is (1, 1, l), and pis xı +.x2+%3 = 0. Are there any 


self-conjugale points? Consider, in particular, the case when the coordinates are residues 
modulo 3. 


14.7 THE CONIC 


The three familiar curves which we coll the “conic sections” have a 
long history. The reputed discoverer wos Menaechmus, who flour- 
ished about 350 B.c. They oftracted the ottention of the best of the 
Greek geometers down to the time of Pappus of Alexandria.... A 
vivid new interest arose in the seventeenth century.... lt seems cer- 
foie ankey wll always hold a ploce in the methesictical curriculum. 


J. L. Coolidge (1873 -1954} 
[Coolidge 1, Prefoce} 


In the projective pleie there is’ only one kind of conic. The familiar dis- 
tinction between the hyperbola, parabola, and ellipse belongs to afline 
geometry. To be precise, it depends on whether the line at infinity is a 
secant, a tangent, or a nonsecant [Coxeter 2, p. 129). 

/ j 
B 





Figure 14.70 


A polarity is said to be hyperbolic or elliptic according as it does or does 
not admit a self-conjugate point. (In the former case it also admits a self- 
~ Conjugate line: the polar of the point.) The self-conjugate point P, whose 
-existence suffices to make a polarity hyperbolic, is by no means the only 
seif-conjugate point: there is another on every line through P except its polar 
p- To preve this we use 14.63, which tells us that every such line contains 
an involution of conjugate points. By 14.57, this involution, having one in- 
variant point Ë, has a second invariant point Q, which is, of course agother 
self-conjugate point of the polarity. Thus the presence of ons sei: 
jugate point implies the presence of many (as many as the lines thrus 
point; for example, infinitely many in real or complex geometry). Their 
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locus is a conic, and their polars are its tangents. This simple definition, 
due to von Staudt, exhibits the conic as a self-dual figure: the locus of self- 
conjugate points and also the envelope of self-conjugate lines. 

The reader must bear in mind that there are only two kinds of polarity 
and that there is only one kind of conic. The terminology is perhaps not 
very well chosen: a hyperbolic polarity has many self-conjugate points, form- 
ing a coniz; an siliptic polarity has no self-conjugate points at all, but still 
provides 2 paar for-each point and a pole for each line; there is no such 
thing as a “parabolic polarity.” 

A tangen? justifies its name by meeting the conic only at its pole, the point 
of contact. Ayiy other line is called a secant or a nonsecant according as it 
meets the conic twice or not at all, that is. according as the involution of 
conjugate points on it is hyperbolic or elliptic. Any two conjugate points 
on a secant PQ, being paired in the involution (PP)(QQ), are harmonic con- 
jugates with respect to P and Q. 

Let PQR be a triangle inscribed is # conic, as in Figure 14.7a. Any line 
c conjugate to PQ is the polar of ssme point Con PQ. Let RC meet the 
conic again in S$. Then Cis one of the three diagonal points of the inscribed 
quadrangle PORS. The other two are 


A = PS: QR, B = QS: RP. 


Their join meets the sides PQ and RS in points C, and C2 such that H(PQ, 
CC) and H(RS, CC2). Since C, and Cz are conjugate to C, the line AB, 
which contains them, is c, the polar of C. Similarly BC is the polar of A. 
Therefore A and B are conjugate points. These conjugate points are the 
intersections of c with the sides QR and RP of the given triangle. Hence 


SEYDEWITZ'S THEOREM. if a triangle is inscribed in a conic, any line con- 
jugate to one side meets the other two sides in conjugate points. 


From this we shall have no difficulty in deducing 


STEINER'S THEOREM. Let lines x and y join a variable point on a conie ta 
two fixed points on the same conic; then x — y. 

Proof. The tangents p and q, at the fixed points P and Q, intersect in D, 
the pole of PQ. Let c be a fixed line through D (but not through P or Q), 
meeting x and y in B and A, as in Figure 14.7b. By Seydewitz’s theorem, 





Figure 14.7b 
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Figure 14.7c 


BA is a pair of the involution of conjugate points on c. Hence, when the 
point x ¢ y varies on the conic, 


The following construction for a conic through five given points, no three 
collinear, was discovered by Braikenridge and Maclaurin independently, 
about 1733 [Coxeter 2, p. 91]. Let Ay, Bz, Ci, Az. By be the five points, as 
in Figure 14.7c; then the conic is the locus of the point 


Co = A(z + C142) * Bi(z + Cy Be), 
where z is a variable line through the point 4182 - ByAz. This is the con- 
verse of 


PASCAL'S THEOREM. Ifa hexagon A,B2CA2B,Czo is inscribed in a conic, 
the points of intersection of pairs of opposite sides, namely, 


BıC2* B2C1, CiA2* C241, A1Bz2* AoBi, 
are collinear. 
Pascal discovered his famous theorem [Coxeter 2, p. 103] when he was 


only sixteen years old. More than 150 years later, it was dualized (see Fig- 
ure 14.74): 


BRIANCHON’S THEOREM. Ifa hexagon is circumscribed about a conic, its 
three diagonals are concurrent. 


We saw, in § 8.4, that the familiar conics of Euclidean geometry have equa- 
tions of the second degree in Cartesian coordinates. The same equations 
in affine coordinates remain valid in affine geometry, and yield homogene- 
ous equations of the second degree in barycentric coordinates (§ 13.7) and 
in projective coordinates (§ 14.2). Thus 14.69 serves to reconcile von Staudt’s 
definition of a conic with the classical definitions. In particular, 


X1x%3 = X2? 


is a conic touching the lines x3 = 0 and xı = O at the respective points 
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Ca 


ay 





b: 


Figure 14.7d 


(1, 0, 0) and (0. 0, 1). This conic can be parametrized in the form 
XyixXeixXg = st: 1, 


which exhibits it as the locus of the point of intersection of corresponding 
members of the projectively related pencils of lines 


X = tx, and xyz = (x3. 


If det (cag) = 0, the quadratic form 2Xc,,,x,xX, may be expressible as the 
product of two linear forms 2a,x, and 2b,x,. Accordingly, a pair of lines 
is sometimes regarded as a degencrate conic. In this sense, Axiom 14.15 is 
a special case of Pascal’s theorem. 


EXERCISES 


1. Ifa quadrangle is inscribed in a conic, ils diagonal points form a self-polar tri- 
angle. The tangents at the vertices of the quadrangle form a circumscribed quadrilat- 
cral whose diagonals arc the sides of the same triangle [Coxeter 2, pp. 85, 86]. 

2. Referring to the projectivity x -- y of Stciner’s theorem, investigale the special 
positions of x and v when A or B coincides with 2. 

3. lfa projectivity between pencils of lines x and v through P and Q has the effect 
xpd ; ydq, where dis PQ, the locus of the point x + v is a conic through P and Q whose 
tangents at these points are p and q. (This construction is often used to define a conic: 
see, c.g., Robinson [1, p. 38).) 

4. Of the conics that touch two given lincs at given points, those which meet a third 
line (not through either of the points) do so in pairs of an involution [Coxeter 2, p. 90}. 

5. If two triangles are self-polar for a given polarity, their six vertices lic on a conic 
or on two lincs [Coxeter 2, p. 93]. 

6. If two triangles have six distinct vertices, all lying on a conic, they are self-polar 
for some polarity [Coxeter 2, p. 94]. 

7. In PG(2. 3) (Ex. 3 at the end of § 14.1). the polarity P; — pi or ( P1PiwP 12 Po po) 
determines a conic consisting of the four points Py. Pr. Ps, Pi, and the four lincs po. 
P7-Ps.prur. (Hint: PoP2PsPiz = PyP PsP q PPPs pe) 

8. The equation x1? + xz? — xy? = 0 represents a conic for which the triangle of 
reference is self-polar. Verify Pascal’s theorem as applied to the inscribed hexagon 


(O, 1, 1). —1, 1) (1. 0. 1) (—1, 0, 1) (3. 4, 5) (4, 3, 5). 
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14.8 PROJECTIVE SPACE 





Saint K sometry is an abstract Geometry. The reasoning cauld be fol- 
iswed Sy a disembodied spirit who had no idea of a physical point; 
just as a man blind from birth could understand the Electromagnetic 
Theory of Light. 





H. G. Forder [1, p. 43] 


Axiom 14,12 had the effect of restricting the geometry to a single plane. 
If we remove this restriction, we must know exactly what we mean by a 
plane. First we define a fiat pencil to be the set of lincs joining a range of 
points (on a line) to another point. Then we define a plane to be the set of 
points on the lincs of a flat pencil and the set of lines joining pairs of these 
points. Accordingly we replace Axiom 14.12 by three new axioms. The first 
(which may be regarded as a projective version of Pasch’s axiom, 12.27) al- 
lows us to forget the role of a particular flat pencil in the definition of a plane. 
The second enables us to speak of more than one plane. The third (cf. 
12.431) restricts the number of dimensions to three. 


AXIOM 14.81 If A, B,C, D are four distinct points such that AB meets 
CD, then AC meets BD. 


AXIOM 14.82 There is ai least one point not in the plane ABC. 


AXIOM 14.83 Any two planes meet in a line. 


We now have a different pri ciple of duality: points, lines and planes cor- 
respond to planes, lines ang potats (cf. § 10.5). Two intersecting lincs, a 
and b, determine a point a * b and a plane ab; these are dual concepts. Two 
lines that do not intersect are said to be skew. The theory of collineations 
and correlations [Coxeter 3, pp. 63-70] is analogous to the two-dimensional 
case, except that the number of self-conjugate points on a line is no longer 
restricted to 0, 1, or 2. In fact, instead of two kinds of polarity we now have 
four: one “elliptic,” having no self-conjugate points, two “hyperbolic,” whose 
self-conjugate points form a quadric (nonruled or ruled), and onc, the null 
polarity (or “null system”), in which eve Saint in space is self-conjugate! 

The idea of defining a quadric as the tate of self-conjugate points in a 
threc-dimensional polarity (of the second or third kind) is due to von Staudt. 
Another approach, using a two-dimensional polarity in an arbitrary plane 
w, was devised by F. Seydewitz.* The quadric appears as the locus of the 
point 








_ PA- Qa, 


where P and Q are fixed poisas fon the quadric) while A is a variable point 
on w and a is its polar. This definition a allows the aiea to degenerate to 
a cone or a pair of planes. 






* Archiv für Mathematik und Physik, 9 oo 
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Figure 14.80 


typical theorems. Suppose a complete quadrangle PORS yields a quad- 
rangular set (AD){ BE)(CF)on a line g, as in Figurel4.8a. In another plane 
through g, let the sides of a triangle P’Q’R’ pass through A, B, C, and let 
DP’ meet EQ’ in S’. Theorem 14.42 tells us that S’ lies on R’F. This re- 
mark yields two interesting configurations: one consisting of eight lines (Fig- 
ure 14.84), and the other of two mutually inscribed tetrahedra. 


GALLUCCI'S THEOREM. Jf three skew lines all meet three other skew lines, 
any transversal to the first set of three meeis any transversal to the second set. 
Proof.. Let the two sets of lines be PQ’, P'Q, RS; PQ, P'O’, R’S. This 
notation agrees with Figure |4.8a, for, since PS and Q’R’ both pass through 
A, PQ’ meets R’S, and since QS and R’P’ both pass through B, P’Q meets 
R’S. The transversal from R to PQ’ and P’?@ is 
RPQ’: RP’Q = REQ’: RDP’ = RS’. 
The transversal from R’ to PQ and P' Q is 
R'PO'R'P'O = RFQ RFQ = RF. 


Since $ lies on R’F, these transversals meet, as desired. 
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MOBIUS'S THEOREM. If the four vertices of one tetrahedron lie respectively 
in the four face planes of another, while three vertices of the second lie in three 
face planes of the first, then the remaining vertex of the second lies in the re- 
maining face plane of the first. 

Proof. Let PORS and P’Q’R’S be the two tetrahedra, with 


P; Q, R. S, P Qy cS 
in the respective planes 
Q'R'S, P'R'S, P' O'S, P'O'R', ORS’, PRS’, POR, 


as in Figure 14.84. Since R’S’ pazsès thraugh F, on PQ, the remaining ver- 
tex K’ lies in the remaining plane POS”: 2s desired. 


Changing the notation from 


S, P, Q, R Ø R, $ 
to 
5 ’ Sy 4, S24 ` Ssa ’ S: By S 13+ S13, Sy 234; 


we deduce the first of a remarkable “chain” of theorems duc to Homersham 
Cox:* 


COX'S FIRST THEOREM. Let 0, 02, 03, 04 be four planes of general position 
through a point S. Let Si; be an arbitrary point on the line oj-9;. Let oijx 
denote the plane Si Sin She. Then the four planes 0234, 9134, 9124, 9123 all pass 
through one point S1234. 


Clearly, 01, 02, 63, 6123 are the face planes of the tetrahedron P’Q’R’S, 
while 0234. 0134, 0124, 04 are those of the inscribed-circumscribed tetrahedron 
PQRS’. Let os be a fifth plane through S$. Then $15, S25. S35, S43 are four 
points in 05; dija is a plane through the line Sj5Sj5: and Sijxs is the point 
dijs * iks * Ojx5. By the dual of Cox’s first theorem, the four points S2345, 
Si345, S1245. S1233 all lie in one plane. Interchanging the roles of o4 and o5, 
we see that Sj934 lies in this same plane S2345S1345S1245. which we naturally 
call 012343. Hence 

COX'S SECOND THEOREM. Let o1, .. ., 05 be five planes af general posi- 
tion through S. Then ihe five points S2345, S1245, S1235, S1ega. Staga aff lie in 
one plane 012345- 

Adding the #xira digils 56 to all the subscripts in the first theorem, we 
deduce 

COX'S THIRD THEOREM. The Six planes 023436. 013456. 912456, 9122356, F12346- 
012345 all pass through one point S123456. 

The pattern is now clear: we can continue indefinitely. “Cox’s (d—3)rd 


* Quarterly Journal of Mathematics, 25 (1891), p. 67. See also Li. W. Richmond, Journal of 
the London Mathematical Societv. 16 (1941), pp. 105-112, and Coxeter, Bulletin of the American 
Mathematical Society, 56 (1950), p. 446. When we describe four planes through a point as being 
“of general position,’ we mean that their six lines of intersection are all distinct. 
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theorem” provides a configuration of 2¢-1 poinis and 2¢-" planes. with d of 
the planes through each point and d of the points in each plane. 


Our next result would be difficult to obtain without using coordinates, 
Since the equation of the general quadric 


£11X1? +... + 44X42 + 2i Xixa Ht... + 2¢34X3X4 = O 


has 4 + 6 = 10 terms, a unique quadric = = 0 can be drawn through nine 
points of general position; for, by substituting cach of the nine given sets 
of x’s in © = 0, we obtain nine linear equations to solve for the mutual 
ratios of the ten c’s, Similarly, a “pencil” (or singly infinite system) of 
quadrics 

S + ur’ = 0 


can be drawn through eight points of general position, and a “bundle” (or 
doubly infinite system) of quadrics 


È + pd’ + pd” = 0 


can be drawn through seven points of general position. But, by solving the 
simultaneous quadratic equations 


Z2=0, Y=d, 2” =0 


for the mutual ratios of the four x's, we obtain cight points of intersection 
for these three quadrics. Naturally these eight points lie on every quadric 
of ibe bundle. Hence 


Seven points of general position determine a unique eighth point, such that 
every quadric through the seven passes also through the eighth. 


This idea of the eighth associated point provides an alternative proof for 
Cox’s first theorem (and therefore also for the theorems of Möbius and 
Galiucci). Let S1234 be defined as the common point of the three planes 
0224, 0134, 0124- (The theorem states that S1234 lies also on 0123.) Since the 
plane pairs 010244, 020134, 030124 form three degenerate quadrics through 
the eight points 


S, Sias Sea, S34, 523; S13, $12, $1234, 


these are eight associated points. The first seven belong also to the plane 
pair 040123. Since $1234 does not lie in a4, it must lie in d124, as desired. 


The locus of lines meeting three given skew lines is callcd a regulus. Gal- 
lucci’s theorem shows that the lines meeting three generators of the regulus 
(including the original three lines) form another “associated” regulus, such 
that every generator of either regulus meets every generator of the other. 
The two reguli are the two systems of generators of a ruled quadric. 

Let a1, b1, ¢1, dı be four generators of the first regulus, and az, bz, c2, d? 
four generators of the second, as in Figure 14.8c. The three lines 


a3 = bıc2 * b2), b3 = C102 C201, C3 = Qib- Arby 
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Figure 14.8¢ 


Figure 14.8d 


evidently form a triangle whose vertices are d1°dz. by*be, Cica. G. P. 
Dandelin, in 1824, coined the name hexaugramme mystique for the skew 
hexagon dıbzCıdzbıc2. Taking the section of its sides by a plane ô of gen- 
eral position, he obtained a plane hexagon A1By3428,C2 whose sides 
A, Bz, B2Cy,... lic in the planes ab, bge;, .. . (Fignee$6.8d), The points 
of intersection of pairs of opposite sides, namely, j 
Az = B\Co* BC, B3 = C\A2* CA1. Cx = AB- A2B,, 

each lying in both the planes a,4,c; and ô, arc collinear. By allowing cz to 
vary while the remaining sides of the skew hexagon remain fixed, we see 


from the Braikenridge-Maclaurin construction (which is the converse of 
Pascal’s theorem, Figure 14.7c), that 


The section of a ruled quadric, by a plane of general position, is a conic. 

If 5, instead of being a planc of general position, is the plane did. the 
vertices of the hexagon A, B2C,4A281C line alternately on dy and dj, as in 
Axiom 14.15. Thus Pappus’s theorem may be regarded as a “degenerate” 
case of Pascal's theorem. In fact, instead of assuming Pappus’s theorem 
and deducing Gallucci’s theorem, we could have taken the latter as an axiom 


and deduced the former. Bachmann [1, p. 254] gives a particularly fine fig- 
ure to illustrate this deduction. 


EXERCISES 


i. if wand b are two skew lines and R is a point not on either of them, Ra: Rb is 
iht only transversal from R to the two lines. 


UAL Any plane ï 






i A i a generator of a ruled quadric contains another gencrator. 
(Such! a plane is aseegeat plane.) Any other planc section of the ruled quadric is a 
conic. 

3. If two tetrahedra are ircbly perspective they are quadruply perspective (ef. § 14.3). 


More precisely, if A;Aydad, is perspective with each of By, B, 8:8, 238, 8,8». 
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B,83B28,, it is also perspective with 8) B,838,. (Hinz: Since A,B, mects A;Bi, A;B: 
must mect A;B;.) 

4. The four centers of perspective thal were implicd in Ex, 3 form a third tetra- 
hedron which is perspective with cither of the first two from each vertex of the remain- 
ing one. 

5. In the finite space PG(3, 3), which has 4 points on cach line, there are altogether 
40 points, 40 plancs, and how many lines? 


14.9 EUCLIDEAN SPACE 


The set of lines drawn from the artist's eye to the various points of 
the object . . . constitute the projection of the object and are called 
the Euclidean cone. Then the section of this cone made by the can- 
vas ts the desired drawing. . . . Parallel lines in the object converge 
in the picture to the point where the canvas is pierced by the line from 
the eye porallel to the given lines. 


S. H. Gould [1, p. 299] 


The elementary approach to affine space is to regard it as Euclidean space 
without a metric; the elementary approach to projective space is to regard 
it as affine space plus the plane at infinity and then to ignore the special 
role of that plane. It is equally effective to begin with projective space and 
derive affine space by specializing any one plane, calling it the plane at in- 
finity. (This is still, of course, a projective plane.) Each affine concept has 
its projective definition: for cxample, the midpoint of AB is the harmonic 
conjugate, with respect to A and B, of the point at infinity on AB [Coxeter 
2, p. 119}. We then derive Euclidean space by specializing one elliptic po- 
larity in the plane at infinity, calling it the absolute polarity. Two lines are 
orthogonal if their points at infinity are conjugate in the absolute polarity; 
a line and a plane are orthogonal if the point at infinity on the line is the 
pole of the line at infinity in the plane. A sphere is the locus of the point 
of intersection of a line through one fixed point and the perpendicular plane 
through another; thus it is a special quadric according to Seydewitz’s defi- 
nition. Two segments with a common end are congruent if they are radii 
of the same sphere [Coxeter 2, p. 146}. 

When we use projective coordinates (x1, X2, x, x4), referred to an arbi- 
trary tetrahedron 


(1, 0, 0, 0) (0, 1, 0. 0) (0, 0. 1, 0) (0, 0, 0, 1), 


it is convenient to take the plane at infinity to be x; = 0. Any other equa- 
tion becomes an equation in affine coordinates x1, x», x; by the simple de- 
vice of setting x4 = 1. In affine terms, the tetrahedron of reference for the 
projective coordinates is formed by the origin and the points at infinity on 
the three axes. Finally, we pass from affine space to Euclidean space by 
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declaring that two points (X1. x2, x3) and (v1. 2. 3) are in perpendicular 
directions from the origin if they satisfy the bilinear equation 


X1ı¥1 + Xayz Ea X373 = Q, 
that is. if the points at infinity 
(x1, X2. X3.0) and {yi y2, V3. 0) 


are conjugate in the absolute polarity. 

All the theorems that we proved in § 14.8 remain valid in Euclidean space. 
An interesting variant of Cox’s chain of thcorems can be obtained by means 
of the following specialization. Instead of an arbitrary point on the line 
o; * o;, we take S;; to be the second intersection of this linc with a fixed sphere 
through S. Since the sphere is a quadric through the first seven of the eight 
associated points 


S, S14. S24. S34. Sua, Sia, S12, S1234. 


it passes through S1234 too, and similarly through S1235 and the rest of the 
242-1 points. The 2¢-1 planes mect the sphere in 24-1 circles, which remain 
circles when we make an arbitrary stercographic projection, asin § 6.9. We 
thus obtain Clifford's chain of theorems* in the inversive (or Euclidean) 
plane. 

CLIFFORD'S FIRST THEOREM. Let 04, 62. 03, 04 be four circles of general po- 
sition through a point S. Let Si; be the second intersection of the circles oi; 
and oj. Let dijg denote the circle SiSixSjx. Then the four circles 0234, 0134. 
0124, 0123 all pass through one point S234. 

CLIFFORD'S SECOND THEOREM. Let oz be a fifth circle through S. Then 
the five points S2345, S1345, S1245. S1235. Sizga all lie on one circle 012345. 

CLIFFORD'S THIRD THEOREM. The six circles 0223456. 013456. 912456, 912356, 
012316, 012345 Gil pass through one point S123456- 


And so on! 


EXERCISES 
1. Why is the absolute polarity elliptic? 
2. Draw a carcful figure for Clifford’s first theorem. 


3. The cireumcircles of the four triangles formed by four gencral lines all pass 
through one point (cf. Ex. 2 at the end of § 5.5). 


4. The circumcenters of the four triangles of Ex. 3 all lie on a circle which passes also 
through the point of concurrence of the four circumcireles [Forder 3, pp. 16-22: Baker 
1, p. 328]. 


* W. K. Clifford, Mathematical Papers (London, 1882), p. 5I. Apparently Clifford did not 
state these theorems in their full generality. Instead of circles through S he took o, o2,. . . to 
be straight Bes “dn other words, he took S to be the point at infinity of the inversive plane. 
Thus his spå “am of the theorems could have been derived from the configuration of circles 
on the sphert' #7 tkking the center of the stereographic projection to be the point S on the sphere 
[Baker 1, p. 133].: 
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Absolute geometry 


an the present chapter we shall re-examine the material of some of the 
earlier chapters in the light of the ax#inalic approach outlined in Chapter 
12, regarding classical geometry #9 -dered geometry enriched with the 
axioms of congruence 15.11-15.15, the last of which is a restatement of 1.26. 
Except in §§ 15.6 and 15.8, we shall work in the domain of absohue geometry, 
that is, we shall take care not to assume any form of Euclid’s fifth postu- 
late. Accordingly, our results will be valid not only in Euclidean geometry 
but also in the non- Euclidean geometry of Gauss, Lobachevsky, and Bolyai. 

In § 15.4 we ģ ive a simple accouxi. of the cogit e enumeration of 
finite groups of | Sirics. According to gyl [1, p: d 
ern equivalent to the tabulation of the regular Bad vad by the Grecks.” 
The relevance of these kinematical results to crystallography makes it na- 
tural, in § 15.6, to reintroduce the full machinery of Euclidean geometry. 
But in § 15.7 we shall return to absolute geometry for a discussion of finite 
groups gencrated by reflections. Many of the methods used remain valid 
also in sphcrical geometry. 












15.1 CONGRUENCE 


Every teacher certainly should know something of non-Euclideon ge- 
ometry.... ltf ne of the few parts of mathematics which . . . 
is talked about i cles, so that any teacher moy be asked obout 
if at any momeñ 







F. Klein [2, p. 135] 


a rigorous approach to absolute geometry, we begin with ordered 
Chapter 12) and introduce congruence as a third primitive concept: 
fined equivalence relation among point pairs (or segments, or inter- 
vals). We use the notation AB = CD to mean “AB is congruent to CD.” 
The following axioms arc those of Pasch with some refinements due to Hil- 
bert and R. L. Moore [see Kerékjártó 1, pp. 90-101). 
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Axioms of Congruence 


15.11 If A and B are distinct points, then on any ray going eut, fom C 
there is just one point D such that AB = CD. = 


15.12 If AB = CD and CD = EF, then AB = EF. 
15.13 AB = BA. 


15.14 If[ABC] and|[A'B’'C’] and AB = A'B' and BC = BC’, then 
AC=A'C’. 

15.15 If ABC and A'B'C' are two triangles with BC = B’C’, CA = CA’, 
AB = A'B’, while D and D’ are two further points such that [BCD] and [B'C D'] 
and BD =B’ D’, then AD = A'D’. 


By two applications of 15.13, we have A8 = AB; that is, congruence is re- 
flexive. From 15.11 and 15.12 we easily deduce that the relation 4 2 == CD 
implies CD = AB; that is, congruence is symmetric. Axiom 15.12 itself says 
that congruence is fransitive. Hence congruence is an equivalence relation. 
This result, along with the additive property of 15.14, provides the basis fora 
theory of length [Forder 1, p. 95]. Axiom 15.15 enables us to extend the re- 
lation of congruence from point pairs or segments to angles [Forder 1, p. 132]. 

We follow Euclid in defining a right angle to be an angle that is congruent 
to its supplement; and we agree to measure angles on such a scale that the 
magnitude of a right angle is m. 

The statement A8 = CD for segreeats is clearly equivalent to the state- 
ment AB = CD for lengths, so no conftsion arises from using the same sym- 
bol AB for a segment and its length. A similar remark applies to angles. 

The circle with center O and radius r is defined as the locus of a variable 
point P such that OP = r. A point Q such that OQ > ris said to be out- 
side the circle. Points neither on nor outside the circle are said to be inside. 
It can be proved [Forder 1, p. 131] that if a circle with center A has a point in- 
side and a point outside a circle with center C, then the two circles meet in 
just one point on each side of the line AC. Euclid’s first four postulates 
may now be treated as theorems, and we can prove all his propositions as 
far as 1.26; also I.27 and 28 with the word “parallel” replaced by “noninter- 
secting.” We can define reflection as in § 1.3, and derive its simple conse- 
quences such as pons asinorum (Euclid 1.5) and the symmetry of a circle 
about its diameters (III.3; see § 1.5). But we must be careful to avoid any ap- 
peal to our usual idea about the sum of the angles ofa triangle; for example, 
we can no longer assert that angles in the same segment of a circle are equal: 
(Euclid II1.21). Lacking such theorems as VI.2-4, which depend on the ai: 
fine properties of parallelism, we have to look for some quite differen? vay 
to prove the concurrence of the medians of a triangle.* On the other hand, 
the concurrence of the altitudes (of an acute-angled triangle) arises as a by- 
product of Fagnano’s problem, which can still be treated as in § 1.8. (Fer- 
mat’s problem would require a different treatment because we can no longer 
assume the angles of an equilateral triangle to be 7/3.) 


* Rachmann I an 74-74 
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EXERCISES 


t. Complete the proof that congruence is symmetric: if AB = CD then CD = A B. 

2. How much of § 1.5 remains valid in absolute geometry? [Kerékjártó 1, pp. 161- 
163.] (See especially Exercises 1 and 3.) 

3. For any simple quadrangle inscribed in a circle, the sum of two opposite angles 
is equal lo the sum of the remaining two angles [Sommerville 1, p. £4}. 


15.2 PARALLELISM 


Í have resolved to publish a work on the theory of parallels as soon as | 
have put the material tn order. . . . The goal is not yet reached, but 
| hove made such wondertul discoveries that ! have been almost over- 
whelmed by them. .. . I have created a new universe from nothing. 


Senos Bolyai (1802 -1860) 
{From o letter to his father in 1823) 


Following Gauss, Bolyai, and Lobachévshy, we say that two fisies are 
paraiiel if they “almost meet.” For the precise meaning of this phrase, see 
§ 12,6. (We use the notation p; for one of the two rays into which the line 
p is decomposed by a point that lies on it.) 

The idea of the incenter (§ 1.5) may be extended froma triangle to the 
figure formed by two parallel lines snd a transversal, enabling us to prove 
that parallelism is symmetric: 





Figure! 5.2a 


15.21 If pı is parallel to q,, then qı is parallel to pı. 


Proof. [Sommerville 1, p. 32]. If pi, through A, is parallel to q1, through 
B, as in Figure 15.2a, the internal bisector AD of the angle at A completes a 
triangle ABD. Let the internal bisector of 8 meet AD in J. Draw perpen- 
diculars 7J, IK, IL, to pı, AB, qı. Reflecting in JA and /B, we sce that 1J 
= IK = IL. Letr, be the internal bisector of 2 LIJ. Reflection in the line 
r interchanges J and L, and therefore interchanges p and g. Since p is paral- 
lel to g, it follows that g is parallel to p in the same sense, that is, qı is parallel 
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topı. (In the terminology of Gauss, J and L are corresponding points on the 
two parallel rays.) 


We can now use the methods of ordered geometry to prove that paral- 
letism is transitive: 

15.22 If pı is parallel to qı, and q, is parallel to rı, then p, is parallel 
tory. 

Proof [Gauss 1, vol. 8, pp. 205-206]. We have to show that, if pı and r, 
are both parallel to q4, they are parallel to each other. We sce at once that pı 
and rı cannot meet; for if they did, we would have two intersecting lines 
p and r both parallel to q in the given sense. By Theorem 12.64, we may 
assume that pı, 91, 71 begin from three collinear points 4, B, C. For the 
rest of the proof we distinguish the case in which B lies between A and C 
from the case in which it does not. 





D 94 


Figure 15.2b Figure 15.2¢ 


If [ABC], as in Figure 15.2), any ray from A within the angle between AC 
and pı meets q, (since p, is parallel to qı) and then meets r, (since q, is paral- 
lel tor). Therefore p, is paralel to ry. 

If B is not between A and C, suppose for definiteness that [4 CB], as in 
Figure 15.2c. Any ray from A within the angle between AC and pı meets 
gi, sayin D. Sincer separates A from D, it meets the segment AD. There- 
fore pı is parallel to ry. 


In this second part of the proof we have not used the parallelism of qı and 
rı. In fact, 


15.23 ifa ray ry, lies between two parallel rays, it is parallel to both. 


Having proved that parallelism is an equivalence relation, we consider the 
set of lines parallel to a given ray. We naturally call this a pencil of parallels, 
since it contains a unique lins through any given point [Coxeter 2, p. 5]. 
Pursuing its atalogy with an ordinary pencil (consisting of all the lines 
through a point), we may also call it a point at infinity or, following Hilbert, 
anend. Insiead of saying that two rays (or lines) are parallel. or that they be- 

long to a certain pencil of parallels M, we say that they have M for a common 
“end. In the same spirit, the ray through A that belongs to the giver: piscil of 


--Betallels is denoted by AM, as if it were a segment; the same symbo AM can 
aiso be used for the whole line. 
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Let AM, BH G& saretiel cave; aad e an arbitrarily small angle, Within the 
angle BA‘. éFigare 75.24}, teke a ray from A making with AM an angle 
less than m- This -tay twie Sin some point C. On CM (which is C/B), 
take D su that CL 2 CA “Vise isosceles triangle CAD yields 


LADCE ACAD < LCAM <. 
Hence, when BD tends to infinity, so that AD tends to the position AM, 


Z ADB tends to zero. 
This conclusion motivates the following assertion of Bolyai [1, p. 207]: 


15.24 When two parallel lines are regarded as meeting at infinity, the 
angle of intersection must be considered as being equal to zero. 





M 
ne 
D 
Figure 15.2d Figure 15.26 


When AM and BM are parallel rays, we call the figure ABM an asymp- 
totic triangle. Such triangles behave much like finite triangles. In particu- 
lar, two of them are congruent if they agree in the finite side and one angle 
[Carslaw 1, p. 49]: 


15.25 If two asymptotic triangles AGH, ABI heave AB = A'B’ and 
A = A’, then also B = B’. 

lt is a consequence of Axiom 15.17 12%, if iwe Vines have a-vonumen per- 
pendicular. they do not intersect. The folowistg theorem provides æ kind 
of converse for this statement. 


15.26 If two lines are neither <atersetsing Act paraliel. they have a com- 
mon perpendicular. 

Proof. From A on the first line AL. draw AB perpendicular to the sec- 
ond line 8M, as in Figure 15.2e. If AB is perpendicular to AZ there is no 
more to be said. If not, suppose L is on that side of AB for which 2 BAL 
is acute. Since the two lines are neither intersecting nor parallel, there is a 
smaller angle BAM such that AM is parallel to BM. If |BCD] on BM, we 
can apply Euclid 1.16 to the triangle ACD, with the conclusion that the in- 
ternal angle at D is less than the external angle at C. Hence, when 8D in- 
creases from 0 to x, so that Z DAL decreases from 4 BAL to Z MAL, 
Z ADB decreases from a right angle to zero. At the beginning of this process 
we have 

ZLDAL< ZLADB 
(since 4 BAL is acute); but at the end the inequality is reversed (since 
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Z MAL is positive). Hence there must be some intermediate position for 
which 
¿DAL = ZADB. 


(To be precise, we can apply Dedckind’s axiom 12.51 to the poi; 
satisfying the two opposite inequalities.) For such a point D (Figure £ 
we obtain two triangles OAE, ODF by drawing EF perpendicular to BD 
through O, the midpoint of AD. Since these triangles are congruent, EF is 
perpendicular not only to BD but also to AL. 





Nonintersecting lines that are not parallel are said to be ultraparallel (or 
“hyperparallel”). We are not asserting the existence of such lines, but merely 
showing how they must behave if they do exist. 





Figure 15.2f 


EXERCISES 


l. Prove 15.25 without referring to Carslaw 1. 
2. Give a complete proof that, if two lines have a common perpendicular, they do 
not intersect. 


3. Example 4 on p. 16 remains valid when A is an cnd so thal the triangle is asymp- 
totic. 


15.3 ISOMETRY 


Beside the actual universe } can set in imagination other universes in 
which the laws ore different. 


J. L. Synge [2, p. 21] 


The whole theory of finite groups of isometries (§$§ 2.3-3.1) belongs to 
absolute geometry, because it is concerned with isometries having at least 
one invariant point. The first departure from our previous treatment (§ 3.2) 
is in the discussion of isometries without invariant points. We must now 
distinguish between a translation, which is the product of half-turns about 
two distinct points, and a parallel displacement, which is the product of re- 
flcctions in two parallel lines. 

The product of half-turns about two distinct points O, O’ is a translation 
along a given line (called the axis of the translation) in a given sense through 
a given distance, namely, along OO’ in the sense of the ray O’/O through 
the distance 200’. Since a translation is determined by its axis and directed 
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distance, the product of half-turns about O, O’ is the same as the product 
of half: arns about Q, Q’, provided the directed segment QQ’ is congruent 

to OOF wa the same line (Figure 3.2a). If P is on this line, the distance PP" 
is just (vice OO’. (If not, it may be greater!) 

49 The argument used in proving 3.21, the product of two translations 
“with the same axis, or with intersecting axes, is a translation. (It is only in 
the former case that we can be sure of cirigsutativity.) More precisely, we 
have 


15.31 (Donkin’s theorem*) The product of three translations along the 
directed sides of a triangle, through twice the fengihs of these sides, is the 
identity. 





We shall sce later that the product of two tietlistions with nonintersect- 
ing axes may be a rotation. 

By the argument used in proving 3.22, if two lines have a common per- 
pendicular, the product of reflections in them is a translation along this com- 
mon perpendicular through twice the distance between them. (Such lines 
may be either parallel or ultraparalle] according to the nature of the geom- 
etry.) 

Again, as in 3.13, every isometry is the product of at most three reflec- 
tions. If the isometry is direct, the number of reflections is even, namely 2. 
It follows from 15.26 that 


15.32 Every direct isometry (of the plane) with no invariant point is either 
a parallel displacement or a translation. 


It is remarkable that absolute geometry includes the whole theory of glide 
reflection. The only changes needed in the previous treatment (§ 3.3) are 
where the word “parallel” was used. (In Figure 3.3b we must define m, m 
as being perpendicular to OO’; they are not necessarily parallel to each 
other.) As an immediate application of these ideas we have Hjelmslev’s 
theorem, which is one of the best instances of a genuinely surprising result 
belonging to absolute geometry. The treatment in § 3.6 remains valid with- 
out changing a single word! 

Likewise, the one-dimensional groups of § 3.7 belong to absolute geom- 
etry, the only change being that again the mirrors m, m’ (Figure 3.75) should 
not be said to be “parallel” but both perpendicular to the same (horizontal) 
line. On the other hand, the whole theory of lattices (Chapter 4) and of 
similarity (Chapter $) must be abandoned. 

The extensidn of absolute geometry from two dimensions to three presents 
no difficulty. {n particular, much of the Euclidean theory of isometry (§ 7.1) 
remains validiin absolute space. It is still true that every direct isometry 
is the product of two half-turns, and that every opposite isometry with 


* W. F. Donkin, On the geometrical theory of rotation, Philosophicul Magazine (4), ¥, (1851). 
187-192. Lamb [Ħ, p. 6] used balf-turns about the vertices A., B, C of the given triangle to con- 
struct three new triangles which, he said, “arc therefore directly cqual to onc another, and ‘sym- 
metrically’ equal to ABC.” This was a mistake: all four triangles are directly congruent! 
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an invariant point is a rotatory inversion (possibly reducing to a reflection 
or to a central inversion). Moreover, the classical enumeration of the five 
Platonic solids (§§ 10.1-10.3) is part of absolute geometry. The few neces- 
sary changes are easily supplied; for example, the term rectangle must be 
interpreted as meaning a quadrangle whose angles are al] equal (though not 
necessarily right angles), and a square is the special case when also the sides 
are equal. 


EXERCISES 


I. [fis a line outside the plane of a triangte A BC, what can be said about the three 
lines in which this plane meets the three planes A}. Bi, CH? (If two of the three lines 
intersect, or are parallel, or have a common perpendicular, the same can be said of all 
three. This property of three lincs mı, my. mg is equivalent to Ry R,R3 = RRR, in 
the notation of § 3.4.) 

2. The product of reflections in the lines p and r of Figure 15.2a is a paraJlel dis- 
placement which transforms J into L. 





L4 FINITE GROUPS OF ROTATIONS 


These groups, in particulor the last three, are an immensely aftractive 
subject for geometric investigation. 


H. Weyl [1, p. 79] 


One of the simplest kinds of transformation is a permutation (or rearrange- 
ment) of a finite number of named objects. For instance, one way to per- 
mute the six letters a, b, c, d, e, fis to transpose (or interchange) a and b, 
to change ¢ into d, d into e, e into c, and to leave funaltered. This permu- 
tation is denoted by (a bX(c de). Ths two “independent” parts, (a b) and 
(c d e), are called cycles of periods.2 ad 3. A permutation that consists of 
just one cycle is said to be cyclic. Clearly, the cyclic group C, may be rep- 
resented by the powers of the generating permutation (a142 .. . a); for in- 
stance, the four elements of C4 are 


l, (abcd) (acXb d), (adcb). 


A cyclic permutation. of period 2, such as (a b), is called a transposition. 
Since : : 





4+» An) = (A1an)(d24an) ... 


any permutation may be expressed as a product of transpositions. A per- 
mutation is said to be even or odd according to the parity of the number of 
cycles of even period; for instance, (a c)(b d) iz eve, but (a b)(c d e) is odd. 
The identity, 1, has no cycles at all, and is acog#tmaly classified as an even 
permutation. It is easily proved [see Coxeter 1, pp. 40-41] that every prod- 
uct of transpositions is even or odd according to the parity of the number 
of transpositions. It follows that the multiplication of even and odd per- 
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mutations behaves like the addition of even and odd 
the product of two odd permutations is even. 

it follows also that every group of permutations # consists entirely 
of even permutations or contains equal numbers of even and odd permuta- 
tons. The group of all permutations of n objects is called the symmetric 
group of order n! (or of degree n) and is denoted by Sa. The subgroup con- 
sisting of all the even permutations is called the alternating group of order 
4 n! (or of degree n) and is denoted by Aa. In particular, S2 is the same 
group as Cz, and 43 the same as C3, so we write 


S» = C2, A3 = C3. 


wapers; for example, 






More interestingly, S3 = Dz (see Figure 2.74). For, the six elements of 


the dihedral group D3, being symmetry operations of an equilateral triangle, 
may be regarded as permutations of the three sides of the triangle. The 


even permutations Buys ge RR ch aks 


l, (abc), (acb) A i a 7 :- 


(which form the subgroup 43 = C3) are rotations. whereas th ‘peng 
tations eee 
(bc), (ca), (ab) = tone: 


abe EE ep, in 
: iva oe 
three-dimensional (absolute) space, the rotations are about eh aah: brome aa 
the center of the triangle, perpendicular to its plane. Thee Reutions DAN my 





are reflections in the three medians. If we regard the trianpte.; 


then be interpreted in two alternative ways, yielding two tiis which are 
geometrically distinct but abstractly identical or isomorphig! è may either 
reflect in three planes through the axis or rotate through half-turns about 
the medians themselves. In the latter representation, all the six elements 
of Dz appear as rotations. We may describe this as the group of direct sym- 
metry operations of a triangular prism. More generally, the 2” direct sym- 
metry operations of an n-gonal prism form the dihedral group D,, whereas 
of course the n direct symmetry operations of an n-gonal pyramid form 
the cyclic group Ca. The rotations of C, all have the same axis, and D,, is 
derived from C, by adding half-turns about n lines symmetrically disposed 
in a plane perpendicular to that axis. 

We have thus found two infinite families of finite groups of rotations. 
Other such groups are the groups of direct symmetry operations of the five 
Platonic solids {p, 4}. These are only three groups, not five, because any 
rotation that takes { p, 4} into itself also takes the reciprocal {g. p} into it- 
self: the octahedron has the same group of rotations as the cube, and the 
icosahedron the same as the dodecahedron. 

The regular tetrahedron {3, 3} is evidently symmetrical by reflection in 
the plane that joins any edge to tse @dpoint of the opposite edge. Asa 
permutation of the four faces a, &. Figure 15.4a), this reflection is just 
a transposition. Thus the compitie Symmetry group of the tetrahedron, 
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Figure 15.40 


being generated by such reflections, is isomorphic to the symmetric group 
Sa, which is generated by transpositions; and the rotation group, being gen- 
erated by products of pairs of reflections, is isomorphic to the alternating 
group 4a, which is generated by products of pairs of transpositions, The 
12 rotations may be counted as follows. The perpendicular from a vertex 
to the opposite face is the axis of a trigonal rotation (i.c., a rotation of pe- 
riod 3); the 4 vertices yield 8 such rotations.. The, line joining the midpoint 
of two opposite edges is the axis pfa half-tera (ar ajgenal rotation); the 3 
pairs of opposite edges yield 3 such half-tures i juchsding the identity, we 
thus have 8 + 3 + 1 = 12 rotatinits.’ Aspermutations, the 8 trigonal ro- 
tations are 


(bed), (bdc), (acd, (adh. (BA dbu labo, (acd) 
and the 3 half-turns are ERIA 
(bead), (Cakbdhi Wa heady 





< 


Figure 15.4b 


The e¢tahedron {3, 4} can be derived from the tetrahedron by truncation: 
its eight faces consist of the four vertex figures of the tetrahedron and trun- 
cated versions of the four faces. Every symmetry operation of the tetra- 
hedron is retained as a symmetry operation of the octahedron, but the octa- 
hedron also has symmetry operations that interchange the two sets of four 
faces. For instance, the line joining two opposite vertices is the axis of a 
tetragonal rotation (of period 4), and the line joining the midpoints of two 
opposite edges is the axis of a half-turn. When the four pairs cf opposite 
faces are marked a, b, c, d, as in Figure 15.45, such a half-turn appeers as a 
transposition, which is one of the permutations that belong to $4 but not 
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Vay, 
LP 


to Aa. It follows that the rotation group of the octahedron (or of the cube) 
is isomorphic to the symmetric group S4. 

In. Figure 15.4c, the twenty faces of the icosahedron (3, 5} have been 

ckeei-a, b, c, d, ein sets of four, in such a way that two faces marked alike 
have thing in common, not even a vertex. In fact, the four a’s (for in- 
stance) lie in the planes of the faces of a regular tetrahedron, and the re- 
spectively opposite faces (marked b, c, d, e) form the reciprocal tetrahedron. 
The twelve rotations of either tetrahedron into itself (represented by the 
even permutations of b, c, d, e) are also symmetry operations of the whole 
icosahedron. This behavior of the four a’s is imitated by the b’s, c’s, d's 
and e’s, so that altogether we have all the even permutations of the five let- 
ters: the rotation group of the icosahedron (or of the dodecahedron) is iso- 
morphic to the alternating group As. The 60 rotations may be counted as 
follows: 4 pentagonal rotations about each of 6 axes, 2 trigonal rotations 
about each of 10 axes, | half-turn about each of 15 axes, and the identity 
[Coxeter 1, p. 50]. 

We shall find that the above list exhausts the finite groups of rotations. 
As a first step in this direction, we observe that all the axes of rotation must 
pass through a fixed point. In fact, we can just as easily prove a stronger 
result: 





Figure 15.4¢ 





15.41 Every finite group of isometries leaves at least one point invariant. 


Proof. A finite group of isometries transforms any given point into a finite 
set of points, and transforms the whole set of points into itself. This, like 
any finite (or bounded) set of points, determines a unique smallest sphere that 
contains all the points on its surface or inside: unique because, if there were 
two equal smallest spheres, the points would belong to their common part. 
- which is a “leng?sand the sphere that has the rim of the lens for a great 
-tivele is smaller isr either of the two equal spheres, contradicting our sup- 





. gesition that these: spheres are as small as possible. (The shaded area in 
-Figure 15.4d is a section of the lens.) The group transiorms this unique 


fe aphere into itself. Its surface contains some of the points, and therefore all 
of them. Its center is the desired invariant point. 


274 ABSOLUTE GEOMETRY 





Figure 15.4d 


It follows that any finite group of rotations may be regarded as operat- 
ing on the surface of a sphere. In such a group G, each rotation, other than 
the identity, leaves just two points invariant, namely the poles where the 
axis of rotation intersects the sphere. A pole P is said to be p-gonal (p > 2) 
if it belongs to a rotation of period p. The p rotations about P, through vari- 
ous multiples of the angle 27/p, are those rotations of G which leave P invari- 
ant. Any other rotation of G transforms P into an “equivalent” pole, which 
is likewise p-gonal. Thus all the poles fall into sets of equivalent poles. All 
the poles in a set have the same period p, but two poles of the same period 
do not necessarily belong to the same set; they belozg tœ the same set only 
if one is transformed into the other by a rotation that belongs to G. 

Any set of equivalent p-gonal poles consists of exactly n/p poles, where n 
is the order of G. To prove this, take a point Q on the sphere, arbitrarily 
near to a pole P belonging to the set. The p rotations about P transform 
Q into a small p-gon round P. The other rotations of G transform this p- 
gon into congruent p-gons round all the other poles in the set. But the x 
rotations of G transform Q into just n points (including Q itself). Since 
these n points are distributed into p-gons round the poles, the number of 
poles in the set must be n/p. 

The n — | rotations of G, other than the identity, consist of p — | for 
each p-gonal axis, that is, 4 (p — 1) for each p-gonal pole, or 


Hp — 1)n/p 
for each set of n/p equivalent poles: Menco, 
n — 1 = FA Spay, 
where the summation is over the ġa. Sf Roles. This equation may be ex- 
pressed as 
$372 S14 
n p} 


Ifn = 1, so that G consists of the identity alone, there are no poles, and the 
sum on the right has no term. In all other cases n > 2, and therefore 


2 
I<2— <2 
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It follows that the number of sets of poles can only be 2 or 3; for, the single 
term l — 1/p would be less than 1, and the sum of 4 or more terms would be 


S41 = 3) = 2: 
If there are 2 sets of poles, we have 
y AEE EN TEE ered, 
= pı + Pr 
that i n l2 
ae Pi ij P2 


But two positive integers can have the sum 2 only if each equals 1; thus 


Pi = p2 =n, 
each of the 2 sets of poles consists of one n-gonal pole, and we have the 
cyclic group C, with a pole at each end of its single axis, 
Finally, in the case of 3 sets of poles we have 


Pte het! 472} 
pi T pT 


n P: P3 
whence 
15.42 H +i tis 1+ 2. 
Since this is greater than 4 + ! + 4 = I, the three periods p; cannot all be 
3 or more. Hence at least one of them is 2, say pa = 2, and we have 
atpaate. 
whence (Pı — 2X po — 2) = 41l — pipo‘n) < 4 
(cf. 10.33), so that the only possibilities (with pı < pz for convenience) are: 
Piz 2, p =p. n= 2p; pi = 3, pe me 3, m= l2; 
pı = 3, po = 4, n = 24; i= 3. pe = 5, n = 60. 
We recognize these as the dihedral. tetrahedral, octahedral and icosahedral 
groups. 


This completes our proof [Klein 3, p. 129] that 


15.43 The only finite groups of rotations in three dimensions are the cyclic 
groups C,(p = 1,2....), the dihedral groups D, (p = 2,3, ...), the tetra- 
hedral group A4, the octahedral group S4, and the icosahedral group As. 

(To avoid repetition, we have excluded D, which. when considered as a 
group of rotations, is not only abstractly but geometrically identical with 
C2.) 

Any solid having one of these groups for its complete symmetry group 


276 ABSOLUTE GEOMETRY 





Figure 15.4e 


(such as the Archimedean snub cube* shown in Figure 15.4e, whose group 
is S4) can occur in two enantiomorphous varieties, dextro and /aevo (i.e.. 
right- and left-handed): mirror images that cannot be superposed by a con- 
tinuous motion. 


EXERCISES 


1. Interpret the following permutations as rotations of the octahedron (Figure 
15.46): 
(abcd), (abc), (ab), (abj(cd). 
Count the rotations of each type, and check with the known order of Sq. 


2. Using the symbol (py, p2, p3) for the group having three sets of poles of periods 
Pr P2, Ps, consider the possibility of stretching the notation so as to allow (1, p, p) = Cp 
as well as 


3, 
3; 


was 


R R 


A4, 
3 As. 


, 2, P) = Dy, (2, 3, 3) £ 
3,4 = (2 ) 


15.5 FINITE GROUPS OF ISOMETRIES 


Having enumerated the finite grevns of rotations, we can easily solve the 
wider problem of enumerating the Anite groups of isometries (cf. § 2.7). 
Since every such group leaves ont poiiit invariant, we are concerned only 
with isometries having fixed points, Such an isometry is a rotation or a ro- 
tatory inversion according as it is direct or opposite (7.15, 7.41). 

If a finite group of isometries consists entirely of rotations, it is one of 
the groups G considered in § 15.4. If not, it contains such a group G as a 
subgroup of index 2, that is, it is a group of order 2n consisting of n rota- 
tions S,, Se, ..., Sa and an equal number of rotatory inversions T, 


* The vertices of the snub cube constitute a distribution of 24 points on a sphere for which the 
smallest distance between any 2 is as great as possible. This was conjectured by K. Schütte and 
T Li vem der Waerden (Muthemautische Annalen, 123 (1951), pp. 108, 123) and was proved by 
HB, Robinson (ibid, 144 (1961), pp. 17-48). The analogous distribution of 6 or 12 points is 
aeaierad be the vertices of an octahedron or an icosahedron, respectively. Por 8 points the fig- 
vee is pas, as we might at first expect, a cube, but a square antiprism [Fejes Toth 1, pp. 162 164]. 
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Te,..., Tr. For, if the group consists of » rotations S; and (say) m rota- 
tory inversions T;, we can multiply by Tı so as to express the same n + m 
isometries as S;T; and T;T;. The n isometries §;T;, being rotatory inver- 
sions, are the same as T; (suitably rearranged if necessary), and the m isom- 
etries T;T;, being rotations, are the same as S; Therefore m = n. 


If the central inversion I belongs to the group, the n rotatory inversions 
are simply 


Sl = IS; (= 1,2,...,7), 


and the group is the direct product G x {I}, where G is the subgroup con- 
sisting of the S’s and {I} deniotes the group of order 2 generated by I. (As 
an abstract group, {I} is, of course, the same as C2 or Dj.) 


If I does not belong, the 2n transformations S; and T,I form a group of 
rotations of order 2n which has the same multiplication table as the given 
group consisting of S; and T;. For, if ST; = Tx, 


S;T;I = T;I, 
and if Til; z= Sh 
TITI = LIT; = T,T; = Sx. 


In other words, a group of n rotations and n rotatory inversions, not in- 
cluding I, is isomorphic to a rotation group G’ of order 2 which has a sub- 
group G of order n. To complete our enumeration, we merely have to seek 
such pairs of related rotation groups. Each pair yields a “mixed” group, 
say G'G, consisting of all the rotations in the smaller group G, along with 
the remaining rotations in G’ each multiplied by the central inversion I. 
Looking back at § 15.4, we see that the possible pairs are 


ConCn, DaCy, DnaDin (n even), S4A4. 
Thus we can complete Table III on p. 413. 
EXERCISES 


1. Determine the symmetry groups of the following figures: (a) an orthoscheme 
09010203 (Figure 10.4c) with OyO, = 0203; (b) an n-gonal antiprism (n even or odd). 

2. Designate in the G’G notation the direct product of the group of order 3 gener- 
ated by a rotation about a vertical axis and the group of order 2 generated by the re- 
flection in a horizontal plane. 
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15.6 GEOMETRICAL CRYSTALLOGRAPHY 


The sense in which a snail's shel! winds is oñ inheritable character 
founded in its genetic constitution, as is . . . the winding of the tnfestinol 
duct in the species Homo sapiens. . . . Also the deeper chemical consti- 
tution of our human body shows thot we have a screw, a screw that is 
turning the same way in every one of us.” ... A horrid manifestation of 
this genotypical asymmetry is a metabolic disease called phenylketo- 
nuria, leading to insanity, that man contracts when a small quantity of 
faevo-phenylalanine is added to his food, while the dextro- form has no 
such disastrous effects. 


H. Weyl [1, p. 30) 


The discussion of symmetry groups has been phrased in such a way as to 
be valid not only in Euclidean space but in absolute space. However, it 
seems appropriate to mention the application of these ideas to the practical 
science of crystallography. Accordingly, in this digression the geometry is 
strictly Euclidean. 

Crystallographers are interested in those finite groups of isometries which 
arise as subgroups (and factor groups) of symmetry groups of three-dimen- 
sional lattices. By § 4.5, these are the special cases in which the only rota- 
tions that occur have periods 2, 3, 4 or 6. This crystallographic restriction 
reduces the rotation groups to 


Ci, Co, Ca, Ca, Ce: D2, D3, Da, De, As, Sa. 


the direct products to these eleven each multipled by {I}, and the mixed 
groups lo 
C2C1, C4C2. CoC, DoC2, DsC3, DaCs, DaCe, DaDo, DaDa, S444. 


(Of course, Cı X {1} is just {1} itself.) 

These 32 groups are called the crystallographic point groups ot “crystal 
classes.” Every crystal has one of them for its symmetry group, and every 
group except CC occurs in at least one known mineral. In the more fa- 
miliar notation of Schoenflies {see, e.g., Burckhardt 1, p. 71], the groups are 
respectively 

Ci, Ca, Ca, Ca, Ce, D2. Da, Da, De, T, O, 
Ci, Con, C3is Can, Con, Don, Daus Dans Dons Th, On; 
Cs, Sa, Can, Cov, Cae, Cav. Cov, Dea, Dan, Ta 


To avoid possible confusion, observe that our C,C2 and S4 (*S” for “sym- 
metric”) are Schoenflies’s S, and O (for “octahedral”’). The 32 groups are 
customarily divided into seven crystal systems, as follows: 

Triclinic: Ci {1}. 

Monoclinic: Ce, Co X {I} CGG. 

Orthorhombic: D2, Dz X iD. DeCa 
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Rhombohedral: C3, Cs x {I}. Ds, D3 x {1}, DsC3. 
Tetragonal: Cy, Cy X {1}. CaCa Da Da X {E} Das, DaDo. 
Hexagonal: Co Ce X {I}, CoCa, De, De X {E}, DoCe, DeDs. 
Cubic: Ay, As X {I}. Sa, Ss X {1}. S,A4. 


Table I (on p. 413) is a complete list of the 17 discrete groups of isometries 
in two dimensions involving two independent translations. The analogous 
groups in three dimensions are the discrete groups of isometries involving 
three independent translations. The enumeration of these space groups is 
the central problem of mathematical crystallography. The complete list con- 
tains 65 + 165 = 230 groups. 

The first 65 are composed entirely of direct isometries, Although these 
were enumerated as long ago as 1869 by C. Jordan [see Hilton 1, p. 258], 
they are usually attributed to L. Sohncke who, in 1879, pointed out their ap- 
plication to crystallography. The most obvious group consists of transla- 
tions alone. The remaining 64 of the 65 contain also rotations and screw 
displacements; 22 of them occur in i} esantiomorphous pairs which are 
mirror images of each other (one containing right-handed screw displace- 
ments and the other the reflected left-handed screw displacements). This 
explains the phenomenon of optical activity (Sayers and Eustace 1, pp. 238- 
241, 248-252]. From the standpoint of purée geometry or Sure group theory, 
it would be more natural to ignore this distinction of sêsse, thus reducing the 
number 65 to 54, and the total of 230 to 219 {Burckhardt 7, p. 161). 

The remaining 165 groups contain not only direct but also opposite isome- 
tries: reflections, rotatory reflections(or retatery inversions), and glide reflec- 
tions. Their enumeration, by Fedorov in Russia (1890), Schoenflies in 
Germany (1891), and Barlow in England (1894), provides one of the most 
striking instances of independent discovery in different places using different 
methods. Fedorov, who obtained the 230 as 73 + 54 + 103 instead of 65 + 
165, was probably unaware of the preliminary work of Jordan and Sohncke. 
It is quite certain that Schoenflics knew nothing of Fedorov, and that Bar- 
low’s work was independent of both. 


EXERCISE 


Determine the symmetry groups of the following figures: (a) a rectangular parallel- 
epiped (e.g., a brick). (b) a rhombohedron: (c) a regular dodecahedron with an inscribed 
cube (whose 8 vertices occur among the 20 vertices of the dodecahedron). 


15.7 THE POLYHEDRAL KALEIDOSCOPE 


In combining three reflections . . . the effect is highly pleasing. 
Sir Dovid Brewster (1781 -1848) 
{Brewster 1, p. 93] 


Table ITI (on p. 413) is a complete list of the finite groups of isometries. 
In the preceding section, we selected from this list those groups which satisfy 
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the crystallographic restriction. Another significant way to make a selection 
(partly overlapping with the previous way}3s to pick out those groups which 
arë generated by reflections, namely, $ 


D,Ca (n > 1), DenDn (nodd), D, X {I} (n even), 
S441, S4 X {1}. As X {I}. 


(We have now returned to absolute geometry!) 

DC (Schoenflies’s Cy, which we previously denoted by C2C)) is the group 
of order 2 generated by a single reflection. D2C or D2D, (Schoenflies’s C2,) 
is the group of order 4 generated by two orthogonal reflections. The remain- 
ing groups D,C,, are the symmetry groups of the n-gonal pyramids. In other 
words, these are the groups D, of § 2.7 ina different notation. (We now re- 
serve the symbol D, for the dihedral group of rotations, which is, of course. 
isomorphic to D,C,. Weyl (1, p. 80] makes the distinction by calling the ro- 
tation group D'a and the mixed group D’,C,.) 

Dz x {I} is a group of order 8 (abstractly C2 X C2 X Cz) generated by 
three orthogonal reflections. The remaining groups DnD, (nodd) and 
Dy X {1} (n even) are the symmetry groups of the a-gonal prisms, or of their 
reciprocals, the dipyramids. 

S444, the symmetry group of the regular tetrahedron, is derived from the 
rotation group 44 by adjoining reflections, such as the reflection in the plane 
ABA'B’ (Figure 10.54) which joins the edge AB to the midpoint of the op- 
posite edge CD. (The product of this reflection and the central inversion is 
the half-turn about the join of the midpoints of the two opposite edges CD’, 
C’D of the cube. This half-turn, which interchanges the two reciprocal tetra- 
hedra ABCD, A'B'C' D’, is one of the twelve rotations in S4 that do not be- 
long to the subgroup Ag; thus it illustrates our special meaning for the 
“mixed” symbol $444.) Since the remaining Platonic solids are centrally 
symmetrical, their symmetry groups are simply S; X {1} and As x {I}. 


For a practical demonstration in Fuclidean space. take the two hinged mirrors of § 2.7, inclined 

at 180°/n, which demonstrate the group DaCna. Standing (hem upright on a separate horizontal 
mirror, we obtain the symmetry group of the 1-gonal prism, i.e.. the direct product of }2,C,, and the 
group of order 2 generated by the horizontal reflection. To demonstrate the three remaining 
groups, remove the third mirror, and let the first two stand vertically on the table at an angle of 60°, 
as in the demonstration of 123C3. Now hold the third mirror obliquely, with its horizontal edge / 
on the table top at right angles to one of the vertical mirrors and touching the front lower corner of 
the other. Gradually rotating this third mirror about its edge / from an almost horizontal posi- 
tion (by raising its nearer edge, opposite to /), we observe al a certain stage two faces of a regu- 
lar tetrahedron {3, 3}. Each face is subdivided into six right-angled triangles, one of which is 
actually the exposed portion of the table top. Ata later stage we sce three faces of an octahedron 
{3, 4}; still later, four faces of an icosahedron (3, 5}. Finally, when the adjustable mirror is ver- 
tical like the others. we see a theoretically infinite number of faces of the regular tesscllation 
{3. 6}, subdivided in the manner of Figure 4.6¢. This device, employing ordinary rectangular 
mirrors, is a simplified version of Mébius’s trihedral kaleidoscope in which the three mirrors are 
cut in the shape of suitable sectors of a circle [Coxeter t, p. 83]. 


When the E edges of the general Platonic solid { p, q} are projected from 
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its center onto a concentric sphere, they become F arcs of great circles, de- 
composing the surface into # regions which are “spherical p-gons.” In this 
manner the polyhedron yields a “spherical lessellation” which closely re- 
sembles the plane tessellation of §4.6. The symmetry group of {p, q} is 
derived from the symmetry group of one face by adding the reflection in a 
side of that face. Thus itis generated by reflections in the sides of a spheri- 
cal triangle whose angles are w/p (at the center of a face), 7/2 (at the 
midpoint of an edge), and vq (at a vertex). This spherical triangle is a 
fundamental region for the group, since it is transformed into neighboring 
regions by the three generating reflections. 





Figure 15.7a 


The network of such triangles, filling the surface of the sghere, is cut out 
by all the planes of symmetry of the polyhedron, namely the planes joining 
the center to the edges of beth {p, q} and its reciprocal {g, pj. In Figure 
15.7a (where p and q are 3 and 5), alternate regions have been blackened so 
as to exhibit both the complete symmetry group A, x {I} and the rotational 
subgroup 4s, which preserves the coloring. 

Instead of deriving the network of spherical triangles from the regular 
polyhedron, we may conversely derive the polyhedron from the network. 
The ten triangles in the middle of Figure 15.7a evidently combine to form 
a face of the blown-up dodecahedron, and the six triangles surrounding a 
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point where the angles are 60° combine to form a face of the blown-up 
icosahedron. 


EXERCISES 


t. Interpret the symbol { p, 2} as a spherical tessellation (“dihedron”) whose faces 
consist of two hemispheres, and {2, p} as another whose faces consist of p lunes. 

2. How many planes of symmetry does each Platonic solid have? Provided p and 
q are greater than 2, this number is always a multiple of 3, namely 3c in the notation 
of Ex. 1 at the end of § 10.4. 

3. Dividing 47 by the area of the fundamental region, obtain a formula for the order 
of the sysemetry group of {p, g}. Reconcile this with the formula for E (the number of 
edges} iv 10.32. 


15.8 DISCRETE GROUPS GENERATED BY INVERSIONS 


In the present section we make one more digression into Euclidean space, 
so as to be able to ta!k about inversion. (The absolute theory of inversion 
presents difliculiies that would take us too far afield. [See Sommerville 1, 
Chapter VIII.}) 

Figure 15.7a, being an orthogonal projection, represents 10 of the 15 great 
circles by ellipses. (The difficult task of drawing it was undertaken by J. F. 
Petrie about 1932). An easier, and perhaps more significant, way to repre- 
sent such figures is by stercographic projection (§ 6.9), so that the great circles 
remain circles (or lines) [Burnside 1, pp. 406-407]. The reader can readily do 
this for himself, with the aid of the following simple instructions. 





Figure 15.8a shows a square PORS with center O, and a regular pentagon 
VWXYZ with its sides extended to form a pentagram V’X’Z’W’'Y’. With 
radius PQ and centers P, Q, R, S, draw four circles. These, along with two 
Raes through O parallel to the sides of the square, represent 6 great circles, 
ane in each of the 6 planes of symmetry of the tetrahedron {3, 3}, which 
are the planes joining pairs of opposite edges of a cube. Adding the cir- 
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cumcircle and diagonals of the square, we have altogether 9 great circles, 
one in each of the 9 planes of symmetry of the cube (4, 3}, which include 
3 planes parallel to its faces. 

With radius VX’ (=VX) and centers V, W, X, Y, Z, draw five circles. 
With radius VW’ (= V’W’) and centers V’, W’, X’, Y’, Z’, draw five more 
circles. These ten circles, along with the five lines VV’, WW’, XX’, YY’, ZZ’, 
represent 15 great circles (Figure 15.7a@), one in each of the 15 planes of sym- 
metry of the icosahedron {3,5} or of the dodecahedron {5,3}. (These planes 
join pairs of opposite edges of either solid.) 

To justify these statements we merely have to examine the curvilinear tri- 
angles* and observe that each has angles s/p, 7/q, 7/2. 


Since stereographic projection is an inversion (Figure 6.9a), and since an 
inversion transforms a reflection into an inversion, the figures so constructed 
are, in fact, representations of the abstract groups S4, S4 X Ce, and As. X Co, 
as groups generated by inversions. In other words, they are coafigurations, 
of circles so arranged that the whole figure is symmetrical. Sy inyersion jo 
each circle. (Of course, any straight lines that occur are to Delregarded as 
circles of infinite radius. As we saw in §6.4, inversion in suchia “erde iisi 
simply reflection in the line.) Any one of the regions into) which the plane 
is decomposed will serve as a fundamental region, and the pete MRTE of tne’ 
group may be taken to be the inversions in its sides. 

For a group generated by just one inversion, we may invest thet bircle ilo 

a straight line so as to obtain the group Dı of order 2, generated by a binkie 
reflection (§ 2.5). The groups generated by inversions in two intersecting 
circles are essentially the same as the groups D, of order 2n, generated by 
reflections in two intersecting lines ($2.7). If the circles of two generating 
inversions are in contact, they cei be inverted into parallel lines, and we 
have the limiting case D, (Figure 3.75). Two nonintersecting circles can 
be inverted into concentric circles. Inversions in them generate an infinite 
sequence of concentric ciscles whose radii are in geometric progression. 
Abstractly, the group is again Da, but the center is a “point of accumula- 
tion” (§ 7.6). So is the point of contact in the case of the group generated 
by inversions in two touching circles. A group is said to be discrete if it 
has no points of accumulation. Thus, in describing discrete groups gener- 
ated by inversions, we may insist that every two of the generating circles in- 
tersect properly, and do not touch. 

For a discrete group generated by three inversions, the fundamental region 
is a curvilinear triangle whose angles are submultiples of 7: say 7/pi, 7/po, 
aw/pz. For instance, two radii of a circle, forming an angle 7/p, cut out a 
sector which may be regarded as a “triangle” with angles n/p, 7/2, 7/2; this 
is a fundamental region for the group Dp x 1), of order 4p, generated by re- 
flections in the radii and inversion in the circle. In this case 


* For the effect of projecting in a different direction, sec Coxeter, American Mathematical 
Monthly, 45 (1938), pp. 523-525, Figs. 4 and 5. 
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l l l 
15.81 pi +o +3 >l, 
so that the angle sum of the triangle is greater than 7: an obvious conse- 
quence of the fact that the sector is derived from a spherical triangle (see 
§ 6.9) by stereographic projection, which preserves anziés. Every solution 
of the inequality 15.81 (cf. 15.42) is a triangle that can be drawn with great 
elrclas on a sphere. We thus obtain again the symmetry groups 

: Sa, Sq X Co, As X C2 
“of the Platonic solids. 

When I1/p; + 1l/pe + l/p3 = 1, so that the angle sum is exactly 7, we 
have. the, infinite “Euclidean” groups p6m, p4m, p3tm (sce Table I and 
Figni? nd). We could transform all the straight lines into circles by means 
of ë sititrary inversion; but then, since the pattern is infinitely extended, 
the center of inversion would be $ At of accumulation. 

When I|/p, + 1/p2 + |/p3 < 1, fiat the angle sum of the fundamental 
region is less than 7, we may still take two of the three sides to be straight, but 
now their point of intersection A is outside the circle g to which the third side 
belongs, with the result that there is a circle 2 orthogonal to all three (Fig- 
ure 15.85); the tangents from A to q are radii of Q. 

Since Q is invariant for each of the generating inversions, it is invariant 
for the whole group. The circle g decomposes the interior of Q into two 












Figure 15.8b 
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unequal regions and inverts each of these regions into the other. There- 
fore the number of triangles is the same in both regions. But the larger 
region includes a replica of the smaller. Hence, by Bolzano’s definition of an 
infinite set (namely, a set that has the same power as a proper subset), the 
number of triangles is infinite; that is, the group is infinite. 





Figure 15.8c 


The case when p1, P2, ps are 6, 4, 2 is shown in Figure 15.8c. Unlike Fig- 
ure 15.7a, this is not a picture of a solid object. Our familiarity with three- 
dimensional space enables us to accept the idea that the triangles in Figure 
15.7a are all the same size, even though the peripheral ones are made to look 
smaller by perspective foreshortening. In the case of Figure 15.8c, the 
smaller peripheral triangles are essentially the same shape as those in the 
middle (since they have the same angles), but we no longer Sad it easy to 
imagine that they are, in some sense, the sume size. In tryiag#@ stretch our 
imagination to this extent, we are taking a first step towards appreciating 
hyperbolic geometry, which is the subject of our next chapter. 

The reader may wonder why we admit such groups as being worthy of con- 
sideration, eg that the circle Q contains infinitely many points of accumu- 
lation. HKawever, when we accept the non-Euclidean standpwint, so that the 
circles and inversions are regarded us lines and reflections, the consequent 
distortion of distance makes Q infinitely far away, so that the points of ac- 
cumulation disappear. 
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EXERCISES 


1. ifa system of concentric circles is transformed into itself by inversion in cach 
circle, the radii are in gcomctric progression. 

2. If three circles form a “triangle” with angles n/p, 7/p2, 7/p3, the inversions Ry, 
Ro, Rg in its sides satisfy the rclations 


Ry? = Re? = Rg? = (ReRs)* = (RaR): = (RiR2)” = 1. 


These relations suffice to define the abstract group generated by Ri, Ro, Ry [Coxeter 
and Moser 1, pp. 37, 55]. 

3. Given an angle 7/p, at the center A of a circle 8 of unit radius, as in Figure 15.88, 
find expressions (in terms of p; and pz) for the radius of the circle g and for the distance 
froin A to its center, in the case when p3 = 2. 

4. Invert Figure 15.8¢ in a circle whose center lics on 2; that is, replace the circle 9 
by a straight line, so that all the inverting circles have thcir centers on this line. (Such 
an arrangement provides an alternative proof that the group is infinite. For if its order 
is g, the infinite half plane is filled with g curvilinear triangles, each having a finite area!) 

5. fn Figure 15.8c, two of the small triangles (one white and one black) with a com- 
mon hypotenuse form together a “curvilincar kite” having 445 ight angles and one 
angle of 60°. Trace part of the figure so as to exhibit a net ete of such kites, alter- 
nately white and black. We now have an instance of a group generated by four in- 
versions. Can it happen that more than four inversions are nceded to generate a 
discrete group? 





16 


Hyperbolic geometry 


Absolute geometry is not categorical: it is two geometries in one. To be 
precise, it leaves open the question of the existence of ultraparallel lines (see 
the end of § 15.2). In § 16.1 we shall compare the two possible answers. giv- 
ing the unfamiliar the same status as the familiar. In § 16.2 we shall justify 
this action by means of a proof of relative consistency. Thereafter, casting 
aside all scruples, we shall plunge wholeheartedly into the “new universe” 
which Bolyai “created from nothing.” 


16.1 THE EUCLIDERN AnD HYPERBOLIC AXIOMS OF PARALLELISM 


a ihe aut hor there lives the perfectly purified conviction (such os he 
expel: fee Seam every thoughtful reoder) thot by the elucidation of 
this subjekt One of the most important and brilliant contributions hos 
been made to the reol victory of knowledge, to the education of the 
intelligence, and consequently to the uplifting of the fortunes of men. 


J. Boiyai {1802 -1860) 
[Carslow 1, p. 31] 


In § 12.6, we mentioned the question whether the two rays parallel to a 
given line r from an outside point A are, or are not, collinear. By applying 
a Suitable isometry, we see that the answer is independent of the position 
ofr. 

Ic is true, though less obvious, that, for a given r, the answer is independent 
of the position of A. Suppose, if possible, that the rays parallel to r from A 
are the two halves of a line g while the rays parallel to r from another point A’ 
form an angle, as in Figure 16.la. By the transitivity of parallelism, these 
rays from A’ are parallel to q and also to the infinite sequence of parallel lines 
derived from q and r by applying the group D. generated by reflections in g 
andr (Figure 3.75). We obtain a manifest absurdity by considering any one 
of these lines that lies beyond A’ (i.e., in such a position that A’ lies between 
that line and r). (Strictly, this argument makes use of the so-called Axiom 
of Archimedes, 13.31, which is a consequence of 12.51.) 
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Figure 16.10 


Thus we have a clear-cut distinction between two kinds of geometry, galled 
Euclidean and hyperbolic, which are derived from absolute gesinetry by add- 
ing just one of the following two alternative axioms: 


THE EUCLIDEAN AXIOM. For some point A and some line r, not through A, 
there is not more than one line through A, in the plane Ar, not meeting r. 


THE HYPERBOLIC AXIOM. For some point A and some line r, not through A, 
there is more than one line through A, in the plane Ar, not meeting r. 


EXERCISE 


Each of these axioms implies the stronger statement with “some point A and some 
line r” replaced by “any point A and any line r.” The Euclidean axiom, so amended, 
is equivalent to the celebrated Postulate V (our 1.25). How does Postulate V break 
down if we assume the hyperbolic axiom? 


16.2 THE QUESTION OF CONSISTENCY 


What are we ta think of the question: Is Euchidesin tseorantry frye? It 
has no meaning. We might as well ask .. . if Carfesiwn coordinates are 
true and palar coordinates false. One geometry cannot be mere true 
than another; it can only be more convenient. 


H. Poincaré (1854 -1912) 
(Science and Hypothesis, New Yark, 1952) 


We observe that the Euclidean and hyperbolic axioms differ by just one 
word: the vital word “not.” It is meaningless to ask which of the two ge- 
ometries is ‘rue, and practically impossible to decide which provides a more 
convenient basis for describing astronomical space. From the standpoint of 
pure mathematics, a more important question is whether either axiom is logi- 
cally consistent with the remaining axioms of absolute geometry. Even this 
is difficult to answer; for according to the philosopher Gödel, there is no in- 
ternal proof of consistency for a system that includes infinite sets. We have 
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to be conteni-with refgtive cénzistency: if Euclidean geometry is free from 
contradiction, so is hyperbolic geometry, and vice versa. Relative consist- 
ency is established by finding in euch geometry a model of the other. 

One Euciidean model of the hyperbolic plane (due to Poincaré) was men- 
tioned in $15.8. This uses seirc Q, as in Figure 16.2a. Each pair of inverse 
points represents a hyperbolic point, and each circle orthogonal to Q repre- 
sents a hyperbolic line. The two parallels to r from A are simply the circles 
through A that touch r at its points of intersection with Q. (These points are 
the “ends” ofr.) We call this a conformal model because angles retain their 
proper Values though distances are inevitably distorted. 


RK ZX 


r 


Figure 16.2a Figure 16.2b 


A different Euclidean model, suggested by Beltrami (1835-1900), uses an- 
other circle w, as in Figure 16.2b. Each point inside w represents a hyper- 
bolic point. The two parallels to r from A are the chords joining A to the ends 
of the chord r. (Chords whose lines intersect outside w represent ultra- 
parallel lines.) We call this a projective model because straight lines remain 
straight. Nothing is lost if we replace the circle w in the Euclidean plane by a 
conic in the projective plane. In fact, much is gained; for it is possible to ex- 
tend the hyperbolic plane into a projective plane by means of entities defined 
in the hyperbolic geometry itself [Coxeter 3, p. 196]. In this way we can 
prove that hyperbolic geometry is unique or categorical [Borsuk and Szmie- 
lew 1, p. 345], unlike absolute geometry, which includes two contrasting 
possibilities. 

When using models, it is desirable to have two rather than one, so as to 
avoid the temptation to give either of them undue prominence. Our geo- 
metric reasoning should all depend on the axioms. The models, having 
served their purpose of establishing relative consistency [Pedoe 1, p. 61; 
Sommerville 1, pp. 154-159], are no more essential than diagrams. 

Klein [4, p. 296] exhibited 4 connection between the conformal and pro- 
jective models in the manner of Figure 16.2c. A sphere, having the same 
radius as w, touches the (horizontal) plane at S, the center of both w and Q. 
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Figure 16.2c 







Beginning with the projecti el, we use orthogonal (vertical) projection 
to map w on the “equator” 4 or the sphere, and each interior point on two 
points: one in the southern hemisphere and another (not shown) in the north- 
ern hemisphere. Every chord of w yields a circle in a vertical plane, that is, 
a circle orthogonal to 7. We now map the sphere back into the plane by 
stereographic projection, so that ņ projects into the larger circle 2, concen- 
tric with w. Because of the angle-preserving and circle-preserving nature 
of stereographic projection, the vertical circles yield horizontal circles ortho- 
gonal to Q, and we have the conformal model. 

Instead of stereographic projection onto the tangent plane at the “south 
pole” S (i.e., inversion with respect to a sphere of radius NS), we sexld-have 
used stereographic projection (from the same “north pole” N ) onti 
torial plane (i.e., inversion with respect to a sphere through 7) so: - 
both w and 2 coincide with y [Coxeter 3, p. 260]. Klein’s procedure i is justi- 
fied by its property of making the two models agree in the immediate vicinity 









st be remembered that both models are in one respect misleading: 
they give us the impression that the center S should play a special role, 
whereas, in the abstract hyperbolic plane, all points are alike. 

For the sake of completeness, we should mention the problem that the in- 
habitants of a hyperbolic world would face in trying to visualize the Euclid- 
ean plane. One solution [Coxeter 3, pp. 197-198] is that they could repre- 
sent the Euclidean points and lines by the lines and planes parallel to a given 
ray in hyperbolic space! 


EXERCISES 





1. Reficction in a line of the eee fSolic plane appears. in the conformal model, as in- 
version with respect to a circle, xi a4 the projective modcl as a harmonic komtology. 
What is the corresponding transformation in the space of Klein’s sphere? 
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2. Circles appear as circles (not meeting &2) in the conformal model, and therefore 
as circles on the sphere (say, in the southern hemisphere) aod. B3 opa in the pro- 
jective model. 


16.3 THE ANGLE OF PARALLELISM 


. a sea-change into something rich and stronge. 


W. Shakespeare (1564 -1616) 
{The Tempest, Act I, Scene 2) 


A 
N z M 
B r 
Figure 16.34 


For the rest of this chapter the geometry will be hyperbolic, that is, 
we shall assume the hyperbolic axiom, which implies that, for any point A 
and line r, not through A, the two parallels form an angle NAM, as in Fig- 
ure 16.3a. From A draw AB perpendicular to r. Reflection in AB shows 
that Z BAM and Z NAB are equal acute angles. Following Lobachevsky, 
we call either of them the angle of parallelism corresponding to the distance 
AB, and write 


ZL BAM = II(AB). 


Before we can prove that this function is monotonic, we need a few mere 
properties of asymptotic triangles. While proving 15.26 we discovered that. 
if a transversal (AD in Figure |5.2f) meets two lines in such a way that the 

“alternate” angles are équuj, then the two lines are ultraparallel. Hence 
[Carslaw 1, p. 48]: 


16.31 Jn an asympitoric triangle EFM, the external angle at E {or F) is 
greater than the internai angie af F (or E). 


In other words, the sum of the angles of an asymptotic triangle is less 
than s. This will enable us to prove a kind of converse for Theorem 15.25, 
to the effect that an asymptotic triangle is determined by its two positive 
angles: 

16.32 Iftwo asymptotic triangles AEM, A'E'M' have A = A’ end Ecs Eh 
then AE = A’E’. ae 

Proof [Carslaw 1, p. 50). If AE and A’E’ are not equal, ane viihem must 
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M M 
F E > 


Figure 16.3b 





eater; let it be A’E’, as in Figure 16.35. On £/A, take F'so that 4 F 
= A’ E, and draw FM parallel to AM. By 16.31 and 15.25, we have 


ZLMEA > LMFA = LM'E'A’ = ZMEA, 


wuch is absurd. 


These results will enable us to establish the existence of a common parallel 
to two given ravs forming an angle NOM, that is, a line MN which is parallel 
to OM at oneend and to ON at the other. From the given rays OM, ON, 
cut off any two equal segments OA, OA’, as in Figure 16.3c. Draw A'M 
parallel to OM, and AN parallelto ON. Bisect the angles NAM and NA’M 
by lines a anda’. We shall prove that these lines are ultraparallel, and that 
the desired common parallel MN is perpendicular to both of them. 





Figure 16.3¢ 


Let A’M meet AN in C, and a in £. Since the whole figure is symmetrical 
by reflection in OC, the two avgieg at A and the two angles at 4’ are all equal. 

If possible, let a and a’ ha¥é @#ommon point L, which is, of course, equi- 
distant from A and A’. Apptyitiz 15.25 to the congruent asymptotic triangles 
ALM and A'LM, we deduce that Z MLA = Z MLA’, which is absurd. 

If possible, let a and a’ be parallel, with a common end Z. Applying 16.32 
to the congruent asymptotic triangles AEM and A’EL, we deduce that AE = 
A'E, whence E coincides with C, which is absurd. 

We conclude that a and g are ultraparallel. By 15.26, they have a com- 
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mon perpendicular FF’. Applying 15.25 to the congruent asymptotic tri- 
angles AFM and A’F’M, we conclude that 


LMFA = ¿L MF'A’. 


If F’F were not parallel to OM, we would have an asymptotic triangle FF’ M 
whose angle sum is 7, contradicting 16.31. Hence, in fact, F’F is parallel to 
OM, and similarly FF’ to ON; that is, the line FF’ is a common parallel to 
the two rays as desired. 

Moreover, this common parallel is unique, since two such would be paral- 
lel to each other at both ends, contradicting the “clear-cut distinction” 
between the Euclidean and hyperbolic properties of parallelis gure 
16.la). It follows that 


16,33 Any two ultraparalilel lines have a unique common perpendicular. 





For, given a and a’, we can reconstruct Figure 16.3c as follows: draw any 
common perpendicular FF’, take 0 on its pe 


salar bisector, and let the 
two parallels through O to the line FE” mee A, a’ in A’, 





For the sake of brevity, we have been content to assert the existence of a 
line through a given point parallel to a given ray, and of a common perpen- 
dicular to two given ultraparallel lines. Actual “ruler and compasses” con- 
structions for these lines have been given by Bolyai and Hilbert, respectively 
[see Coxeter 3, pp. 204, 191}. Hilbert apparently failed to notice that his 
construction for the common parallel to AM and A’N remains valid if these 
lines meet in a point that is not equidistant from A and A’, or even if they do 
not meet at all. In fact [Carslaw 1, p. 76], 


16.34 Any two nonparatit! svs have a unique common parallel. 






This result justifies our us ends as if they were ordinary points: any 
two ends, M and N, determine a unique line MN. 


Figure 16.3d 






The line thre parallel to BM (Figure 16.3a or d) determines the 


angle of parallelisen IA B). Conversely, we can now find a distance x 





whose angle of parallelism IL(x) igee@s3] to any given acute angle [Carslaw 
1, p. 77). In other words, given. sute angle CAM, we can find a line 
BM which is both perpendicular to AC and parallel to AM. We merely have 
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to reflect AM in AC, obtaining AN, and then draw the common parallel 
MN, which meets AC in the desired point B. Incidentally, since we can 
draw through any point a ray parallel to a given ray, it follows that 


16.35 For any two nonperpendicular lines we can find a line which is per- 
pendicular to one and puratlet to the other. 


If A’ is on the ray A/B, vo that A'B > AB (as in Figure 16.3¢), then 
KAB) < (AB). 


(This is simply 16.31. applied to the asymptotic triangle 4A’M.) It follows 
that the function Ix) decreases steadily from } 7 to 0 when x increases from 
0 to %. 

We naturally call] AMN a doubly asymptotic triangle [Coxeter 3, p. 188). 
We have seen thai such a eee: is determined by its one positive an- 
gle; in other words, — H 

16.36 Two doubly lid triangles are congruent if they have equal 
angles. 


Applying 16.34 to rays odating to two parallel lines LM, LN, we ob- 
tain a third line paraliel to both, forming a trebly asymptotic triangle LMN. 
In view of Bolyai’s remark 15.24, we may regard such a triangle as a doubly 
asymptotic triangle whose angle is zero. Accordingly, we shall not be sur- 
prised to find that 


16.37 Any two trebly asymptotic triangles are congruent. 

Proof (due to D. W. Crowe). Given any two trebly asymptotic triangles, 
dissect each into two right-angled doubly asymptotic triangles by drawing 
an altitude (perpendicular to one side and parallel to another, as in 16.35). 
By 16.36, all the four doubly asymptotic triangles are congruent. There- 
fore the two trebly asymptotic triangles must be congruent. 


EXERCISES 


1. Draw figures for Theorems 16.33-16.35 in terms of ibe conformal and projective 
models, 

2. Ufa quadrangle ABED has right angles at D and E while 4D = BF. then the 
angles at A and B arc equal acute angles. (Hint: Draw AM and BM parallel to D/F: 
apply 16.31 to the asymptotic triangle ABM.) 

3. The sum of the angles of any triangle is less than two right angles. (Hint: For 
a given triangle ABC. draw 4D, BE, CF perpendicular to the line joining the midpoints 
of BC and CA.) 

4. Given an asymptotic triangle 48M with acute angles at both A and B, draw 
AD perpendicular to BM, and BE perpendicular to 4.4, meeting in J. Draw UF 
perpendicular to AB. Then FH is parallel to AM [Bousie 4, p. 106]. What happens 
if we deal similarly with rays through 4 and B which are not parallel but ultra- 
parallel? 

5. If two trebly asymptotic triangles have a common side, by what isometry are 


AREA 295 


they related? (Of course, two trebly asymptotic triangles may have a common side 
without having a common altitude). 

6. The inradius of a trebly asymptotic triangle is the distance whose angle of paral- 
lelism is 60°. 

7. From any point on a side of a trebly asymptotic triangle, lines drawn perpen- 
dicular to the other two sides are themselves perpendicular [Bachmann 1, p. 222]. 


16.4 THE FINITENESS OF TRIANGLES 


! could be bounded in a nutshell and 
count myself a king of infinite space. 


W. Shakespeare 
{Hamlet, Act Il, Scene 2) 


One of the most elegant passages in the literature on hyperbolic geom- 
etry since the time of Lobachevsky is the proof by Liebmann [1, p. 43] that 
the area of a triangle remains finite when all its sides are infinite. C. L. 
Dodgson (alias Lewis Carroll) could not bring, himself to accept this the- 
orem; consequently he believed non-Euclideam gegrnetry to be nonsense. 

Instead of pursuing a philosophical discussixiss of the meaning of area 
[Carslaw 1, pp. 84-90], let us be content to regard it as a numerical func- 
tion, defined for every simple closed polygon, invariant under isometries, 
and additive when two polygons are juxtaposed. 

Let ABM be any asymptotic triangle. Reflect it in the bisector AF of 
the angle A to obtain AAN, as in Figure 16.4a, F being the point where 
the bisector meets the common parallel MN. Reflect the line BM in the 
bisector A,F, of Z NAM to obtain AN (with Az on AM), and then reflect 





G F F, fF 


Figure 16.44 
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this in AF. Continuing in this manner, we construct a network of triangles 
whose “vertical” sides bisect the angles at B, A, A1, Av, Az... - and are per- 
pendicular to MN at G, F, Fy, F2, F3,.... These points are evenly spaced 
along MN, since they are all derived from F and F; by the group D. gen- 
erated by reflections in AF and AF3; for instance, G is the image of Fi in 
the mirror AF. The numbered triangles which fit together to fill the asymp- 
totic triangle 4 BM are respectively congruent to those which fit together 
within the finite pentagon A BGF;A}; in fact, any two triangles that are num- 
bered alike are related by some power of the translation from G to F; (or 
from F to Fz). Hence the area of the asymptotic triangle is less than or 
equal to the area of the pentagon: 


16.41 Any asymptotic triangle has a finite area. 


Since any doubly asymptotic triangle (Figure 16.3a) can be dissected into 
two asymptotic triangles, it follows that 


16.42 Any doubly asymptotic triangle has a finite area. 


By 16.36, the area of a doubly asymptotic triangle is a function of its an- 
gle. Comparing the triangles AMN and A’ MN of Figure 16.3d, we see that 
this is a decreasing function: the larger triangle has the smaller angle. 

Since any trebly asymptotic triangle can be dissected into two doubly 
asymptotic triangles (as in the proof of 16.37), 16.42 implies 


16.43 Any trebly asymptotic triangle has a finite area. 


By 16.37, this area is a constant, depending only on our chosen unit of 
measurement. 


16.5 AREA AND ANGULAR DEFECT 


Gauss . . . did not recognize the existence of a logically sound non- 
Euclidean geametry by intuition or by a flash of genius: . . . on the 
contrary, he had spent upon this subject many laborious hours before 
he had overcome the inherited prejudice against it. [He] did not let 
any rumour of his opinions get abroad, being certain that he would 
be misunderstood. Only to a few trusted friends did he reveal some- 
thing of his work. 


R. Bonola [1, pp. 66 -67] 


János Bolyai, or Bolyai Janos (as it is written in Hungarian), announced 
his discovery of absolute geometry in an appendix to a book by his father, 
Bolyai Farkas, who was a friend of Gauss. When Gauss saw this book and 
read the appendix, ke wrote a remarkable letter to his old friend, congratu- 
lating Janes and sdasitting that he himself had thought along the same lines 
without puhiigiins the results. The original letter (of March 6, 1832) is lost, 


GAUSS'S LETTER TO THE ELDER BOLYAI 297 


but the younger Bolyai’s copy of it has been preserved. and it was eventu- 
ally published in Gauss’s collected works [(3auss 1, val. &, pp. 220-225]. 

This letter contains a wonderful proof that the area of a triangle ABC is 
proportional to its angular defect 


r—-A—B-C: 


the amount by which its angle sum falls short of two right angles. The fol- 
lowing paraphrase fills up a few gaps in the argument, while retaining 
Gauss’s systematic division into seven steps, numbered with Roman nu- 
merals. 


1, All trebly asymptotic triangles are congruent. (This is our 16.37.) 


I]. The area of a trebly asymptotic triangle has a finite value, say t. (This 
is our 16.43.) 


NI. The area of a doubly asymptotic triangle AMN is a function of its an- 
gle, NAM, say f(b), where ġ is the supplement of this angle. Given the angle 
, we can construct the triangle in a unique fashion (Figure 16.5a; cf. 16.3c). 
Gauss used the supplement, rather than the angle NAM itself, to ensure that 
J ($) is an increasing function of o. (See the remark after 16.42.) 

N 


f(r = p) KAN 
f(d) 


Pane È M 





Figure 16.5a Figure 16.5b 


IV. f($) + f(a — $) =t. 

This may be seen by fitting together two doubly asymptotic triangles AMN 
and ANL with supplementary angles, as in Figure 16.55. Here it is under- 
stood thatO< $ <r. But when ¢ approaches zero, the doubly asymptotic 
triangle collapses, and when ¢ approaches r it tends to become trebly asymp- 
totic. Hence 


16.51 f()=0, f(m=4, 
and IV is valid for 0 < $ < =. 

V. AD + f/m +f- o- yI 

This, with @ > 0, y > 0,6 + y < r, may be seen by fitting together three 
doubly asymptotic triangles whose angles add up to 2r, as in Figure 16.5c. 
lt evidently remains valid when ¢ or Ņ is zero orọ + y = &. 
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VI. fF + SW) = fe + W)- 

This, with¢ > 0,4 > 0,6+ + < v, is obtained algebraically, by writing 
@ + Winstead of ¢ in IV and then using V. It follows that f(¢) is simply a 
multiple of 6, namely, 
16.52 f$) = uo 
where, by 16.51, p = fs. 

J. H. Lindsay has pointed out that this deduction can be made without 
assuming the function to be continuous. By VI, with ọ = y, 

Fk) = 4 £29). 

Thus 16.52 holds when $ = $w, again when ¢ = $r, and so on; that is, it 
holds when ¢ is « divided by any power of 2. Appealing again to VI, we 
deduce thai fip) = ap whenever o = nz, where n is a number which ter- 
minates when expressed us a “decimal” in the scale of 2 [cf. Coxeter 3, p. 
102}. For brevity, let us call this a binary number. 

Suppose, if possible, that, for some particular value of ¢, f(¢) = nọ. 
Choose a binary number n between the two distinct real numbers ġ/7 and 
fier. If f(b) > uo, so that 


<n <A, 


we have, since f(¢) is an increasing function, 


Se) < Sint) = pnr < f(9), 


which is absurd. If, on the other hand, f ($) < pọ,we can argue the same way 
with all the inequalities reversed. Hence, in fact, f($) = pẹ for all the values 
of ọ (from 0 to r). 


$ 
uB 
ety 3 

L uC M 


Figure 16.5¢ Figure 16.5d 


VH. The area A of any triangle ABC (with finite sides) is a constant multiple 
of its angular defect: 


= p(w — A — B- C). 


For this final step, Gauss exhibited ABC as part of a trebly asymptotic 
triangle by extending its sides in cyclic order, as in Figure 16.5d. The re- 
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maining parts are doubly asymptotic triangles whose areas are pA, uB, uC. 
Hence 


A+ pA + pB+ pC =t= pr, 


and the desired formula follows at once. 


If we wish, we can follow Lobachevsky in using such a unit of measure- 
ment* that the area of a trebly asymptotic triangle is m. Then » = 1, and 
the formula is simply 


16.53 A=7—A-—B-C. 


This is strikingly reminiscent of the formula 6.92, which tells us that the 
area of a spherical triangle drawn on a sphere of radius R is 


(A + B + C — wR? 


In fact, setting R? = —1, we find that Gauss’s result agrees formally with 
the area of a triangle drawn on a sphere of radius ¿i Long before the time 
of Gauss, it was suggested by J. H. Lambert (1728-1777) that, if a non- 
Euclidean plane exists, it should resemble a sphere of radius i. This analogy 
enabled him to derive the formulas of hyperbolic trigonometry (which were 
later developed rigorously by Lobachevsky) from the classical formulas of 
spherical trigonometry. Its full significance did not appear till Minkowski 
(1864-1909) discovered the geometry of space-time, which provided a geo- 
metrical basis for Einstein’s special theory of relativity. We know now that, 
in a (2 + 1)-dimensional space-time, the hyperbolic plane can be repre- 
sented without distortion on either sheet of a sphere of time-like radius. In 
the underlying affine space, this kind of sphere is a hyperboloid of two 
sheets. 
EXERCISES 


1. Gauss’s formula 16.53 remains valid when the triangle has one or more zero 
angles. 

2. The area of any simple p-gon is equal to its angular defect: the amount by which 
its angle sum falls short of that of a p-gon im the Euclidean plane. (Hint: Dissect the 
polygon into triangles. Of course, we arg now assuming p = l.) In Figure 16.4a, the 
area of 4 BM is equal to that of ABGF\A}. 


3. The product of three translations along the directed sides of a triangle (through 
the lengths of these sides themselves) is a rotation through the angular defect of the 
triangle. (These translations arc half as long as those in Donkin’s theorem, 15.31.) 
[Lamb 1, p. 7.] 

4. The product of half-turns about the midpoints of the sides of a simple quadrangle 
(in their natural ordcr) is a rotation through the angular defect of the quadrangle. 
twgon whose angle sum is a submultiple of 27 can be repeated, by half- 
Jolic triangles, Scripta Mathematica, 22 (1956), p. 9. 

‘metrical background for de Sitier’s world, American Mathematical Monthly, 50 






i 


(1943), p. 220. 
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turns about the midpoints of its sides, so as to cover tlie Whole aeg without interstices 


fcf. Somerville 1, p. 86, Ex. 15]. (Hinr: See Figures 4.2b and c.) 


16.6 CIRCLES, HOROCYCLES, AND EQUIDISTANT CURVES 


A circle is the orthogonal trajectory of a pencil of lines with a real vertex... 
A haracycle ts the orthogonal trajectory of a pencil of parallel fines.... The 
orthogonal trajectory of a pencil of lines with an ideo! vertex . . . is called on 
equidistont-curve. 


D. M. Y. Sommerville (1879-1934) 
[Sommerville 1, pp. 51-52] 


By 15.26, any two distinct lines are either intersecting, parallel, or ultra- 
parallel. Tao orher -we sords, the they belong to a pencil of lines of one of three 
kinds: anny; Aci donating of all the' lines through one point, a 
pencil of argk els. T Consis Hti ot all the lines parallel to a given ray, or a pen- 
cil of ultrepavadials ‘sting Of all the lines perpendicular to a given line. 
By 15.32, the odie: Be éctions in the two lines is a rotation. a parallel 
displacemepg os 4 n-A jransldtion; respectively. By fixing one of the two lines 
and allowiz hep or tg Yary re the pencil, we see that each of these three 
kinds of a A ie he applied as a continuous motion. 

A circle wt ATO na LE -bé defined either as in § 15.1 or to be the locus 
ofa point? : PWE ee from a fixed point Q (distinct from O) by con- 
tinuous rotation about O, or to be the locus of the image of Q by reflection in 
all the lines through O. When the radius OQ becomes infinite, we have a 
horocycle with center M (at infinity): the locus of a point which is derived 
from a fixed point Q by a continuous parallel displacement, or the locus of 
the image of Q by reflection in all the lines parallel to the ray QM [Coxeter 
3, p. 213]. The rays parallel to QM are called the diameters of the horo- 
cycle. The first “o” in the word “horocycle” is short, as in “horror.” 

The locus of a point at a constant distance from a fixed line o is not a pair 
of parallel lines, as it would be in the Euclidean plane, but an equidistant 
curve (or “hypercycle”), having two branches, one on each side of its axis o. 
Either branch may be described as the locus of a point which is derived from 
a fixed point Q (not on o) by continuous translation along o, or as the locus of 
the image of Q by reflection in all the lines perpéxidicular to o. 

Orthogonal to the pencil of lines through O we have a pencil of concentric 
circles. A rotation about O permutes the lines and slides each circle along 
itself. Orthogonal to the pencil of parallels with a common end M we have a 
pencil of concentric horocycles. A parallel displacement with center M per- 
mutes the parallel lines and slides each horocycle along itself. Orthogonal to 
the pencil of ultraparallels perpendicular to o we have a pencil of ceaxal equi- 
distax? curves. A translation along o permutes the ultraparallel lines and 
slides euch equidistant curve along itself. 
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m wee set em oe” =F; 

We are n0W- seit tt quali they Prois 5 ade Bar. £5.31, to show that 
“the product pi Dec treng ca wet Beran: ifensecting aes may be a rotation.” 
Referring: tfia e3 See thiat Tee GEk] Mes C Perpendicular to AB 
is altraparelieh 2.4 dened AN Thevslore, tt kasa common perpendicular 
GH with JRE and TE omen perpemievlar PEG AM formin g a penta- 
gon AEFGH with right angiee at É, F, G, H as in Figure 16.64. The re- 
maining angle (at A) may bé &% ¢/all as we please; if it is zero, the pentagon 
is “asymptotic.” The product of reflections in AE and FG is a translation 
along EF (through 2£F). The product of reflections in FG and AH isa 
translation along GH (through 2GH). Hence the product of these two trans- 
lations is the same as the product of reflections in AE and AH, which is a ro- 
tation or, if A is an “end,” a parallel displacement. Since the axes of the two 
translations are both perpendicular to FG, we have thus proved that the 
product of translations along two ultraparallel lines may be either a rotation 
or a parallel displacement. (Of course, it may just as easily be another trans- 
lation.) 





Figure 16.6a Figure 16.6b 


The product of translations along two parallel lines, AM and BM, leaves 
invariant the common end M; therefore it cannot be a rotation, but must 
be either a translation along another line through M or a parallel displace- 
ment with center M. We shall soon see that the latter possibility arises when 
the two given translations are of equal length, one towards M and the other 
away from M. In fact, the translation along AM from A to A’ (Figure 16.6) 
transforms the arc 4 B of a horocycle through A into an equal are A’ 8’ of the 
concentric horocycle through 4’. Let Bo denote the point in which the latter 
arc is cut by the diameter through B. The translation along this diameter 
from 8p to B transforms the arc BoA’ of the second horocycle into the equal 
arc BA” of the first. Thus the product of the two emeauons 1 is the parallel 
displacement that transforms the arc AB into A” B” ¿¥ s this horocycle 
(and every concentric horocycle) along itself. 





EXERCISES 


1. The three vertices of a (finite) triangle all lie on each of three equidistant curves, 
whose axes join midpoints of pairs of sides, and on a fourth “cycle,” which may be either 
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a circle or a horocycle or another cquidistant curve (with all three vertices on onc 
branch). [Sommerville 1, pp. 54, 189.] 

2. The threc sides of a (finite) triangle all touch a circle (the incircle) and three other 
“cycles,” each of which may be of any onc of the three kinds. 

3. In Figure 15.2a, the horocycle through J with diamcter p, passes also through L. 

4. How many horocycles will pass through two given points? 

5. An cquidistant curve may have as many as four intersections with a circle or a 
horocycle or another equidistant curve. 

6. Develop the analogy between conics in the affine plane and generalized circles 
in the hyperbolic plane. A horocycle, like a parabola, goes to infinity in one direction: if 
the points P and Q on it are variable and fixed, respectively, the limiting position of 
the line QP is the diameter through Q. An equidistant curve, like a hyperbola, has 
two branches. 

7. Unlike the conjugate axis of a hyperbola, the axis of an equidistant curve is on 
the concave side of cach branch, 


16.7 PĒWCARÉS “HALF-PLANE” MODEL 





There is a gain in simplicity when the fundamental circle ts taken as a 
straight line, soy the axis of x... . We may avoid dealing with pairs 
of points by considering only those points above the x-axis. A proper 
circle is represented by a circle lying entirely above the x-axis; a 
horocycle by a circle touching the x-axis; an equidistant-curve by the 
upper part of a circle cutting the x-axis together with the reflexion of 
the part which lies below the axis. 


D. M. Y. Sammerville [1,4 35. £83 -189} 


Frere the conformal model (Figure 16.2a) in which the lines are vepre- 
sented by circles (and lines) orthogonal to a fixed circle 2, Poincaré derived 
anotney conformal model by inversion in a circle whose center lies on 2. The 
inverse of £ is a line, say a “horizontal” line, which we shall again denote by 
2. The points of the hyperbolic plane are represented by pairs of points 
which are images of each other by reflection in Q, and the lines are repre- 
sented by circles and lines orthogonal to Q, that is, circles whose centers lie 
on &, and vertical lines [Burnside 1, p. 387}. 

Through a pair of points which are images in Q, we can draw an inter- 
secting pencil of coaxal circles (like Figure 6.5a turned through a right angle) 
representing an ordinary pencil of lines. The orthogonal nonintersecting 
pencil, having & for its radical axis, represents a pencil of concentric circles. 
The limiting points of the nonintersecting pencil represent the common cen- 
ter of the concentric circles. 

Another pencil of circles (situated as i, figure 6.5a itself) can be drawn 
through two points on Q. One member =? this pencil, having its center on 
Q, represents a line o. The remaining ¢ircies (or strictly, pairs of them re- 
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lated by reflection in 2) represent coaxal equidistant curves with axis o, For, 
the orthogonal nonintersecting pencil represents the pencil of ultraparallel 
lines perpendicular to a. 

A tangent pencil of circles whose centers lie on Q (Figure 6.55) represents 
a pencil of parallels, whereas the orthogonal tangent pencil (touching Q) rep- 
resents a pencil of concentric horocycles. One particular pencil of parallels 
(special in the mode] but, of course, not special in the hyperbolic geometry it- 
self} is represented by all the vertical lines (which pass, like Q itself, through 
the point at infinity of the inversive plane). The horocycles having these 
lines for diameters are represented by all the horizontal lines except Q (or 
Strictly, pairs of such lines related by reflection in Q). Since reflections in 
the vertical lines represent reflections in the parallel lines, horizontal trans- 
lations represent parallel displacements. Hence the horizontal lines (other 
than itself) represent the horocycles isometrically: equal segments repre- 
sent equal arcs. 


EXERCISES 


1. What figure is represented by two lines forn ‘ng an angle that is bisected by 27 

2. When two ultraparalle} lines are represented by nonintersecting circles (in either 
of Poincaré’s conformal models), the distance between the lines, measured along thcir 
common perpendicular, appears as the inversive distance between the circles (see Ex- 
ercise 5 of § 6.6). 

3. The angle of parallelism (Figure 16.34 on page 293) is 


T(x) = 2 arctan e7, 


16.8 THE HOROSPHERE AND THE EUCLIDEAN PLANE 


F. L. Wachter (1792-1817). . . in a letter te Gauss (Dec., 18)6) . 
speaks of the surface ta which a sphere Sais cz its radius approach 
infinity... . He affirms that even in the case of the Fifth Pastulate being 
false, there would be a geametry on this surface identical with that of 
the ardinary piane. 


R. Bonola [1, pp. 62 -63] 


The ideas in §§ 16.6 and 16.7 extend in an obvious manner from two to 
three dimensions. The locus of images of a point Q by reflection in all the 
planes through a point O is a sphere with radius OQ. As a limiting case we 
have a horosphere with center M {at infinity): the locus of images of a point Q 
by reflection in all the planes parallel to the ray QM [Coxeter 3, p. 218]. The 
locus of images of a point Q by reflection in all the planes perpendicular to a 
fixed plane w is one sheet of an equidistant surface, which consists of points at 
a constant distance from w on either side. 

There is a conformal model in inversive space in which the points of 
hyperbolic space are represented by pairs of points related by reflection in 
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a fixed “horizontal” plane 2, and the planes are represented by spheres and 
planes orthogonal to Q, that is, spheres whose centers lie on Q, and vertical 
planes. The representation of lines (which are jitiersections of planes) fol- 
lows immediately. Of particular interest is the Gundle of vertical lines, 
which represents the bundle of lines parallel to a given ray QM (special in 
the model, though not in the hyperbolic geometry itself). The horospheres 
that have these lines for diameters are represented by all the horizontal 
planes except Q. Since every vertical plane provides a model (of the kind 
described in § 16.7) for a plane in the hyperbolic space, each horizontal 
plane (except 2) represents a horosphere, and every line in the plane repre- 
sents a horocycle on the horosphere. Since distances along such lines agree 
with distances along the corresponding horocycivs, the representation of the 
horosphere by the Euclidean plane is isometric; fox any figure in the Eucli- 
dean plane there is a congruent figure on the horosphere (with lines replaced 
by horocycles). 

This astonishing theorem was discovered independently by Bolyai and Lo- 
bachevsky. For two different proofs, see Coxeter (3, pp. 197, 251]. It means 
that, along with ordinary spherical geometry, the inhabitants of a hyperbolic 
world would also study horospherical geometry, which is the same as Eucli- 
Aean geometry! 


Part IV 


17 


Differential geometry of curves 


Differential geometry is concerned with applying the methods of analysis 
to geometry, especially to the study of curves and surfaces. Classically, 
the study is made in Euclidean space of three dimensions. But in the twen- 
tieth century other spaces, such as inversive, affine, or projective, have been 
used. In other words, differential geometry is still significant when there 
is no concept of distance. However, both distance and parallelism are usu- 
ally present, in which case the notion of a vector is fundame; 

A curve, being the locus of a point P, is intimately assoc 
ble vector, namely the position vector : 





ao 
r= OP 


which goes from a fixed origin O to the point P. For simplicity we shall con- 
sider only rectifiable curves for which there is a well- defined Langone each 
point [Kreyszig 1, p. 29). 

After a preliminary discussion of vectors, we shall considét i the 
of plane curves, and the curvature and torsion of twisted urpes 
the results to many important special cases such as spirals-saficl tie alites. 






17.1 VECTORS IN EUCLIDEAN SPACE 


We have already considered, in § 13.6, the affine properties of vectors, such 
as addition and subtraction, multiplication by numbers, independence, and 
the unique expression 


17.11 c = xe +f + zg 


for any vector e as a linear combination of three basic vectors e, f, g. The 
time has now come to introduce two kinds of multiplication of vectors by 
one another. We shall employ the notation of J. W. Gibbs (1839-1903), al- 
though some authors, such as Birkhoff and MacLane [1, p. 175] and Forder 
[2], prefer that of H. Grassmann (1809-1877). 
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Euclidean geometry allows us to speak of the /ength (or “magnitude,” or 
“absolute value”) |a], of any given vector a. If @ is the angle between a 
and another vector b, we define the inner {or “scalar’’) product a + b and the 
outer (or “vector”) product a x b by the formulas 


a+b = |a| |b| cos@, a x b= ja||b|sinég, 


where g is the unit vector orthogonal to the plane ab on the side from which 
8 appears as a positive angle. The introduction of the auxiliary vector g 
(orthogonal to both a and b) is justified by the elegant algebra that follows. 


We see at once that, if m and n are numbers, 
ma'nb = mna-b, ma x nb = mna x b, 
b-a = arb, bxa = —a xb. 


Thus inner multiplication is commutative (like the multiplication of num- 
bers), whereas outer multiplication is “anticommutative.” Sincea x a = 0, 
we naturally take a? to mean a'a: 


a? = Ja}? 


Two vectors a and b are orthogonal if a'b = 0, parallelifa x b = O. 


> — 
Consider two vectors a = OA, b = OB, and let BN be the perpendicular 
from B to OA, as in Figure 17.la. The algebraic distance ON (negative if 
Z AOB is obtuse) is called the projection ofbona. If |a| = I, so that @ is 
a unit vector, this projection is clearly a+b. Removing the restriction to a 
unit vector, we find that a+b is |a| times the projection. This geometrical 
interpretation makes it easy to establish, for inner products, the distributive 
law 


a-:(b +b’) = a’b+ a-b’, 
which may also be expressed as 
(b + b‘)-a =b-a + b-a 


in virtue of the commutative law b'a = a-b. Replacing b’ by —b’, we 
obtain the corresponding results for differences instead of sums. 

The distributive law provides a useful method for establishing certain iden- 
tities. Ifb and b’ stand for expressions which we wish to prove equal, it is 
sometimes helpful to introduce an arbitrary vector ¢ and to compare b+c 
with b’-e. If we find that 


b'e = b-c 


for all choices of e (or even for three independent ¢’s), we can safely assert 
that b = b’. For. since (b — b’)-e = 0, ifb — bis not the zero vector it 
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B 
re a 
p f 
oO mn a 
e 
Figure 17.10 Figure 17.1b 


must be orthogonal to e; ard, sitce e is arbitrary, this is impossible. 
As a step towards establising the distributive law for outer products, we 
compare two expressions for the area of a parallelogram, namely 


ja xX b| = |a| bef, 





where f is a unit vector orthogonal to a in the plane ab (as in Figure 17.15) so 
that b- fis the altitude of the parallelogram from its base |a|. Analogously, 
the parallelepiped formed by three independent vectors a, b, c has base 
Ja x b|, altitude ¢-g, and volume (with a suitable convention of sign, de- 
pending on whether the trihedron abe is positively or negatively oriented) 

ja X b| e-g = Ja X b| ge = (a X b) re. 


Since we could just as well regard another face of the parallelepiped as its 
base, the same volume is expressible as 


(b x c)-a = as(b x oc). 
Thus we can interchange the cross and the dot: 
(a x b)-¢ = a- (b X5} 


(This is as near as we can come to an “associative Jaw * for products of vec- 
tors.) Since the dot and cross are interchangeable, it is convenient to use, 
for (a x b)-« or a'(b x e), the special symbol [a b €), so that the volume 
of the parallelepiges is 


ib e] = [b ca] = [¢ a b] = — [e b a]. 


If [a b ¢] = 0, the parallelepiped collapses, and the three vectors are co- 
planar, that is, dependent. Thus a necessary and sufficient condition for 
a, b, c to be independent is 


[ab e] Æ0. 


To prove the distributive law for outer products, we introduce an arbi- 
trary vector e (like a catalyst) and find 
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{(a + a’) x b}-« = (a + a’): (b x c) 
= a-(b x c) + a’-(b X c) 
= (a X b)-e + (a Xb) 
= {(@ X b) + (a X b)}<e. 


Since ¢ is arbitrary, we conclude that 
(a + a’) X b = (a X b) + (a x b). 


Since the outer product of two vectors is a vector, we might at first ex- 
pect the associative law to hold. To see why (a x b) x canda x (b X ¢) 
are, in general, different, let us evaluate both expressions, using a procedure 
devised by Coe and Rainich.* Consider unit vectors e and f in the plane 
ab, orthogonal to b and a respectively, as in Figure 17.1b. Since the vec- 
tor a XxX b is perpendicular to the plane ab (or ef), the two vectors 


(a x b) x e, (a x b) x f 


lie in this plane and have the same length |a x b|, which may be expressed 
in either of the forms 


a'e |b], b-fj|aj. 
Since they have the same directions as b, —a, respectively, they are exactly 
(a X b) X e = a'eb, (axb) X f = —b-fa. 
If g is perpendicular to the plane, we have also 
(axb xg=0. 


Using the three vectors e, f, g as a basis, we may express an arbitrary vec- 
tor ¢ in the form 17.11; thus 


(a Xx b) x c = (a X b) x (xe + yf + zg) 
= x(a xb)xe+paxb) X F+ 2a Xb) xg 
=x(a-e)b — y(b-f)a = (a: xe) b — (b-yf)a 
= a-(xe + yf + zg) b — b- (xe + yf + zg)a, 


since a:f, a'g, b'e, bg are all zero. Hence, finally, 
17.12 (a x b) x c = (a‘c) b — (b-c) a. 
Interchanging a and e, we deduce 


a x (b X ¢) = {c xX b) x a = (c- a) b — (b-aje 
= (a’c) b — (a-b)c. 


By considering {(a x b) x ¢}:d, we find also that any four vectors a, b, c, 
d satisfy Layrange’s identity 


17.13 (a x b)'(¢ xX d) = (a €)(b-d) — (b-e)(a-d). 


C. J. Coe and G. Y. Rainich, American Mathematical Monthly, 56 (1949), pp. 175-176 
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It is sometimes desirable to express a vector in terms of its.components 
in the directions of the axes of rectangular Cartesian coordinates, that is, to 
let the coordinate symbol (x, y, Z) for the point P to be sed also for the 
vector OP, where O is the origin (0, 0, 0). In other words, we use P = 
(x, », Z) as an abbreviation for 


17.14 r = xi + yj + zk, 


where I, į, k are unit vectors along the three axes (so that this is a special case 
of 17.11). Since 


=t?=1, j-k—k-i=i-j=0, 
i=ixk i=kxi, k=ixi  [iik) =}, 


17.15 


we easily deduce, for any three vectors r, r’, e”, the products 








17.387 rer’ = xx’ + yy’ + 27’, 
,_|¥ Z|, Z x}. x y 
reece Zli] zji% >ik 
and 
x y Z 
317.16 [r r’ r”] = x’ y z’ 
x” y z” 








Since the product of two determinants (like the product of two matrices) 
is obtained by writing down the inner products of the rows of the first with 
the columns of the second, we can bring in three more vectors such as 
q = ui + yj + wk and find 














u v w x x’ x” 

lag g lier] vo wi y yy’ 

u” “ w” Z af gt 

qr q'ř qr” 

17.17 = q -r q or’ q or’ 
q” -r q” e q” op” 


Returning to 17.14, we observe that 


ri=x, ejoy, rmk=z. 


Thus we can express any vector r in terms of any orthogonal trihedron of unit 
vectors in the form 


17.18 r= (Ni + (i)i + (eek) k. 


We shall also have occasion to use the following theorem: 
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17.19 If two vectors, a and b, lie in perpendicular planes which intersect 
"i line g a unit vector k, then 
(a'kXk:b)= a-b. 
| rofl Since the planes ak and kb are perpendicular, 17.13 yields 
0 = (a x k) (k x b) = (a'k)(k +b) — ka +b) = (a*k)X(k' b) — (a'b). 


EXERCISES 


1. How must a, b, ¢ be related in order to satisfy the associative law (a X b) Xx ¢ 
=a X (bX )? 

2. Simplify (a x b} x (¢ x d) two ways and, by equating the results, deduce an 
identity connecting four vectors such as [a b ¢] d. 

3. Simplify (a X b): (a X b), and show that the result could have been anticipated 
in Virtue of a well known trigonometrical identity. 


17.2 VECTOR FUNCTIONS AND THEIR DERIVATIVES 


Vector functions can be differentiated in the same manner as numerical 
functions. Let the vector 
a = a(s) 


be a function of the numerical variable s, and let Aa be the increment in 
Soreepwenaing to the increment As iptlewAgiable s, so that 












a(s + As) = a+ & 


nds to a limit as As tend ‘be vector function 


eat 


in Sierentiable, and the limit iste wasvanye:- 
._ da _,. âa, a(s + As) — a(s) 
tea ae A As l 


The rule for differentiating a product is the same as for ordinary functions. 
In fact, 


(a + Aa)-(b + Ab) — a'b = a- Ab + Aa'b + Aa: Ab 


and therefore 


£ (a-b) =a-b + a'b — lima-bAs 


= a-b — a:b. 
Si i] l d = ° e 
mularly, am ma + ma 
and Le x b) = (a x b) + (a xX b). 
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(Since outer products are anticommutative, we must be careful not to write 
the second term on the right as b x a.) 
Since 
d 2 z 
£ a? = 2a'a 
ds ý 
a variable vector of constant length is always orthogonal to its derivative. 
Since the Cartesian basic vectors i, j, k are constant, their derivatives are 
zero, and 


r= (xi + yi + zk) = xi + jÍ + Zk = (š, J, 2). 


Thus, when we differentiate a vector, the components of the derivative are 
simply the derivatives of the components. 


EXERCISE 


When a particle moves ìn a circular orbit (like a stone swung at the end of a string), 
its position vector from the center has constant length. In which direction is its veloc- 
ity? If its speed is constant, its velocity is a vector of constant length. In which di- 
rection is its acceleration? 


17.3 CURVATURE, EVOLUTES AND INVOLUTES 


The simplest instance of a variable vector is the position vector r = OP 
of a point P that moves along a curve (including a straight line as the simplest 
case of all). To define the length of an arc of the curve, we approximate it by 
a sequence of broken lines, as in §8.5. The increment Ar may be identified 
with the vector along one of the segments of the broken line, so that, before 
we pass to the limit, the corresponding increment of arc is the length |Ar|. 

For most purposes, the directed arc s (measured along the curve from a 
fixed point A to a variable point P ) is the most convenient parameter to 


-> 
use in describing the curve. That is, we regard the vector r = OP as a func- 
tion of s. Since 


A x \2 2 2|} ` ° . 
im E siZ) e (2) + (GE) ea 
Struik 1, p. 7], the limit of Ar/As is the unit tangent vector 
p 
t= r. 


If another parameter u is used instead of s, we can easily make the neces- 
sary adjustment. The derivative dr/du is still a tangent vector, namely 


de _deds _ ds, 


du dsdu du ’ 


the connection between s and u is determined by the length, ds/du, of this 
vector, and t is the unit vector in the same direction. 
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For instance, in the case of the circle 


x = pcos u, y= psinu, 
of radius p, we have 
r = p(cos u, sin u), 
d t = p(—sin u, cos u), 
g = p, t = (—sin u, Cos u). 


For any curve in the (x, y)-plane, the tangent vector is 
17.31 t = (cos y, sin Ņ), 
where y is the angle that t makes with the vector i along the x-axis. The 


curvature of the plane curve is the arc derivative of this angle: 


ay . 
17.32 E na 
‘i ds Y 


Since t is a vnit vector, its derivative is in the perpendicular direction, that 
is, in the direction of the unit normal vector n = (—siny, cosy), which is 
derived from t by a positive quarter-turn. Thus 

i y — sin 4, cos) 
17.33 = KN, 


and we regard « as being positive or negative according as n is on the con- 
cave or convex side of the curve. 

The derivative of n, being orthogonal to n, is a certain multiple of t. By 
differentiating the inner product n-+, which is zero, we find the precise ex- 
pression 


17.34 n= —«t. 
Applying this method to the circle 
F = p{cos m, Si u), 
for which t = (—sin u, cos u), we Rad. 


kn = t = uje cts ti, —sin i, 
whence 
k= u= l/p and m= ={e0s u,-si0 4). 


This means that the curvature of the circic is thereciorocal of its radius, 
Soddy’s “bend” (p. 15), and its normal is towards the center along the radius. 

Ata point P on any plane curve, the center of curvature P, is the center 
of the circle of curvature, which is the circle of “closest fit,” having the same 
normal and the same curvature. Its “radius” 
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17.35 p = l/k 


(which we allow to be positive or negative with «) is the radius of curvature. 
The center of curvature at P, being distant p from P along the normal there, 
has the position vector 


17.36 r =r + pn. 


When P moves along the given curve (which we now assume not to be a 
circle nor a straight line), the center of curvature Pe moves along a related 
curve called the evolute,* which may be expressed parametrically in terms 
of ij en arc length se- Its unit tangent t, is given by 


Sete = (r +pn)=F + pn + pn 
= t — pkt + pn = pn. 
Since t and n are unit vectors, it follows that 
Se = +p and t= =n: 


the tangent at Pe to the evolute is the same line as the normal at P to the 
original curve (see Figure 17.3a). Thus the evolute, which we ave defined 
as the locus of the center of curvature, could equally well e Jeñned as the 
envelope of normals. uel 





Figure 17.3a 


Integrating the differential equation dse = +dp, we find that, for some 
constant a, 


Sos= ato. 


Regarding the line PP, as a rigid bar that rolls (without slicing? on the evo- 
lute, we now see that the end P of the bar traces out the original curve. In 


* For a full discussion of this subject, see A. Ostrowski, Uber die Evoluten von endlichen 
Ovalen, Journal fur die reine und angewandie Mathematik, 198 (1957), pp. 14-27. 
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other words, the locus of P is an involute of the locus of Pe. We say “an 
involute” rather than “the involute” because different choices of the tracing 
point on the rolling bar yield an infinite family of “parallel” curves, each of 
which is an involute. 

By a change of notation (from re, Sc, te to r, s, #) we can assert that the 
position vector of a point which traces out an involute of a given curve is 


r+ (a —s)t. 


To find t, n, and « for a particular curve, the procedure that we applied 
to a circle (just after 17.34) is usually effective whenever the Cartesian co- 
ordinates are given i terms of a parameter. However, in the case of a cen- 
tral conic, the Desi way to obtain the evolute is as the envelope of normals. 
(See Ex. 2 at the end of § 8.5.) 





Figure 17.3b 


For curves given in terms of polar coordinates, a more geometrical pro- 
cedure may be desirable. For instance, to locate the center of curvature Pe 
at any point P on the equiangular spiral 8.71, we observe (Figure 17.35) that 
Ņ = + 9. Since also 


d = cos $ and a = rcot ¢, 

we have 
_dy _ d _ ddr _ sing 
= as ds ~drds 

so that 


PP. =p = resc o. 
Thus OP, is orthogonal to OP [Lamb 2, p. 337] and Pe is (rc, 8c) where 
re = rcot, b =89 + 4r. 
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Since r = retanọġ and @ = 4-49, the evolute has the equation 


rtan ọ = ap’ t, 
Since 
log tan ẹọ/log # log tan #/cot ò tan & bog tae 
5 


tang? = p =p =K” 
this is equivalent to 


r= an $ log tun b, 


which shows that the evolute is derived from the original spiral by a suit- 
able rotation. (This result could have been seen from simple geometric prin- 
ciples, since the dilative rotation that slides the original spiral along itself 
must also slide the evolute along itself.) 

The spiral is its own evolute if the “suitable rotation” consists of n whole 
turns, that is, if there is a positive integer n for which 


$w + tan ẹ¢ log tan ¢ = 2n7. 
This happens if tan ¢ säiisfies the transcendental equation 
x log x = (2n — 4)n. 


From a table of natural logarithms we see that there is a unique solution 
for each positive integer n. The values n = 1] and n = 2 yield ọ = 74° 39’ 
(Cundy and Rollett 1, p. 64] and ¢ = 80° 41^. When n increases, ¢$ ap- 
proaches 90° and the spiral acquires a smaller and smaller “pitch.” 
EXERCISES 
1. Find the evolute of the cycloid 
x=u+sinu, y = l + cosu. 

(Hint: t = (cos $u, —sin łu). A synthetic treatment is given by Lamb [2, pp. 351- 
352).) 

2. Find the involute of the circle 

X = COS M y = Sinu, 

beginning at the point where u = 0. 

3. From “simple geometric principles,” the radius of curvature of an equiangular 
spiral is proportional to the arc s, measured from the origin. In fact, 


p = 5 COt d. 


17.4 THE CATENARY 


The catenary is an infinite curve, the idealized shape of a uniform chain 
hanging freely under the action of gravity. The curve evidently lies in a 
plane, which we may take to be the (x, »)-plane with the y-axis vertical, as in 
Figure 17.4a. Let W denote the weight of a unit length of the chain. We 
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Y 








Figure 17.4a 


consider the forces acting on arc AP, where A is the lowest point (s = 0) 
and P is at distance s, measured along the curve. The tangent t at P makes 
a certain angle y with the x-axis i, and! aite, parmal n makes the same angle 
with the y-axis j, so that 


i-t = jen = baie es —sin y. 
NRO 
By considering various points P on the same chain, we may regard the in- 
clination 4 as a function of the arc s, or vice versa, while conditions at A 
remain constant. The three forces that act on the arc AP are: the tension 
Tat P, acting along the tangent t, the tension Wa (equivalent to the weight 
of a certain length a of the chain) along the tangent —i at A, and the weight 
Ws in the direction —j. Since these three forces are in equilibrium, we have 


Tt — Wai — Wsj = 


To eliminate the unknown (and uninteresting) tension T, we take the inner 
product with n, obtaining 


Wa sin y — Ws cosy = 0, 
whence 
17.41 $= atany. 


This equation, expressing the arc-length as a function of the inclination y. 
is called the intrinsic equation of the catenary. To deduce the Cartesian 
equation [cf. Lamb 2, p. 290] we observe that 


dx = ds cosy, dy = dssiny 


(Figure 8.5a) and make the “Gudermannian substitution” 


cosh u = sec y, sinh u = tan y 
(Figure 17.45), which implies 
sinh u du = secy tan y dẹ, 
du = sec Ņ dọ. 
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Differentiating 17. 4], we obtain ds = asec? y dẹ, whence 


dx : de cosy = =asecy dọ = a du, 
dy z siny = = asec Ņ tan ġ dọ = a d(sec y) = ad(cosh u). 


Taking the lowest point A (where s = 0, y = 0, and u = 0) to be (0, a), we 
deduce 








x=au, y= acoshu 


or, in a single equation, 


17.42 y = a cosh ž. 


4 
ot 
sinh u 


1 
Figure 17.4b 


) EXERCISES 


1. A uniform chain gpi ie held ai a hangs over a smooth peg at A, so placed that 
the chain just above A is horonial ari the peg gives it a right-angled bend. If the part 
of the chain from 4 to P is in the position indicated in Figure 17.4a, where is the free 
end O? 


2. For the catenary, s = a sinh u and p = a cosh? u. 
; s\2]3 š 
3. Deduce (7a? thom a eita [i+ (=| | an a2 = K 
dx a dx a 


4. Obtain intrinsic equations for (a) the cycloid x = u + sin u, y = cos u; (b) the 
parabola y? = 2x. 





S. Use the Gudermannian substitution to work out f sec y dy. 


17.5 THE TRACTRIX 


Let us now investigate the involute of the catenary, unwinding from its 
*.point A, as in Figure 17.5a [Steinhaus 2, pp. 212-213]. Since the 
ector of the general point P on the catenary is 





r = (au, a cosh u) = au, cosh u), 
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Y t 





Figure 17.5a 


where u is given in terms of s by the relation s = a sinh u, the unit tangent 
vector is given by 

asdr _ dr 

acoshut =- S2 =". 

duds du 

t = (séch u, tanh u), 


= a(l, sinh u), 


and the position vector of the general point Q on the involute is 


r — st = a(u, cosh u) — a sinh u (sech u, tanh u) 
= a(u — tanh u, sech u). 


Thus the involute, which is known as the ¢ractrix, has the parametric equa- 
tions 


17.51 x = a(u — tanh u), y=asechu 
[Lamb 2, p. 325], from which there is no advantage in trying to eliminate u. 


Since the unit normal vector at P to the catenary is {— tanh u, sech u), the 
unit tangent vector at Q to the tractrix is (tanh u, — sech u), and the position 
vector of the point N at distance a along it is 


a(u — tanh u, sech u) + a(tanh u, — sech u) = (au, 0). 


Thus the length of this tangent QN, from its point of contact to its intersec- 
tion with the x-axis, has the constant value a. This is the property that gives 
the tractrix its name: if the (x, y)-plane is horizontal and you walk along the 
x-axis dragging a stone (originally at A) by means of a string of length a, the 
path of the stone is the tractrix. The x-axis is clearly an asymptote. 
Another way of expressing the same property is that the tractrix is an 
orthogonal trajectory of a system of congruent circles whose centers lie on a 
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straight line. E. H. Lockwood* has developed this idea into an approximate 
construction for both the tractrix and the catenary. 


EXERCISE 
Compute p for the tractrix. What is its value at the “cusp” 4, where u = 0? 


17.6 TWISTED CURVES 


We saw, in 7.52, that every displacement is a rotation or a translation 

a twist (that is, the product of a rotation and a translation), As G. Mozzi 
remarked in 1763, this description evidently holds not only for a finite dis- 
placement but also for a continuous displacement: in the most general 
motion of a rigid body, there is at each instant a definite screw axis. In the 
case of a pure rotation, or of the motion of a screw in its nut, this axis remains 
invariant; but in general it is continually changing. For instance, the in- 
Stantaneous axis of a wheel rolling along a road is not the line of the axle 
(which is moving as fast as the vehicle) but a parallel line on the road. 

Any rotation may be described by its effect on a variable orthogonal tri- 
hedron of yi} vectors which, for reasons that will appear a little later, we 
denote by të$ so that 

#2? = p? = b? = |, p>b=b-t=?t-p=0, 
17.61 
t=pxXxb, p=bxt, b=txXp, [tpb] =1 


(cf. 17.15). We regard these unit vectors as functions of a parameter s. Since 
the derivative of any unit vector is in a perpendicular direction, the deriva- 
tive of each of t, p, b lies in the plane of the other two and is a linear com- 
bination of them. Differentiating the relation p'b = 0, we see that the co- 
efficient of p in the expression for b differs only in sign from the coefficient 
of b in the expression for p; similarly for the other pairs of vectors. Hence, 
for suitable numbers «x, A, 7 (functions of s), we have 


17.62 t=«p—Ab. p=th—«t, b= Àt — ap. 
These derivatives are conveniently expressed in terms of Darboux’s vector 
d = 7t + Ap + xb. 
For, we easily verify that 
a=dxa, 


where a = t or p or b or any other vector rigidly attached to the moving 
trihedron (cf. Kreyszig 1, p. 44]. We may even omit the variable vector a 
and write “symbolically” 


* Mathematical Gazette, 43 (1959), pp. 117-118. 
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17.63 d = gy, 
ds 
At any point P on a twisted curve, the unit tangent vector t = r can be 
defined in the same way as for a plane curve. But instead of a unique nor- 
mal orthogonal to t, we have a narmal plene containing a whole flat pencil 
of normals. Among the unit normal vectors, we give special names to two: 
the principal normal p, in the direction of t, and the binormal 


b=txX p, 


perpendicular to the plane tp. Since this plane contains the derivative of + 
as well as t itself, its order of contact with the curve is higher than that of 
any other plane through +. Because of the more intimate contact, we call 
tp the osculating plane at the point P. (It contains the directions of veloc- 
ity and acceleration of a point moving along the curve [Forder 3, p. 131].) 


The formulas 17.62 for the derivatives of t, p, b are applicable, with the 
simplification A = 0 due to our choice of p in the direction of t. Thus we 
have the Serret-Frenet formulas 


t= KP, 
17.64 p = 1b — xt, 
b = R TP, 


which may be epitomized in the form 17.63 with 


17.65 d = kb + 7. 


The coefficients x and 7 are called the curvature and torsion of the curve (at P). 

When x is constantly zero, t never changes and the “curve” is a straight 
line. As the name “curvature” suggests, « measures the rate at which any 
nonstraight curve tends to depart from its tangent. Like a plane curve, a 
twisted curve has a circle of curvature of radius 1/«, which lies in the oscu- 
lating plane and has its center on the principal normal; that is, the position 
vector of its center isr + pp, where p = 1/« is the radius of curvature. 

When 7 is constantly zero, the osculating plane never changes, and we 
have a plane curve, with n = p. The torsion (so named by L. I. Vallée in 
1825) measures the rate at which a twisted curve tends to depart from ng 
osculating plane. $ 

The formulas 17.64 were first given by Serret (1851) and Frenet (185) l 
without the vector notation, that is, as formulas for the derivatives of the 
direction cosines of the tangent, principal normal, and binormal. Combin- 
ing them with 

r= t, 


we obtain F = kp, r= kp + «(th — xt), 


whence |F| = x, (ee F] = kèr. 
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EXERCISES 


1. Fora curve drawn on a sphere, the center of the circle of curvature at any point 
is the foot of the perpendicular from the center of the sphere upon the osculating plane 
at the point. 

2. The tangent to the locus of the center of the circle of curvature of any curve is 
perpendicular to the tangent at the corresponding point on the original curve. 

3. For any twisted curve, [t t FE] = K(k? — KT) = Kö aiy, 

K 
[bb b] = (xr — ki) = 75 zg. 
ds \r 


17.7 THE CIRCULAR HELIX 


As we saw in § 8.7, the locus of a point moving in a pla 
tion of a continuous dilative rotation is an equiangular spiré 
the locus of a point moving in space under the action of a continuous twist 
is a circular helix (§ 11.5). In terms of cylindrical coordinates (r, 8, z), defined 
by 





x=rcos@é, y=rsin@, zas usual, 
a twist along and around the z-axis is 
(r, 06, z) (r, GO+u, z+ uc): 


the product of the rotation @ > 6 + u and the translation z > z + uc. Ap- 
plying this twist to the point (a, 0, 0), we obtain (a, u, uc). Thus the circular 
helix has the parametric equations 

r =a, ĝ = u, z= kC, 
or i 

x =acosu, y=asinu, Z= cu 
[Weatherburn 2, p. 16]. In other words, the helix, which is the shape of 
the rail of a “spiral” staircase, has the equations 


r= a4, z= 
Z 
or x2 + y2 = @?, 2 = tan’, 
x 


which express it as the curve of intersection of two surfaces: the circular 
cylinder 
r=a@, or x? + y? = a2, 


and the helicoid 
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which is the shape of the ceiling of the staircase (or of a propellor blade) 
[Steinhaus 2, p. 196]. 
Differentiating 
r = (a COS u, a Sin u, Cu) 


with respect to s, we obtain 
t = u(—a sin u, a cos u, c). 
Since this must be a unit vector, we have 
ú = I/\/a? + 2, 


and we shall find it convenient to retai: the symbol ú as a temporary ab- 
breviation for this constant. The Serret-F reret formulas yield 


kp = t = u?(—acosu, —a sin u. 0) = — ue geas u, sin u, 0), 
. a 
k= Xa = ——-, 
a2 + ce? 
p = —(cos u, sin u, 0) (perpendicular to the z-axis), 


b =t X p= u(csinu, —c cos u, a), 
— Tp = b = ue (cos u, sin u, 0), 


= ue =- C. 
ees, a 

Thus both « and 7 are constant, a result which could have been seen from 
first principles without any appeal to calculus, since the twist that slides 
the circular helix along itself transforms the curvature and torsion at one 
point into the same properties at another point. Conversely, since every 
displacement is a twist, every curve whose curvature and torsion are constant 
is a circular helix if we include, as limiting cases, the straight line (x = 0, 
a = 0) and the circle {r = 0, c = 0). 

When « and r are constant, Darboux’s vector 17.65, being rigidly at- 
tached to the moving trihedron, is one of the vectors to which 17.63 is ap- 
plicable. Thus . 


and dis constant. In fact, just as the motion of the tangent at a point de- 
scribing a plane curve is, at each instant, a rotation about the center of curva- 
ture, so the motion of the tpb trihedron at a point describing a twisted curve 
is, at each instant, a twist about a certain line fssrew axis) in the direc- 
tion of Darboux’s vector. In the case of the plas¢ carve, the center of curva- 
ture appeared as the center of the circle of “ciosest fit”: having the same 
tangent and curvature as the given curve. Analogously for the twisted curve, 
the screw axis can be obtained as the axis of the circular helix of closest fit: 
having the same tpb and the same curvature and torsion. Thus the screw 
axis is the line in the direction kb + rt through the point whose position 
vector is 
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r + ap, 


where a, being the radius of the circular cylinder containing the helix, is 
obtained by eliminating c from the equations 


a = c 


= —£ t= ——; 
a? + e?’ a2 + c? 
in fact, ae et T 
K2 4 7 


In the case of a plane curve we have 7 = 0, a = p, the position vector 
r + ap becomes r + pn, and Darboux’s vector becomes xb: perpendicular 
to the plane of the curve. 


EXERCISES 


1. The orthogonal projection of the circular helix on a pene through its axis, such 
as the plane x = Q, is the sine curre i 


» = asin“ 
c 


2. Describethe surface formed by the midpoints of alt the ‘abards of a circular helix. 

3. The locus of centers of circles of curvature of a eireulac hèlix H is another circular 
helix Z’, and the locus of centers of circles of curvature of H’ is H itself. For what 
value of c/a {or qye Wik H and EH" be congruent? (It is. of course, sufficient to con- 
sider a single point on #, such as the point where u = 0.) 


17.8 THE GENERAL HELIX 


We have seen that the circular helix is characterized by its property of 
having constant curvature and constant torsion. It is a special case of the 
general helix, which may be defined either as a curve whose curvature and 
torsion are in a constant ratio or as a curve whose tangent makes a con- 
stant angle with a fixed vector. We proceed to prove the equivalence of 
these two definitions. 


Suppose first that the curvature and torsion are in a constant gatio (i.e. 
a ratio independent of s), say i 


T = CK. 
Then t= KP, b = —TpP = —ckp, 
ct+b=—0. 


Since this is the derivative of ct + b, the latter is a fixed vector, say a, which 
makes a constant angle with t since 


a-t = (ct + b)-t=c. 


Conversely, suppose t makes a constant angle 8 with a fixed unit vector k. 
Differentiating the equation 
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t-k = cos B, 


AFYA past an 
by i By | He 
reid 41s 4 1 






we obtain kp'k = 0. 







we have p:k = 0, so that} fatih stant vector k lies in 


res complementary angles With, been t. Sincet-k = 


Rv's 





Assuming that é 
the bt plane ané 
cos 8, we have also 
b-k = sin £. 
Differentiating the equation p'k = 0, we obtain 
(th — xt)-k = 0, 
Tsin 8 — «cos $ = 0, 


K 


Lines in the constant direction k through all the points of the curve gener- 
ate a (general) cylinder. Thus the helix can alternatively be described as a 
curve drawn on a cylinder in such a way as to cut the generators at a con- 
stant angle. In other words, it can be obtained by drawing a straight line 
obliquely on a sheet of paper and then wrapping the paper on the cylinder. 

EXERCISES 

1. Using Darboux’s operator 17.63 to differentiate the constant vector k, obtain 

dxk=0. 


Deduce that Darboux’s vector d = xb + vtis parallel to k: its direction is constant 
(though its length, yx? + 1?, may vary). 


2. Find x and 7 for the curve 
x= 3u — W, v = 3u?, z= Bu 4 w, 


and deduce that this curve is a helix. 


17.9 THE CONCHO-SPIRAL 


The spirals described on shells, and called concho-spirals, are such as 
would result from winding plone logarithmic spirals on cones. 


meny Moseley (1801 -1872) 
bley 1, p. 301] 






The two most interesting helices are as follows: (1) the eitcular helix, 
which is the locus of a point under the action of a continuous twist, so that 
its curvature and torsion are constant; and (2) the concho-spiral, which is 
the locus of a point under the action of a continuous dilative rotation, so 
that its curvature and torsion are both inversely proportional to its arc s, 
measured from the apex O of the cone on which it evidently lies (cutting 
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the generators at a constant angle). A considerable arc of this curve can 
be seen on the shell Turritella duplicata [Weyl 1, p. 68]. Architectural ap- 
plications appear on spires in Copenhagen, notably that of the Stock Ex- 
change Building, where the tails of four dragons are twisted together. 

In terms of cylindrical coordinates, a dilative rotation round the z-axis, say 


(r,8,z) > (ur, O+u, p*z), 
applied to the point (a, 0, c), yields the concho-spiral 
rapa, ĝ0=u, z= p"c. 
To see how the circular helix can arise as a limiting form of the concho- 
spiral, we change the origin by writing z + c for z, and then make ¢ tend to 


infinity and y to | in such a manner that (u — 1)c approaches a finite number 
b. Instead ofr = p“aandz = p’ c, we haver = a and 


Z = (pu — Ne= e- lye > ub. 


Thus the limiting form is the circular helix 
rw =u, z= ub. 
“MXRERCISES 

1. Express the parametric equations for the concho-spiral in terms of Cartesian co- 
ordinates. 

2. Verify from these equations that the tangent t to the concho-spiral makes a con- 
stant angle with the z-axis. 

3. Obtsiz 2 Ssrmula for the angle at which the concho-spiral cuts the generators of 
the cone 








r = Z 
a c’ 

4. A familiar model for a cone of revolution is obtained by cutting out a circular sec- 
tor from a sheet of paper and rolling it up so that the center of the circle becomes the 
vertex of the cone. The angle a of the sector and the semivertical angle £ of the cone 
are connected by the formula 


a = 2r sin f: 
for example, the sector is a semicircle if 8 = 7/6. If sin 8 = 1/n, where n is an in- 
teger greater than 1, the unfolded form of any concho-spiral on the cone consists of a 
sequence of arcs belonging to n equiangular spirals. 
5. Like any other helix, the concho-spiral lies on a cylinder and cuts the generators 
ata constant angle. What kind of cylinder is this in the present case? 
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The tensor notation 


In this interlude between the differential geometry of curves (Chapter 17) 
and the differential geometry of surfaces (Chapter 19) we introduce Ricci’s 
famous notation, which is both suggestive and economical. (Without its aid 
the general theory of relativity could hardly have been formulated.) One of 
its simplest applications has no direct connection with ditferential geometry: 
“reciprocal lattices” are used in both x-ray crystallography (§ 18.3) and the 
geometry of numbers (§ 18.4). 


18.1 DUAL BASES 


The tensor method .. . has the great advantage thot it is not a new 
notation, but a concise way of writing the ordinary notation. 


Harold Jeffreys (1891 - } 
[Jeffreys 1, Preface] 


As a basis for our vector space (or a frame for affine coordinates), instead 
of e, f, g (as in 17.11) or i, j, k (as in 17.14), it is more systematic to write 
r1, r2, r3. Along with this set of three independent vectors we use also the 
dual basis r', r2, r?, defined in terms of ry. re. r3 by the equation 


18.11 rr, = Ôp, 


where the Kronecker delta 55, is a useful symbol which means 1 or 0 according 
as a and £ are equal or unequal. (The “1, 2, 3” of the dual basis are not ex- 
ponents but “upper indices” or “superscripts,” analogous to the subscripts 
used in the original basis.) Thus r! is perpendicular to the plane rzr3 and its 
length is adjusted so that r! - rı = 1; similarly for r? and r3. Each e*, being 
perpendicular to two r,’s, may be expressed as an outer product: 





ro X Fs r3 X rı ri Xr 
18.12 r! = r? = ——_--, r = - 
J J. N 
where, since r°» r, = 1, 
18.13 J= [ry r2 r3]. 


292 
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Since the basic vectors r, are independent, ./ #0. By 17.17, we have 


rier plerg ri'r 1 0 @ 
[r' r2 r"] [r1 r2 r3] = | r2-r; r2er2 veers} = |0 1 B= 4, 
rier, Ber erg 00 1 


so that 
18.14 [r r? r3] = J-1 


and the dual basic vectors are likewise independent. Interchanging “uppers 
and lowers” in 18.12, we obtain 


18.15 ry = Jr? xr, r =J xri, r= Jri x r. 


EXERCISE 
Deduce 18.14 from 18.12 without using 17.17, (Hint: Apply 17.13 to ry, r3, r2, 67.) 


18.2 THE FUNDAMENTAL TENSOR 


Any vector u may be expressed as X u, r“ (meaning uyr! + uzr? + uzr”) 
oras Su%r,. The covariant* components u, and contravariant components 
u“ are simply the inner products u - rą and u~r*; for 


Urg = Dur typ = Tu, = úg 
and 
ver? = Durer? = Due df = us 


(In such expressions as Su,r*+r,, it is understood that the summation is 
taken over the index a that appears twice, once “up” and once “down,” and 
not over the index 8 which only appears once. The sum Xô; u, involves 
three values of a, one of which must be equal to £, so the “incornplete sym- 
bol” 34% serves as a substitution operator transforming u, into ug.) 

Thus 


18.21 v= Du-rg ro = Durr’ ry. 


In particular, this holds when u = r, or r*, in which cases the components 
üp = U- rp and u’ = u- r? are denoted by 


18.22 Bon Ve lo, gr = et PF, 
so that 
18.221 Pa = È gnat”, r= ger, 


*For the whole story of the subtleties that underlie the terms covariant and contruyariant, see 
Kreyszig [1, p. 88]. The present treatment was suggested by G. Hessenberg, Vektorielle Be- 
griindung der Differcntialgcometrie, Mathematische Annalen, 78 (1917), 187-217. 
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(In the expression S gu, r°, it is 8 that appears twice, so we sum over 8, ob- 
taining g.1¢! + gaz? + g.3 6°.) The commutativity of inner products shows 
that 
Bap = Bgo = BP. 
The connection between the covariant tensor gag and the contravariant ten- 

sor g™" is found as follows: 

E Lay 8” = LBay ** rf = ryer? 
18.23 = ô£. 
Thus the two symmetric matrices || gap || and || g°® || have as their product the 
unit matrix. The two corresponding determinants cannot vanish, since their 
product is l. When the coefficients ga, are given, we have, in 18.23 for each 
value of 8, a set of three linear equations 

B18” + 828? + gag” = 8f (y = 1,2, 3) 


to be solved for the three unknowns gt£, g?£, 23. By Cramer’s rule [Birkholf 
and MacLane 1, p. 286], the solution is 


g*® = (cofactor o 





G = det(gap). 
In particular, if 823 = 831 = 812 = 0, w 

8% = l/ZBaa 
and g?3 = g3! = gl? = 0. 


To express either kind of components of a vector u in terms of the other 
kind, we have 


Ua = Uh, = UD Bap rÊ 
18.24 = I gag UÊ, 
and similarly, u° = = g*ê ug. The inner product of two vectors 


value, = tue and v= ler, = Erger” 





y be expressed in various ways as a bilinear form: 
u'y = Bu'r, Y = Dur, 
UV = Eurr = DU, v’, 
uv = Durr, Ev’ rg = TZ gap ur V, 
U'V = Dur D vpr? = TD g'e ua Vg. 
In particular, the length | u| is given by 
|u|? = u'u = È uu? 


18.25 = EÈ Sap U" UË = TE g Unip- 
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Let us regard u and v as the position vectors of points having contra- 
variant coordinates (u!, u?, u3) and covariant coordinates (v1, vz, ¥3), respec- 
tively. If wis fixed while v varies, the two equations 


18.26 uv = 0, u-v= 1 


define respectively the plane through the origin perpendicular to u, and the 
parallel plane whose distance from the origin, being the length of the projec- 
tion of v on the unit vector u/ |u|, is 





The latter plane, passing through the inverse of (u', u?, u3) in the unit sphere 
v'v= l, 


is the polar plane of (u, „u7, u3) with respect to the sphere. (See § 8.8.) 







It is sometimes corny 
teSian coordinates: 


‘nt to express the basic vectors in terms of Car- 


Then, by 18.22 and 17.15], PRIN 
18.27 Eag = Fahy = Xaky' + Po + Zap, 


X% Jı 2 
18.28 J = [ri r2 r3] = | x2 yo 22|, 
X3 y3 Z3 








and the determinant of the fundamental tensor is 




















811 812 813 “1 YM Zi X1 X2 Xz 
18.29 G= | gn g22 g3 |= |xz2 yo Ze || v ye y| =P. 
831 832 833 X3 Y3 23 Zi 22 23 
EXERCISES 


1l. utv = ulv, + uy + 3 03. 
2. |u]? = gulu!) + g22(4?)? + gss(us)? + 2gs u?u* + 2g3, wut + 2gr2 u'u. 
Give the corresponding expression for u- v. 
3. Use 18,12, 18.221 and 18.15 to prove 17.12 in the form 
(r1 X r2) X Fs = g13P2 — Sear. 


4 Zxr, =0. 
5. Express det (g*“) in terms of G = det (gap). 
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18.3 RECIPROCAL LATTICES 


it con fairly be said that the reciprocal lattice provides one of the most 
important tools available in the study of the diffraction of x-rays by 
crystals, 


M. J. Buerger [1, p. 107] 


“The study of x-ray diffraction has confirmed the notion that the symmet- 
rica) appearance of a crystal is a result of the symmetrical pattern formed 
6y nə atoms or molecules. In other words, there is an infinite group of sym- 
metry operations transforming the pattern (regarded as extending through- 
out the whole space) into itself. These operations may or may not include 
rotations, reflections, glide reflections, rotatory reflections or screw displace- 
ments, but in any case the translations contained in the symmetry group 
form a nonempty normal subgroup. This translation subgroup determines 
a lattice whose unit cell contains one or more atoms. The arrangement of 
atoms in the first cell determines their arrangement in all the other cells de- 
rived by the translations. If the cell contains only one atom, we naturally 
choose the origin at the center of such an atom; then instead of an atom 
inside each cell, we shall have one at every vertex, that is, at every lattice 
point. But if the cell contains several atoms there will be several super- 
posed lattices of atoms. Thus a given crystal has a perfectly definite trans- 
lation group, and the lattice becomes definite as soon as we have chosen an 
origin (at the center of an atom or elsewhere). There is still a theoretically 
unlimited choice of unit ceils, though in practice we tend to use basic vec- 
tors of roughly equal lengths. However, the volume of the unit cell is defì- 
nite, since it depends on the number of lattice points in a crystal of a given 
size. In fact, any three independent vectors generate a parallelepiped, and 
this is a unit cell whenever it has a lattice point at each of its eight vertices 
but none on its edges, nor on its faces, nor inside. 

The affine theory shows that a sequence of “rational planes” 13.93 can 
be chosen in infinitely many ways. In Euclidean geometry these are no 
longer indistinguishable: each sequence has its interplanar spacing, which 
can be measured as the distance from the origin to the “first” plane 


18.31 Xx + Yy + Zz = |. 


Each sequence of planes contains all the lattice points. Hence, when we 
compare one such sequence with another, the interplanar spacing is pro- 
~ Sertional to the density of distribution of lattice points in one plane of the 

“Seguente, This idea is physically important because the face planes and 
| gleavage planes of a crystal naturally tend to occur among the rational planes 
| Of high dlensity.. Accordingly, we are chiefly interested in the sequences that 
have a relatively large interplanar spacing. On the other hand, the most 
interesting visible points are those at a relatively small distance from the 
origin. The two lattices which we are going to consider are related in such 
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a way that the visible points of either are in directions perpendicular to the 
rational planes of the other and at distances reciprocal to the interplanar 
spacings [Buerger 1, p. 117]. Thus the more important planes of either lat- 
tice will correspond to the more important points of the other. 

The definition in terms of a basis is extremely simple [Coxeter 1, p. 181] 
and the result is easily seen to be independent of the chosen basis. Ifa 
given lattice consists of the points whose contravariant coordinates are in- 
tegers, the reciprocal lattice consists of the points whose covariant coordi- 
nates are integers. In other words, the position vectors are 


u=2u*r, and v= Err" 


respectively, where u“ and v, are integers and r*+rg = 5%. The equation 
uwv = lor 
uly, + Uyo + u3v3 = | 


(see 18.26) implies that the three u’s are coprime, and likewise the three v’s. 
For each visible point (u', u2, u3) of the given lattice, this equation may be 
identified with 18.31: it represents a first rational plane of the reciprocal lat- 
tice; perpendicular to u and at the reciprocal distance |w|—1. Since the dis- 
tinction between “covariant” and “contravariant” is made by an arbitrary 
choice, the relation between the two lattices is symmetric: the first rational 
planes of either are the polar planes (with respect to the unit sphere) of the 
visible points of the other. 

The shapes of the unit cells of the two lattices are determined by the inner 
products 18.22. For the edge lengths of these parallelepipeds, it is conven- 
ient to use the abbreviations 


18.32 ga = V Baa = [ral g" = Vg“ = |r*|, 


so that the angles between pairs of adjacent edges are the angles whose co- 
sines are 


Ss m «Biz, 8 g8t gt? 
8283” 8381” 8182" 878°" gg’ g'g? 
By 18.13 and 18.14, their volumes are J and J-' where, by 18.29, 
J= V6, G = det (gap). 


The simplest agesial case is the cubic lattice consisting of the points whose 
rectangular Cartesian coordinates are integers. In this case 


nor! =i, ro =r? =j, rR =r =k, 


the distinction between covariant and contravariant disappears, and the lat- 
tice is its own reciprocal, Other important lattices are obtained as sublat- 
tices of the simple cubic lattice, that is, yy #atting suitable restrictions on 
these integral Cartesian coordinates. Hy¥.gexking the three coordinates of 
each point have an even sum, we obtain the face-centered cubic lattice; and 
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by making them either all even or all odd, the body-centered cubic lattice. 
(These names refer to a larger simple lattice whose points have only even 
coordinates. In this larger lattice the center of a face has two odd coordi- 
nates and the center of a cell or “body” has three odd coordinates.) Each 
of these two lattices is similar to the reciprocal of the other; for, the bases 


18.33 ri =(0,1,1) m=(,01), os =(,1,0) 


18.34 ri—(-1,1,1), r? 


I] 


g,-1,1l, r= (1,1, —1) 
evidently satisfy a trivially modified form of 18.11, namely, 
r“-rg = 25%. 
This means that they are reciprocal with respect to a sphere of radius y2. 


To make them reciprocal with respect to a unit sphere, we merely have to 
divide all the coordinates of one lattice by 2 (or all the coordinates of both 


by v2). 
For comparison with Buerger [1, pp. 117-127], it is perhaps worth while 
to point out that his 


a, b, €, a*, b*, c*, a, b, Cy a*, b*, t, dirkbs Ohkl, V, y* 
are our 
r1, r2,r3 r}, r?, r’, 81; 82, 83, g}, 2, g, |v|-}, v, J, J-1, 


EXERCISES 


1. Consider two plane lattices derived from one another by ag 
the origin. Exhibit them as “reciprocal lattices” 


y-turn about 






wr, + uer, and pyr) + vè. 
(Hint: r is perpendicular to rz, and r? to rı; also r! +r; = r?+82.) 

2. Write out the fundamental tensors for the face-centered and body-centered cubic 
lattices with bases 18.33 and 18.34. Sketch the unit cells, which are rhombohedra. 
(The former may be regarded as a solid octahedron with a regular tetrahedron stuck 
on to each of two opposite faces.) 

3. A lattice, in three dimensions as in two ($4.1), has a Dirichlet region (or Vo- 
ronal polyhedron) consisting of all the points that are as near to the origin as lo any 
other lattice point. For the simple cubic lattice, this is a cube; for the face-centered 
lattice it is a rhombic dodecahedron, whose faces are twelve equal rhombi; and for 
the body-centered lattice it is a truncated octahedron, whose faces consist of six squares 
and eight regular hexagons [Steinhaus 2, pp. 152, 157}. 
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18.4 THE CRITICAL LATTICE OF A SPHERE 


Given a bounded region K... which contains the origin O as on inner 
point, we consider oll thase lattices which have no point except O in 
the interior of K. The lower bound of their determinants is called the 
critico! determinant of K . . . ond the lattices for which this lower bound 
is attained are called the critical lattices of K. 


Harold Dovenport (1907-1969}* 


Every lattice has a certain minimum distance ¢ between pairs of lattice 
points, and a certain volume / for its unit cell (§ 13.9). This J is called the 
determinant of the lattice, because it is the determinant of the Cartesian 
components of the three basic vectors rẹ. We proceed to prove that, for a 
given value of c, the minimum value of J occurs when the lattice is face- 
centered cubic.f 


c A’ 
a 
A ¢ B 


Consider any point A of a given lattice whose unit cell has volume J. 
Choose a lattice point B at the minimum distance c from 4, and a Jattice 
point C outside the line 4B, at the shortest distance $ (> c) from A. These 
points can always be chosen so that the angle A and sides a, b, c of the tri- 
angle ABC satisfy 


Figure 18.40 


A < da, azb, 
and therefore b2 + ¢? > a2 


(Figure 18.4a). Let A and R denote the area and circumradius of this tri- 
angle, so that, by 1.53 and 1.55, 


164? = —at —b4 —c4 + 2b%? + 2c2u?2 + 2a?b2?, 16A2R2 = þ?c?a?. 


The plane ABC is, of course, a rational plane of the lattice. In one of the 
two nearest parallel planes of the same system, there is a lattice point D 


* Recent progress in the geometry of numbers, Proceedings of the International Congress of 
Mathematicians, 1950, vol. 1, p. 166. 

+ A. P. Dempster, The minimum of a definite ternary quadratic form, Canadian Journal of 
Mathematics, 9 (1957), pp. 232-234. 
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whose orthogonal projection D, on the plane ABC is not outside the paral- 
lelogram ABA’C. Replacing the triangle ABC, if necessary, by the triangle 
A’ BC, we may assume that D; is not outside the triangle ABC. (The pos- 
sible change of notation involves the central inversion that interchanges B 
and C.) Denoting by d the distance DD, from D to the plane ABC, we have 


J = 2Ad. 


Since none of AD, BD, C2 is parallel to AB, all of them are greater than or 
equal to the next shortest distance b. Since the triangle ABC has no ob- 
tuse angle, circles of radins A with centers at the vertices overlap in such a 
way that every interior point of the triangle except the circumcenter is in- 
side at least one of these circles. Therefore the distance of D, from at least 
one vertex is less than R, except that it is equal to R when D; is the circum- 
center. Thus at least one of AD, BD, CD has its square less than or equal 
to R? + d?, and consequently 


R2 + d? > b? 


with equality only when D; is the circumcenter (and possibly not even then). 
Hence 
= (2a)? 
> 4A2(b2 — R3) = 4b?(—ut — bt — ct + 2b2c% + c?a? + 2u2h?) 
= 4c8 + }c2(b2 — c?)(3b2 + 2c?) + 1b2(a2 — 62d? + c? — a?) 
> 4, 


with equality only when 
R? 4+ Ë = Bb, b= 2, 
and either 
a=b or (ii) b + c? = a. 


Thus there are apparently two “critical” lattices for which the ratio J//c* at- 
tains its minimum value y4}. However, we shall soon see that these two 
are merely different aspects of one: the face-centered cubic lattice. 

In case (i) (Figure 18.45) the tetrahedron ABCD is: regular, and we may 
choose C artesian evordinates 


(0, 0,0), (0,1,1), (1,0, I), are 





Cc A’ 





A c B A G B 
Figure 18.4b Figure 18.4c 
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for its vertices, in agreement with the basis 18.33 for the face-centered cubic 
lattice. In case (ii) (Figure 18.4c) ABA’C is a square, the base of a pyra- 
mid whose sloping faces (such as A BD) are equilateral triangles. Choosing 
A, B and D as before, we now have C at (0, 1, — 1), yielding the alternative 
basis 


18.41 rv, = (01,1), -r= @1,~1), r= (1, 1,0) 


for the same lattice. Thus we have proved that the face-centered cubic lat- 
tice (whose points have integral Cartesian coordinates with an even sum) is 
really the only “critical” lattice. 

By 18.25, the square of the length of the lattice vector 


u = X u* Fa 
is ZZ geg UX Us, 
and c? is the minimum value of this positive definite ternary quadratic form 
when the coordinates ul, u?, u3 are restricted to integral values other than 
0, 0,0. Hence, among all such forms with a given minimum value c?, the 
minimum determinant G = J? = }c® occurs when the basic vectors are 
given by 18.33, so that the form is 
(= u* r,)* — (u? + u3, us + u', u! + u2)2 
= (u? + us)? + {u3 + uy? + (ul + u?y? 
= 2{(ul)? + (u2)? + (uw)? + u?u? + Wu! + ulu?}. 
In other words, every “extreme” form in three variables is equivalent to 
(us)? + (u2)2 + (u3)? + u?u? + wut + u'u?. 
This is a famous result, first proved by Gauss [1, vol. 2, pp. 192-196).* 
EXERCISE 
Using the basis 18.41 instead of 18.33, obtain the equivalent form 


(ul)? + (u2)? + (u3)? +. u?u? + 034), 


18.5 GENERA’ 2OORDINATES 


The position of a point in Euclidean space may be specified by three num- 
bers in many ways. Rectangular Cartesian coordinates (x, y, z) are the most 
familiar; but we have seen (e.g., in § 17.7) that other systems, such as cylin- 
drical coordinates, are sometimes more convenient. Let us use the notation 
(u', u?, u3) for general coordinates. The essential requirements are that, 
witii} a suitable range of variation, x, y, z are single-valued differentiable 
furctioas of ul, u2, u3, while ut, u2, u’? are equally well-behaved functions 
of x, y, z. For instance, if {u}, u2, u3) are cylindrical coordinates, we have 


* For an account of the history of extreme forms up to 1951, see Coxeter, Canadian Journal 
of Mathematics, 3 (1951), p. 393. 
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x = u! cos u?, y = u! sin 2, z = W; 
ul = Vx? + y?, u2? = arctan È, ue =z. 
x 


For arbitrary constants a, b, c, the surfaces 

18.51 ul =a, u? = b, woe 

are called level surfaces, and their three curves of intersection such as 
«u? =b, =c 


are called level curves. Through a given point there is usually one level sur- 
face of each kind, and one level curve of each kind, but exceptions are al- 
lowed. For instance, in the case of cylindrical coordinates the level surfaces 
are cylinders u! = a or x? + y? = a?, planes u? = bor y = x tan b through 
the #-axis, and planes z = ¢ orthogonal to the z-axis. The z-axis itself is 
exceptional because each of its points lies on infinitely many planes &2 = b 
(in fact, on all of them). 


According to the ordinary meaning of partial differentiation, the partial 
derivatives of the position vector 
r= xi + yj + zk 
are the unit vectors along the Cartesian axes: 


oxy az 
The differential of r, representing displacement in any given direction, is 
dr = idx + jdy + kde = idx, dy, a2), 
and the element of arc of any curve i this direction is ds, where 
18.52 (ds)? = |dr|? = drà = {dx}? + (F + (az). 


Instead of regarding r as a function of x, y, z, we may regard it as a func- 
tion of u?, u?, u3. Using a subscript £ io indicate a partial derivative with re- 
spect to u° (so that x, = dx/au*, etc.), we have 

er 


18.53 fot ae Xet al titeh 


and de = r; dul + ro du? + r3 du = Sr, du. 


For a displacement slong the level curve u? = b, u3 = c we have du? = 0, 
du? = 0, and dr = rı dut. Thus r; is a tangent vector to this level curve. 
Similarly rə is a tangent vector to the curve u3 = c, u! = a, and rz is a tan- 
gent vector to u! = a, u? = b. At a general point in space we thus have a 
definite trihedron r; rz r3 depending on the coordinate system. These basic 
vectors are not necessarily of unit length, and not necessarily orthogonal 
(though they do happen to be orthogonal in the case of cylindrical coordi- 
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nates). The derivatives of the Cartesian coordinates are expressible in terms 
of them: 


18.54 Xa = Pa'h, Ya = teh geet k. 


At a general point in space, any two of the three basic vectors determine a 
tangent plane to one of the three level surfaces through the point. For in- 
stance, the plane rar3 touches the surface u! = a since it contains tangents 
to two curves lying in that surface. Hence the dual basic vectors 18.12, 
orthogonal to the tangent planes rears, r3r1, rırg, are normals to the level sur- 
faces 18.51: not, in general, of unit length, but adjusted so that 


re-er, = | (a = 1, 2,3). 


The notation 18.22 provides the following formula for the element of arc 
ds in the direction of a given displacement dr: 


(ds)? = dr - dr = È r, du*-Z rg du” 
18.55 = EÈ gan du” du! 
= 811 (dul)? + go2 (du?)? + 833 (dus)? 
+ 2g23 du? du? + 2gyı du? du! + 2910 du! du?. 


In the special case when ut; u”, 2 are x, y, z, this reduces to 18.52. In gen- 
eral, the coefficients Bua të pot constants but functions of the caorenaios 
and their derivatives (ecet a : ; 

To deal with any grva 
from the derivatives $8.53, ‘then obtain 28 by jakine the cofactors Ban in 
the determinant G and dividing by G itself. 

Our use of the letter / in 18.13 and 18.28 commemorates the German 
mathematician C. G. J. Jacobi (1804-1851). In fact, for transforming the 
triple integral of a function 


f(x,y, 2) = F(u, u?, u?) 
from Cartesian to other coordinates, we use the formula 


Hf Ix, y, z) dx dy dz = HI F(u), u?, 1) ij du? du3, 


a(ul, u?, u3) 









which involves the Jacobian 


X1 yi 21 
Mx, V, 2) 
a =] xe ye Ze | = [r re rz] = J. 
(ul, u?, u3) J | ] 
X3 Ya 23 
EXERCISES 


L. {fu}, u?, u3 are affine coordinates, they are the components of r with reference 
to three fixed independent vectors r1, re, rg, so that 


18.56 r= 2uU°r,. 
(This notation is appropriate since it makes r, = ér/cu*.) The components of r with 
reference to i, j, k are 
x= Ex, u", roly,u%, z= D2, u“; 
Fe = Xd + ve + suk is a constant vector for each a, and all the gax are constants. 
2. Oblique Cartesian coordinates are afline coordinates with the same unit of meas- 


urement along all three axes, so that | ra| = 1. In this case g,, = 1, 588l is the cosine 
of the angle between r, and rg (which are the axes of the coordinat du’), 


3. Rectangular Cartesian coordinates (with axes rotated to new pöstions without 
changing the origin) arise when riryrg is an orthogonal trihedron of unit vectors, like 
ijk, so that 
18.57 Ban = Sap 


(meaning | or 0 according as a and f are equal or unequal). By 18.54, x, is the cosine 
of the angle between the new axis r, and the old axis 4; similarly for ya andz,. Inter- 
changing the roles of the new and old axes in the relation 


Pa = Xai + VES Sak, 






we obtain 
18.58 EPIA o. f= Ev, Fe, k = Èze 


(Since now r° = r., the distinction between covariant and contravariant disappears.) 
From 18.56 deduce 


U? = PaP = Xo X H Vey taz 
so that (paradoxically) 


du y _ ex 


"A a . 
ax gu” 





From 18.27 and 18.57 deduce 
Xa Xg t+ Yale + Zay = Soy. 


With the help of 18.58, evaluate Z x,2 and È veZa. (En technical langusea, these prop- 
erties make 


he 


1 Vi 
X2 Ye 22 f 
x3)! om. zol $ í , A 


i hae J 


y T IAIA = 


1 








n “orthogonal matrix.”) atthe rat 
4. Find Zag in the case of cylindrical: NOHO ert fen Ni a = J, 
5. Find g,¢ in the case of spherical pistik atele piita, 
x = u? sin ul cos u?, y x RANI nye: PEANN $ 4 ds pE isos ul, 
pS 


Describe the level surfaces. ay, HE 
6. Find gay in the case of confocal ula iy 
(A — WA — WPA — ii i ji YRU -KR — B — w) 
“-BA-G. °* (B- CKB-A) 
-C-K - wC ; — RYC - _ u?) 
“aC = AXC- B) B) 





x2 = 





z2 
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where u1 < C < u? < B < u? < A (and x? means “x squared”), In this case the level 
surfaces are the central quadrics 


x2 y? z? 
ik Ba ok 
which are ellipsoids u! = A if A < C, one-shect hyperboloids u? = À if C < À < B. and 
two-sheet hyperboloids u3 = Aif B <A < A. In fact, u1, u?, 4? are the roots of 18.59, 
regarded as a cubic equation forà [Weatherburn 2, p. 211). 





18.59 l, 


18.6 THE ALTERNATING SYMBOL 


As a kind of counterpart of the Kronecker delta, we shall find it conven- 
ient to use the “alternating epsilon” 
EBY = Eagy = F (8 — YY — aa — B), 


which is | if aBy is an even permutation of 123, — 1 if itis an odd permuta- 
tion, and 0 otherwise. This trick provides one of the best ways to introduce 
the theory of determinants [Jeffreys 1, p. 13]: 


1 Ji z 
X2 y2 22 
X3 Y3 23 


$11 812 813 
821 820 B23 | = LED E"? Bia 82g Bay. 
$31 832 833 


From 18.12-18.15 we deduce 


[rtp Fy) = Expy J, [r rê r] = e*6Y J—-1, 
J-1 re X Fg = > Eapy r’, JEX rë = Det Py 


Since ZX “8Y g g = 0, it follows that 
Let Xr, = Te K Egr? = TID EY gay ey /d 


18.61 = BER e”? xX Ve zy, 














= 0. 
The analogous “two-dimensional” symbol is 
ei = ej =j i {i = lor2, j= lor?) 
which enables us to write 
11 1 sj 
: A i = EÈ e” gyi 82; 
(We use Latin or Greek indices according as the range of values is 12 or 123.) 
EXERCISES 


1. Use 18.61 to obtain a formula for the cofactor of x,. Work this out for the case 
when a = 3. 

2. Ife = ci, TD ey = 0. Use the same ites to justify the step XE e°”? guy = 0 
i h boveevaluation of È r° X ra- 


19 


Differential geometry of surfaces 


The present chapter extends the notion of curvature from curves to sur- 
faces. This extension is achieved by considering plane sections of a given 
surface, especially normal sections. Through the normal at a given point 
we can draw infinitely many planes; in fact, we can imagine such a plane 
to rotate continuously about the normal. In general, the curvature of the 
section varies continuously, For one of the planes the curvature attains its 
maximum value, for another, its minimum. We shall see that these two 
planes are at right angles, and that the product of the two “principal curva- 
tures” determines the essential nature of the surface. For instance, this 
“Gaussian curvature” is positive for an oval surface such as an ellipsoid, 
zero for a developable surface such as a cylinder or cone, and negative for 
a saddle-shaped surface such as a hyperbolic paraboloid. 





19.1 THE: SE OF TWO PARAMETERS ON A SURFACE 


To fix the position of a point on the earth's surface, we may give its 
latitude and longitude. . . . Through points on the equator draw me- 
ridians; through points on the Greenwich meridian, draw parallels of 
latitude. The position of o point... is then given by the two curves, 
one of eoch family, which go through it... . Each point, except the 
poles, acquires two definite coordinotes. We can generalize this 
method to any surface, or rather to o piece of ony surface; we ake 
two families of curves on the surface, such that through each ever 
goes just one curve of eoch family .. . as if a fine fishing-ne? ware 
thrown over the surfoce. 


H. G. Forder [3, p. 133] 


A surface f(x, y, z) = 0 is often conveniently represented by a set of three 
parametric equations 


x = x(u}, u?), y = y(ut, u?), z = z(u!, u?), 


from which the single equation f = 0 could be derived by eliminating the 
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parameters ut, u2. We shall assume, as before, that the functions involved 
are continuous and possess all the continuous derivatives that we need. 

A simple instance arises when we regard x and y as the parameters, so 
that the three equations become 


— v= uw, y = u?, z= Kul, u?), 
where the RE at BT Fesult of solving the equation f(x, y, z) = 0 
for z in tegas, Qfte r cÉ En equation 
Á ie -=e I= F(x, y) 
is called Monges 2 Sree Of the F eyaation for a surface. For instance, the sphere 
xt + yt BaP Pwedi on 
> => > Sheba T= =F 


~ 


The square root Makes this a clumsy way to investigate the sphere. It is 
far better to take u! and «u? to be colatitude and longitude, so that 


19.11 x = sin u! cos u?, y = sin u! sin v2, z = cos ul, 
(Colatitude u! means latitude 47 — ul.) 

The vector equation for a surfac 
19.12 r 0% 







> u?), 


just as the vector equation for a curve is r = e(u). The essential difference 
is that the curve has only one parameter, whereas the surface has two inde- 
pendent parameters. 

One way to explore a surface is to investigate families of curves lying on 
it. Among these are the parametric curves 


ul =u and «? =b, 


where a and $ are arbitrary constants. Through a given point there is usu- 
ally one pårawmetrig curve of each kind, but exceptions are allowed. For 
instance, when colàiitude and longitude are used on the unit sphere, the 
curves ul = @ ave circles called parallels of latitude and the curves u? = b 
are great circles called meridians. Almost every point on the sphere lies on 
one “parallel” and one meridian, but the north and south poles lie on all 
the meridians. 

The position vector r, of a point on the surface, is a vector function of 
ul and u?. Using a subscript i te: dnciealog partial derivative with respect 
to ut, we have : 





where ef aes pe 


The differential dr may be regarded as a displacement along a given curve 
on the surface or, more precisely, a displacement along a tangent. In the 
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case of the parametric curve u? = b, we have du? = 0, so that dr = r; dul. 
Thus r; is a tangent vector to this curve, and similarly rz is a tangent vec- 
tor to the other parametric curve u! = a. It follows that the plane rire, 
spanned by these two covariant basic vectors, is the angent plane to the sur- 
face at the point considered, which is the point (ut, u2) = (a, b). In the 
same plane we define the two contravariant basic: vectors ri to be normal 
to the parametric curves, adjusted so that 3. = >> 


rive; = 8}. 





In the tangent plane, there are tangent vectzr going out from the point 
of contact in all directions. Any such vector ae 
19.13 t=2ar = Jair; 
is said to have covariant components a; and contravariant components at. 
It is easily verified (cf. § 18.2) that 
19.14 a; = t+ rj, ú = t- r. 
In particular, the basic vectors themselves have components gij, 8”, such that 
n= = Bij ri, r= > gi fj, 
19.15 
Bij = Pil, gi = r-ri, 
Jn terms of the fundarsental magnitudes of the first order 
811, 812 = 821, $22, 


defined by gi; = rj-r;, we have the following formula for the element of arc 
ds (of any curve on the surface): 
ds? = der+dr = È r; di: È ej dui 
19.16 = Eg; dui dui 
= gir(dul)? + 2g12 du! du? + gzz (du?) 


The fandamental magnitudes (which are functions of the parameters u’) 
âre spoken of collectively as a covariant tensor. The corresponding con- 
traváriant tensor gï is given by the last part of 19.15, which implies 


= gir BY = òk. 
For each value of j, this is a pair of equations to be solved for the two un- 
knowns g" (i = 1, 2). The solution is 
= (cofactor of gi; in g)/g, 


811 812 


where g= = 211822 — (¥12)*. 








821 §22 


Since the number of rows (or columns) in this determinant is only 2, the 
cofactors are single elements, and we have the explicit expressions 
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> 


8’ 8g 8 
It is now easy to derive the covariant components of the tangent vectgr:$ 
from its contravariant components, or vice versa: i 


19.17 git = £22, gi? = gain E2, gz _ 


aj =t: fj = La eee; — È gi; a 
d = tri = Zyre = È gü aj. 
Of course, we are free to interchange i and j, obtaining 
19.18 a, = 2 gy d, ai = È gi aj. 
Since g12 = r; < r2, where r, and rz are tangents to the parametric curves, 
the condition for the two families of parametric curves to intersect at right 


angles is 
£12 = 0. 


Thus in the case of orthogonal parametric curves we have simply 
g = B82, giz=0, gt = 1/gu, 
whence by 19.15, 
ri = gr = Py Bi. 
EXERCISES 


\. The basic vector r; has covariant components gi;, contravariant components 6), 
2 Zri xe, =O. Interpret this geometrically in terms of areas of triangles. 
3, Find rl and r? for the general surface of revolution 

r=(ulcosu?, wsinu?, zZ). 


where z is a function of u? alone. 
4. Find gi; and gë for the unit sphere expressed in terms of colatitude and longitude. 


19.2 DIRECTIONS ON A SURFACE 


Just as a curve in the (x, y)-plane is given by an equation connecting x and 
y, a curve on the surface 19.12 is given by an eguation connecting u! and u?. 


A differential equation determines a family of curves. Ia general, a first- | 
order, first-degree differential equation 


=F cgdvi = 2 


determines a one-parameter family of curves: one curve through each point 
of general position on the surface, going out from that point in a direction 
determined by du?/du! = —c,/c2; for instance, the equation 


du? = 0 
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determines the “first” family of parametric curves. On the other hand, a 
first-order, second-degree equation 
19.21 =z cy du' dui = 0, 


where c12 = Coy and c11 C22 < C12”, determines a net of curves: two curves 
through a general point on the surface; for example, the quadratic equation 


du! du? = 0 


determines a net consisting of the two families of parametric curves taken 
together. 

We have seen that the vectors r; are in the directions of the tangents to 
the parametric curves. Since 


r? = het = Bu 


their lengths are \/gii. Because of its frequent occurrence, we shall use the 
abbreviation g; for this square root; thus 


gi = Vea = |e], 
and analogously 


gays" = |r], 
In this notation, the unit tangent vectors to the parametric curves (touch- 
ing du? = 0 and du! = 0, respectively) are 


rı/gı and r2/g2. 


The angle ¢ at which the two parametric curves intersect is given by 





19.22 cos @ = 2.52 — 812 
81 82 8182 
We see from 19.17 that g! = g2/ V 8, g? = g1ı/ V 8; therefore 
r Vg l l 
sing = = — = —;, 
PS aig BB gg 
that is, £181 = g2g? = csc ¢. 


It follows from the definition of an outer product that the length of the 
vector f1 X Fo iS 


19.23 [ri X r2| = 2. ge sin $ = V8, 


ment of area in the tangent plane} is 
19.24 dS = |r, dul X rs dÊ] = jg dul du? 
[Kreyszig 1, pp. 111-117]. The equation 19.23, in the form 


and that the glement of area on ihe surface (naturally defined as the ele- 


§= (rı X r2)?, 
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A displacement along any curve on the surface is given by 
de = È r; dui. 


If s is the arc of this curve, the unit tangent vector is 


19.25 t= Ha day aie + aes, 
where 
19.251 a= ae (i = 1,2). 


Thus the arc derivatives of the parameters are the contravariant compo- 
nents oft. We shall not attempt to find a corresponding interpretation for 
the covariant components aj, given by 19.14 or 19.18. On the other hand, 
jt is easy to give a geometrical interpretation for both kinds of component. 
Let PQ, and PQ» be tangent vectors to the parametric curves, of such lengths 
that PT, representing t, is a diagonal of the parallelogram PQ,7Qz, as in 
Figure 19.2a. Lett divide the angled = Z Q1PQz into the two parts 8 and 
$ — 0. Let PR TR» be a parallelogram whose sides are perpendicular to 
the tangents. Since 


> > RSA 
PT = t = adir + ar = PQ; + PQ: 
—> 
=ar! + age? = PR, + PR, 
the lengths of the various lines are: 


PQ; = gia, PR; = gia, PS; = t'ri/gi = a;/gi. 
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The angles are given by 
cos 0 = PS, cos (¢ — 0) = PS2. 


By taking the inner product of 19.13 with itself in various ways, we can 
express the obvious relation tł? = 1 in the equivalent forms 


19.26 == g” di dj = 2 a; a= == giy at a = l. 


In virtue of 19.251, the last of these relations is a restatement of 19.16. 
Similarly, by working out the inner product of two such unit tangent vec- 
ies 


Lar = Zain, and E bjr = X din, 
we obtain various expressions for the cosine of the angle between them: 
19.27 22 giia,b = È? aibi = Lab = ZÈ giai bi = È ai bi. 


Eliminating ds from the two equations 19.251, we obtain the differential 
equation 
a? dut — ai du? = 0 


for a family of curves whose typical tangent is given by 19.25, Another 
family, cutting all the members of the first family at right angles, has the 
differential equation 


19.28 b? du! — b! du? = 0, 
where, by 19.27, 
XI gja bi = 0. 
Writing this relation in the form 2 ajbi = 0 or 
aib! + azb? = 0, 
where a; = È g;; a‘, we find that the equation 19.28 is equivalent to 
a, du! + ao du? = 0. 


In other words, 
The orthogonal trajectories of the curves a? du’ — a! du? = 0 are the curves 


5 a, dui = 0. 
It follows also that the two families of curves 
= a; dui = 0, = b;dui = 0 
are orthogonal if and only if 
19.29 22 gö a,b; = 0. 


The net of curves given by the quadratic differential equation 19.2] is an 
orthogonal net if and only if 


19.291 I? gü j= 0. 
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For, this condition is the same as 19.29 if the quadratic expression factorizes 
in the form 


=> Ci dui dw = È di dui+ > bj dui, 
so that Ciji + Ca = ibj + djb. 
EXERCISES 
Use 17.13 to prove that (ry X r2} = g (cf. 19.23). 


Express tan ġ in terms of the fundamental magnitudes gij and their determinant g. 
In Figure 19.2a, TS, = a?/g? and TS2 = a!/y!. 


appa 


Reconcile the formulas 
cos @ = ay/gy. cos (ob — 0) = a2/82, 
sin @ = a?/g?, sin (ġ — 0} = a!/g! 
with 19.22. “ee 
5. Thenetof curves bisecting 
is given by the differential equa’ 
81g UE — gez (du)? = 0. 


the angles between the parametric curves (du! du? = 0) 








(Hint: Find the condition for the parallelogram ?Q,7Q2 to be a rhombus.) 


6. Interpret the equation 19.2] in the case when ¢1; = ¢22 = 0. What docs the 
condition 19.291 tell us in this case? What does it tell us about the curves degsribed in 
the preceding exercise? a 

7. Use 19.24 to prove that the area of the unit sphere 19.11 is 47. 


19.3 NORMAL CURVATURE 


The unit normal vector n at a point P on the surface is naturally defined 
as the unit vector perpendicular to the tangent plane in such a direction 
that the three vectors rı rom form a right-handed trihedron. Jn virtuc of 
19.23, we have ry X r2 = ygn, so that 


rı X r2 
vg ` 
[ra r2 n} = V8 


19.31 n= 









r xX F; = ĉij vgn (ej = j — i). 
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The tangent plane at P contains a flat pencil of tangents 
7 ¥ = Lair; 
each of which determiiies 2 naval plane tn. The section of the surface by 
such a plane is called anormal section; it is a plane curve whose curvature «K 
at P is called the normai curvaiure at P in the directiont. Differentiating 
with respest to the arc s of the normal section, we obtain 


,_ Ayn — 5’, ra 
t= 72a = 27 Fit Zahn. 


By 17.33, this is xe, Since mis perpendicular to r;, inner multiplication by n 
will eliminate the fiyst sum on the right. (To differentiate r; we use the 
operator 


d_j 
E ag" 


where ai = dw/ds.) Thus we are left with 


kamnin sien ad (ad r)en 
ds 


a2 

= i p > cr ~] i ; 

=z at Saif, en = Dla ad ——_--n = 22 a airy on. 
Qui Qui Jui 


Introducing the important notation 

19.34 bij = rij'n (i,j = 1,2) 
we now have the simple formula 

19.35 k = 22 bj æd 

for the normai curvature in the direction X adr;. Since ej; is a second deriva- 


tive, 
bij = bj. 


The three functions 43, b12, b22 are known as fundamental magnitudes of the 
second order. Like those of the first order, they occur as coefficients in a 
quadratic differential form: 
19.36 kds? = D} bij dui dwi 
= by1(du*)? + 2by2 duldu? + bzx(du?)?. 

(It must be remembered that the normal curvature « depends on the direc- 
tion of the tangent, and therefore on du! : du?.) 

Differentiating the identity r; -n = 0, we obtain 

ron + renj = 0, 

whence bij = —-F AR; = — Ni: Fj. 


Along with the “covariant tensor” by, we shall sometimes find it convenient 
to consider the “mixed tensor” 
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19.37 bE = 3 gik by = —Zg"* Fen; = —rken; 
and the “‘contravariant tensor” 
19.371 bik = E gä bË = TD gii gk bi 


= 22 g“! g by = 2 ght bi = bf., 


The derivative n;, being perpendicular to the normal n, is a tangent vec- 
tor, capable of being expressed as a linear combination of the basic vectors 
ri or rj. Since its covariant and contravariant components are 


i nie; = — bij, ni = —bj, 
the expressions are 
19.38 ni = —Ebyjri = —È hir; 
We have thus established the “Weingarten equations” 
ni = —bi r — bi ro, 
nz = —b2 rı — b? r2, 


which express the derivatives of the normal n in terms of the derivatives of 
the position vector r. 


EXERCISES 


1. Evaluate r? x r?. 

2. Work out bij for the unit sphere in terms of colatitude and longitude. Verify that 
the normal curvature is the same in all directions and the same at all points on the 
sphere. (Hint: Since n = r, bj = — gij) 


19.4 PRINCIPAL CURVATURES 


Take a unit sphere and draw the radius parallel to the normal at a 
paint P of [a given] surface. The radius meets the sphere in the spher- 
ical representotion of P. Clearly we must distinguish between the two 
sides of the surface, and draw the normal on the selected side. By this 
representation, to a curve on the surface corresponds, in general, o 
curve on the sphere, and to a piece, a piece. But as normals to the sur- 
foce at different points may be parallel, pieces on the sphere might 
overlap even when they correspond to non-overlapping pieces on the 
surface. But if we take pieces an the surface, not too large, this will not 
occur... . To a smoll piece round P on the surface will correspond a 
small piece on the sphere, and the ratio of the area of the latter to the 
area of the former, as these areas shrink to zero, tends to the total cur- 
voture at P. 

H. G. Forder [3, pp. 139-140] 


Consider a variable plane through the normal at a point Pona A given 


aAwefaan Tae nannh annesin AL AL nw alama dla ma wee ol we tte - Ta oe] ta) aon oe 
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« given by 19.35. In exceptional cases (e.g., at the north and south poles of 
a spheroid) it may happen that « remains constant; such a point P is called 
anumbilic. If P isnot an umbilic, a continuous rotation of the normal plane 
nt makes « vary in such a way as to return to its original value as soon as a 
half-turn has been completed. With the help of 19.26 we may express 19.35 
in the homogeneous form 


KD gia ai = XX bj; ai d 


or 
19.41 2 X(bi; _ kgia d = Q. 
This exhițġiłx as a continuous function of the ratio 
a _ du? 
a” dy)’ 


which determines the direction of the tangent 
t = Däri. 


In the course of its continuous variation, the normal curvature « must attain 
at least one maximum and at least one minimum. We proceed to prove that 
there is just one of each, and that they occur in perpendicular directions. 
The maximum and minimum values of « are called the principal curvatures, 
the positions of tin which they occur are called the principal directions, and 
the curves whose direction is always principal are called (perhaps not too 





Cij = bij — KBij, 
so that cij = Cj- To find the principal curvatures and principal directions, we 
may differentiate 19.41 and then set dk = 0 or, more conveniently, differ- 
entiate 19.4] regarding «x as a constant. Since b;j and g; depend only on 
the fixed point P, this means that we differentiate 


Lead = 0 
treating the coefficients cij as constants. Differentiating partially with re- 
spect to a*, we find 


a 


dak 





XZ ey ata = TX ci; er + a ie | 
= LZ cy (dia + a ei) = Ecja + È ciat 
= Zee + cix)at = 22 cip ai. 

Restoring the proper expression for cix, we deduce 

19.42 È (bik — Kg) = 0 (k = 1, 2). 
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Multiplying by 9* (and summing over &) to eliminate the coefficient gix, we 
obtain 


19.43 = (bi — kõi) = 0, 
that is, 
19.44 2 bia — kd = 0 (Gj = 1,2). 


From these two equations we can find the principal curvatures by eliminat- 
ing a2/a}, and the principal directions by eliminating «x. 
When written out in detail, the equations are: 


WH wat + bje = 0, 


Eliminating a?/a1, we obtain 





bi — bs | 5 
b? b3-—-K« |’ 
that is, 
19.45 K? — Sbix + det (H) = 0. 


This quadratic equation has for its two roots the principal curvatures k,1,, 
k,2,, whose product and arithmetic mean are known as the Gaussian curva- 
ture K and the mean curvature H. Thus «1, and k,2, are the roots of the 
equation 


k? — 2Hx + K = 0, 


where 
19.46 2H = kay) + Ka, = Ebi = bj + bi 
and 
19.47 K =k Kia = det (bi) = b! b2 — b} b?. 
Since 
ek= [em gel ot al = [a gl =e 














say, another expression for K is the ratio of the two fundamental determi- 
nants: 


19.471 kar 
8 
When KX is positive, the normal curvature (never going outside the range 
from xı, to K,2,) has the same sign in all directions; the tangent plane at P 
meets the surface “instantaneously” at P and not anywhere else in the 


354 DIFFERENTIAL GEOMETRY OF SURFACES 


neighborhood of P. The surface is then said to be synclastic (or “oval’’). 
Ellipsoids, ¢lliptic paraboloids, and hyperboloids of two sheets are every- 
where synclasiic. 


When X is negative, the normal curvature changes sign twice (during the 
rotation of the normal plane through a half-turn about the normal at P ); 
therefore it is zero in the directions of two special tangents, called the in- 
flectional tangents at P. The surface crosses its tangent plane, and its sec- 
tion by this plane is a pair of curves that cross each other at P, the two 
tangents at this “node” being the inflectional tangents. 

A practical instance is the general shape of the ground at the top of a 
mountain pass. The tangent plane is the horizontal plane, which touches 
the curve of the footpath and cuts into the ground on both sides. The fact 
that the tangent section has a node is seen in a map on which contour lines 
are marked. The mountain pass occurs where one of the contour lines 
crosses itself [Hardy 1, p. 65). 

Such a Surface is said to be anticlastic (or “saddle-shaped’’). Nondegen- 
erate ruled quadrics (namely, hyperbolic paraboloids and hyperboloids of 
one sheet) are everywhere anticlastic. 

Surfaces more complicated than quadrics may be synclastic in some re- 
gions and anticlastic in others. Regions of the two kinds are then separated 
by a locus of parabolic points, at which K = 0. Hilbert and Cohn-Vossen [1, 
p. 197, Fig. 204] show a bust of Apollo on which the curves of parabolic 
points have been drawn. They are quite complicated, especially round the 
nose and mouth. 

Surfaces on which K = 0 everywhere are said to be developable. Such sur- 
faces include cones and cylinders, and also the surface traced out by the tan- 
gents of any twisted curve. 


The Weingarten equations 19.38 provide a useful expression for the Gaus- 
sian curvature as a triple product: 


19.48 K = [n n; no) Vg. 
In fact, 
[nni nz] = [n E bir; Ebie) =Z bibiine; r] 
= 2E bi bie, Vg =det(bi) Vg 
= K yg 


Another expression, involving an arbitrary unit tangent vector t, was dis~ 
covered by A. J. Coleman: 


19.49 Vg K = 22 eï [n t t], 


where the final subscript indicates differentiation with respect to uw’. This 
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is deduced from Lagrange’s identity 17.13 by introducing another unit tan- 
gent vector m = n X t, so thatn = t X mand 


[n n; n2} = (t x m)' (n, X n2) 
= f'eni M'n? — t'enz m'n, 
= 22 ci ten; m'n. 


Differentiating t-n = 0, m-n = 0, and using !7.19, we see that 


t'n; mnj = ton mjn = tion AM; 
= t:m; = (ti: m)j — ty’ m. 


Since => ež t; = 0, it follows that 


V8 K = XZ (ti: m); = 22 efi (m-t;); 
= =D e [n t t;]j. 


(We have interchanged the t and m of Kreyszig [1, p. 146].) 
Since n, X Mz is parallel to n, 19.48 may be expressed in the form 
|n X n| = |K| vg, 


which can be used to establish Gauss’s geometrical interpretation for K. To 
obtain his spherical representation of a surface, Gauss considered the locus 
of the end Q of a vector 


-o 
OQ =n, 


where O is a fixed point and n is the unit normal at a point P which varies 
on the given surface [Hilbert and Cohn-Vossen 1, pp. 193-196]. When P 
travels over a sufficiently small region F, bounded by a simple closed curve 
on the surface, Q travels over a corresponding region G of the unit sphere 
with center O. Gauss defined the zotal curvature of the surface at P to be 
the limit of the ratio of the areas of G and F when these regions are shrunk 
to single points. By 19.24, the area of F is 


ffin dw X rz du?| = ff Vg dw du?. 
Analogously, the area of G is 
ffin du! X nz du?| 


Hence the limit of the ratio is | K]. 

The characteristic property of a developable surface is that, instead of a 
two-parameter family of tangent planes, it only has a one-parameter family 
of tangent planes, and so also a one-parameter family of normals. In this 
case G is not a proper region but merely an arc, and therefore K = 0. 


[{|K] Vg du! due. 


If the parametric curves are orthogonal, so that gız = 0, we have 
gt = l/gi, gi* = 0, g? = 1/go2, whence, by 19.37, 


bi = © gtk bip = g” bij = bij/ Bi. 
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In this case the mean curvature F is given by 
- bu bez 
2H = Z bi = = + —. 
: ! Bu hi 822 
EXERCISES 


1. Find the mean curvature H at a given point cx she helicoid y = x tan (z/e), 
parametrized in the form irg 


x = ul cosu?, y = ulsinu?, z = cu?. 
2. Find the mean curvature H at a given point on the general surfars et newotution 
r = (ulcosu?, ulsinu?, z), si 


where z is a function of u1 alone. This mean curvature is zero whéh: 3 





ul = a cosh (z — c)/a, 
i.e., whex the surface is a catenoid. 
3. Lsate the curves of parabolic points on the torus 


x = (a + bcosu!)cosu?, y = (a + bcosu’)sinu?, z= bsin ul. 
4. The tangents t = r of a twisted curve r = r (s) generate a surface 
r (s.u) = r (s) + ut (s). 
Using s and u as parameters, obtain the fundamental magnitudes 
bii = KTU, bız = be2 = 0. 
Deduce that K = 0 everywhere. 
5. The mean curvature and Gauss curvature are connected by the inequality 


H? > K. 
At what kind of point do we find IP = K? (Hint: IP — K = 43(,1, — ¥,2,)?)) 
6. Derive 19.48 another way, by applying Lagrange’s identity to {r1 X r2)° (n, X nz). 
7. Derive 19.49 another way. by applying 17.62 in the form 


ti = rnm — pa, m; = àm — vit n = mt — Aim 
(where Aj, w, v; are functions of u! and u2), so that 


[n ni no) = Aruz — Ài = Mot; — m; ° te. 


19.5 PRINCIPAL DIRECTIONS AND LINES OF CURVATURE 


Returning to 19.44, which may be expressed as 
2 bk ai = kak (k = 1, 2), 


we find that the easiest way to eliminate «x is to multiply by È six at and sum 
over k, obtaining 


XXE ey, by d ad = rÈ? gga at = O. 
(This sum is zero because the only mmvanishing terms involve £12 a! a? and 
£21 a? a}, which cancel.) Thus the principal directions È a‘ r; are given by 
the roots of the quadratic equation 
EES ex bk a’ a=0 


for a! :a?. In other words, the lines of curvature are determined by the dif- 
ferential equation 


19.51 EIX Eik bk du‘ dui = 0 
or 
19.52 — b? (du)? + (b} — b3) du! du? + b} (du)? = 0. 


To prove that the lines of curvature form an orthogonal net, we may ap- 
ply the criterion 19.291 either to 19.51 or to 19.52, using 


Cij = = ik bf. 
We obtain, in the notation of 19.375, 


It follows that, at any point P on a surface, the two principal directions are 


perpendicular. 
Another consequence of 19.44 is Rodrigues’s formula 
19.53 dn + «xdr = O, 


which shows what happens to the normal n when r is displaced in a prin- 
cipal direction. (The coefficient « is the corresponding principal curvature.) 
In fact, by combining the Weingarten equations 


n; = —È bi rj 
(19.38) with 19.44 in the form 
19.54 È bi duw = k dw, 
we obtain 
dn = 20; dui = — XÈ bi rj dui 
= —K20;dui = —k dr. 


(Olinde Rodrigues, 1794-1851.) 

It follows that, if dr is in a principal direction, dn is in the same (or the op- 
posite) direction. Moreover, the principal directions are the only directions 
in which this happens. For, if dm is parallel to dr, the analysis given above 
shows that, for some number À, 


== bi rj dú =A} rj dui, 
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Writing this in the form 
D(z bj dui — N dw) rj = O, 
we ṣee that it implies 
È bj dui — A dui = 0 {j= 1; 2). 
Eliminating A, the way we eliminated « before, we again obtain 19.51, which 


is the differential equation for the lines of curvature. 


If the parametric curves are orthogonal, so that b = 5;;/g,;, the equation 
19.52 becomes 
19.55 —22 (dul)? + (2u — 2) du) du? + b1? yey? =0. 

822 811 822 1 

For the investigation of a given surface, any net of curves on the surface 
may be used as parametric curves. The lines of curvature provide a stand- 
ard net which is always available. Comparing 19.52 with du! du? = 0, we 
see that 


19.56 b? = b} = 0. 


a 


Hence 

The parametric curves are the lines of curvature if and only if b? and b} are 
identically zero. 

In this case the equation 19.45 reduces to 


(x — bi) (x — b?) = 0, 


so the two principal curvatures are bi and 53. To see which is # hi 
apply Rodrigues’s formula 19.53 to displacements along the pee 
curves. The “first” principal direction is naturally the one along Witich u! 
varies while u2 remains constant, that is, the direction of r;; and the “sec- 
ond” is the direction of r2. Thus 


19.57 n; + Kai ri = o. 






Taking inner products with ri and r;, we deduce 
—bj + Ki) ôl = 0, — bi; + Ki) Bij = 0. 


Hence the two principal curvatures are precisely 


b b 
19.56 ko = 5} =a? Ka, = b=, 
and we see also that 
Die = Ka, S12 = 0 


(since the lines of curvature are orthogonal). 
Conversely, if the parameters on any surface are so chosen that 
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19.59 812 = 0, by = 0, 
then the parametric curves are the lines of curvature; for, since 
g?l = £33 = 0, 
g 


we have 
b? = J g by = gb = 0 
and likewise b} = 0. In fact, the conditions 19.59 are equivalent to 19.56. 


EXERCISES 


1. Apply 19.291 to 19.52, so as to prove the orthogonality of the principal directions 
without using the symbol tix. 
2. The differential equation for the lines of curvature may be expresscd in the form 


$11 §12 822 
bıı bie bz | =0. 
(du?) —du'du? (du)? 
3. Find the lines of curvatures on the hyperbolic paraboloid x? — y? = 2z, para- 
metrized in the form 
x = sinh u! + sinhu?, y = sinh u! — sinhu?, z = 2 sinh u! sinh v2. 
4. Find the lines of curvature on the helicoid y = x tan (z/c), parametsized in the 
form ae 


x = ul cos u?, y=uisinu®, z = cu. 


5. The equations 19.56 or 19.59, holding at a particular point (but not necessarily 
identically}, are conditions for the parametric directions to coincide with the principal 
directions at the point considered. The formulas 19.58 still hold at this point. 


19.6 UMBILICS 


An umbilic is a point at which the normal curvature k is the same in all 
directions. At such a point, the equations 19.42, 19.43 are satisfied for all 
values of a1: a?, and therefore 


bik = Kix, bì = di. 

In fact, we have two alternative sets of conditions for an umbilic: one set is 
b11: b12: b22 = 811 : 812 : 822, 

and the other, 

19.61 b2 =b} =0, 51 = 83. 


If a surface is symmetrical by reflection in a plane, its section by the plane 
is a line of curvature. To see why this happens, consider a point P on the 
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section. If the principal directions at P were oblique to the plane, either of 
them would reflect into another principal direction associated with the same 
principal curvature. Such an abundance of principal directions would make 
P an umbilic. But a curve consisting entirely of umbilics ts, trivially, a line of 
curvature. 

In particular, on any surface of revolution, the meridians and parallels are 
lines of curvature. An interesting special case arises when we rotate a plane 
curve about one of the normals of its evolute; that is, if C is the center of 
curvature for a point P on the plane curve, we rotate about the line through 
C parallel to the tangent at P. Jn this case the locus of P is an “equator” 
whose radius is equal to the radius of curvature of the meridian. The equa- 
tor, like the meridian, is both a line of curvature and a normal section. Since 
the two principal curvatures are equal, every point on the equator is an 
umbilic. 

At an umbilic, Rodriges s formula 19.53 holds for all displacements on 
the surface. Jn particular, we can apply it to displacements along the para- 
metric curves, obtaining 


19.62 nj + «rj; = 0 (j= 1,2). 
Hence 


19.63 Ifevery point is an umbilic, the surface is either a plane or a sphere. 
For, in this case 19.62 holds everywhere. Differentiating, we deduce 


Ny + Krij +e rj = O, Ky fo = K2 Fy, 


and kı = ko =.0. Thus «is constant, and 19.62 yields (n + xr); = O, so that 
n + kris constant. If k = 0, mis constant, and we havea plane. If« Æ 0, a 
suitable origi: makes r = —«-1n, |r| = |«|-1, and we have a sphere. 


EXERCISES 
1. How can the equation 19.52 be used to derive the conditions 
B=6,=0, b=% 
for an umbilic? 
2. What happens to the equation 19.45 when these conditions are satisfied? 


3. Anticlastic surfaces have no umbilics. 
4, The surface 


x= V2cosul, y= \/2cosu2, z= sin ulsin u? 


has a curve of umbilics lying on the sphere x? + y? + z? = 4. 
5. Does every umbilic lie on infinitely many lines of curvature? 
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19.7 DUPIN’S THEOREM AND LIOUVILLE’S THEOREM 


Dupin investigated triply orthogonal families of surfaces, not os a bor- 
ren exercise in the differential calculus but becouse certoin instances of 
such families are of the first importance in. . . mothematical physics. 
[They] were the occasion for one of Darboux’ more famous works, 
extending to 567 pages. 


E. T. Bell [2, p.331] 


In the exercises at the end of § 18.5, we found several instances of three- 
dimensional coordinates having the special property 
823 = 831 = Biz = Q, 
so that the level surfaces all cut one another at right angles. In such a case 
the three systems of surfaces are said to be mutually orthogonal. 
Differentiating the equation r1*r2 = 0 with respect to u”, we obtain 
fis'f2 + Pio P23 = D. 
From this and two other such equations (derived by cyclic permutation of 
123) we deduce 
ae = F2* P31 = F3°fi2 = 0. 
Since r is normal to the surface u3 = c of the third system, this surface 
satisfies not only gi2 = O but also, since ry*ry2 = 0, 
diz = n'riz = 0, 


as in 19.59. Hence the parametric curves u! = a and u? = b on this sur- 
face are lines of curvature. Since a similar result holds for a surface of either 
of the other systems, we have now proved 


DUPIN’S THEOREM. Zn three mutually orthogonal systems of surfaces, the 
lines of curvature on any surface in one of the systems are its inters ez with 
the surfaces of the other two systems. 





zit 









Moreover, any surface may be exhibited as a member of one of three mu- 
tually orthogonal systems. This can actually be done in many ways. One 
way is to use a system of parallel surfaces, defined as the loci of points at con- 
stant distances along the normals of the given surface. Using the lines of 
curvature as parametric curves, we may express the position vector of a typi- 

eal Peratiel surface in the form 


F=r + wn. 


esea from 19.57 that the directions of the parametric curves on the new 
‘Surfate are given by 


F; = (r + Wnh = ri + Un, 
=r; — u3 Kai F; = (1 — Kä) u?) ri, 
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that is, they are parallel to those on the original surface. Therefore, both 
surfaces have the same normal: A = n. Since 


9 = Fa = 0 
and 
big = —Ai Fe = -n'f = Kay rich, = O, 


the parametric curves on the new surface are again lines of curvature 
[Weatherburn 2, p. 159]. Allowing u? to take various values, we obtain a 
whole system of parallel surfaces. The other two orthogonal systems are 
traced out by the normals at points that run along the lines of curvature [La 
Vallée Poussin 2, p. 447]. 


In §6.7 and §7.7 we analysed the general circle-preserving and sphere- 
preserving transformations. In § 9.7 we indicated how the theory of func- 
tions of a complex variable could be employed to prove that the circle-pre- 
serving transformations are the only angle-preserving transformations of the 
whole inversive plane into itself. It is very remarkable that the analogous 
theorem in three (or more) dimensions is elementary! We merely have to 
observe that, if a transformation of space preserves the angles at which sur- 
faces cut, it transforms mutually orthogonal systems of surfaces into mutually 
orthogonal systems of surfaces. Hence, if it transforms a surface ø into an- 
other surface o’, it transforms the lines of curvature on o into the lines of 
curvature ono’. Since a sphere (including a plane as a special case) is charac- 
terized by the property that al? directions on it are principal directions, we 
can immediately deduce 


LIOUVILLE’S THEOREM. Every angle-preserving transformation is a sphere- 
preserving transformation. 


Taking this along with 7.71, we see that every angle-preserving transfor- 
mation is either a similarity or the product of an inversion and an isometry 
[Forder 3, pp. 137-138}. 


EXERCISES 


1. When the surfaces u! = a and u? = 6 are traced out by normals along lines of 
curvature, while the surfaces u3 = c are “parallel,” the fundamental magnitudes for 
ul = a are naturally denoted by gov, 823, £33, b22, b23, 633. Dupin’s theorem shows that 
823 = b23 = 0. Compute b33, and deduce that for this surface K = 0. 

2. The central quadrics 


x2 y2 72 


(which are ellipsoids when À < C, hyperboloids of one sheet when C < A < B, hyper- 


boloids of two sheets when B < A < A) are said to be confocal. At a point (x, y, Z} 
on such a quadric, the direction of the normal is 


( x E Zz 
ER Ban: ci) 
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When x, y, z are given, 18.59 is a cubic equation for A, whose roots w}, u2, u? (num- 
bered in increasing order) satisfy 


wi CcwrCRCwBCA. 


Deduce that any point for which xyz + 0 lies on three quadrics of the system (one of 
each kind), cutting one another orthogonally [La Vallée Poussin 2, p. 448]. 

3. Where are the lines of curvature on an ellipsoid? [Hilbert and Cohn-Vossen 
1, p. 189.] 


19.8 DUPIN’S INDICATRIX 


Although the indicatrix was not invented by Dupin, he made more effec- 
tive use thon had his predecessors of this suggestive conic in which a 
plane poraflel to, and “infinitesimally near to,” the tangent plane at 
any point of o surface intersects the surface. 


E. T. Bell (2, p. 331] 


When a surface is given in Monge’s form z = F(x, y), it is often conven- 
ient to use the coordinates x, y themselves as parameters, so that z is a 
function of x and y with derivatives 


; az z 32- > a?z è 022 ” @?z 
1 =Š =: 2 = 7 411 = 3s 12 = ————- 22 = 5: 
ax? oy ‘ ax ex ay ? ay? 


Differentiating # = (x, », z), we obtain 
p= (8,21), re = Q lako re (Oah 
whence 
8u = 1 +z, Big ggz lgm o= lh 2af, 
g = B11 822 — g? = Py eek ze", 
ygn = r; X r = (—21, —22, 1), 
V8 bij = V BO = Zij. 


If the coordinate axes are so chosen that the point under consideration 
is the origin and the normal there is the z-axis, we have 


æ =: (0, 0, 1), 
whence 23 =22=0, @ =l, g2=0, g2 =1l, g=1, diy = Zij. 
Since z is a function of x zá y. we can expand it in a Maclaurin series 
z = 20,0) + z1x + Zay + 4 (Zin x? + 2219 $7 + Z22 y?) FE (Zi x3 +...) 
= 4 (b11 x? + 2hy2 xy + b22 y?) + (terms of liigher degree in x and y). 
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The “terms of higher degree” become important if 64; = biz = b22 = 0, in 
which case the origin is a parabolic umbilic. In all other cases the section 
by a plane z = e, parallel to the tangent plane z = 0 at a small distance |e], 
resembles the conic 

by, x? + 2b12 xy + + bay? = = 2e, 


which is similar to Dupin’s indicatéi =e 





19.81 bii x2 + bys xy 4 Tapsa =+l. 


We shall find that this conic (or pair of conics) indicates, in a remarkably 
simple manner, the normal curvature in every direction. We first observe 
that this part of the surface is synclastic, anticlastic, or parabolic, accord- 
ing as 

b>0, b<0, or b=0, 


that is, according as the indicatrix is an ellipse, two conjugate hyperbolas, 
or two parallel lines. (In the synclastic case the ambiguous sign in the equa- 
tion 19.81 must agree with the sign of b11; otherwise the plane z = ¢ would 
fail to meet the surface. In the anticlastic case we need both signs: one for 
each of the two conjugate hyperbolas.) 

In the plane z = 0, which is the tangent plane at the origin, the vector 
(cos @, sin 8, 0), making an angle @ with the X~BKiS £1, 0, 0), may be identi- 
fied with the tangent 

> 

PT = t = } ai r; = (a’, a, 0) 
of Figure 19.2a. Thus the contravariant components of t are a! = cos 0, 
a? = sin @, and, by 19.35, the normal curvature in this direction is 

k= 22> bij aà ai 
19.82 = b,1 cos? 0 + 2b: cos 8 sin O + bez sin? 8. 
Expressing the indicatrix 19.81 in polar coordinates, we obtain 
by, r? cos? 8 + 2biz r? cos ê sing + bgar?sin? @ = +1, 
that is, «rë. = cel, oF 
; r= leit 


In other words [La Vallée Poussin 2, p. 427], 





The radi: of the indicatrix in any direction is equal to th yuare root of 
the radius of normal curvature in this direction. 


Another way of expressing the same idea is to remavk that the surface is 
approximated by the paraboloid or parabolic cylinder 


22 = by, x? + 2bi2 xy + bee y?. 


In any direction (at the origin) the given surface and the quadric have the 
same normal curvature. 
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figure 19.80 


If we choose the x- and y-axes along the principal directions at the origin, 
as in Figure 19.8a, so that 6,2 =0 and,by 19.58, xa, = bi, the indica- 
trix 19.81 is simply 


Ky X? + Ko, y? = +1, 
and 19.82 yields Euler’s formula 
K = K1, COS? 8 + Kiz sin? 8 


for the normal curvature in a direction making an angle @ with the first prin- 
cipal direction. 


EXERCISES 


1. For which directions on a surface is the normal curvature equal to the arith- 
metic mean of the two principal curvatures? 


2. For the surface z = F(x, y), 


oH = 822 b11 — 2812 b32 + 811 bzz _l + 22?)t11 — 221 Ze Z12 + (l + 217)222 
8 (i +z? + 222) 2 


3. The surface xyz = | has umbilics at the four vertices of a regular tetrahcdron 
[Salmon 2, p. 300}. 


4. The surface z = x(x? — 3y?) has a parabolic umbilic at the origin. Sketch the 
section by a plane z = €, where e is a small number, positive or negative. : 

This surface is called the monkey saddle because it would be the right 3 saddle 
for a monkey riding a bicycle: one way down for each hind leg and a third for te tail. 
Hilbert and Cohn-Vossen [1, p. 202, Fig. 213] made a nice drawing of the surface but 
a very misleading onc of its generalized indicatrix [ibid., p. 192, Fig. 200]. For the 
true shape, see the second edition of Struik [ì, 








20 


Geodesics 


Imagine a two-dimensional creature, sufficiently intelligent to make pre- 
cise measurements on the surface he inhabited, but unable to conceive of a 
third dimension. His world might be a plane or a parabolic cylinder; he 
could not tell the difference. If it were a circular cylinder, local measure- 
ments would still give the same results, though an expedition all the way 
round would reveal a topological peculiarity. In all these cases his conclu- 
sion would be that his surface had zero curvature: K = 0. If, on the other 
hand, the surface were a sphere, he could detect its positive curvature by 
measurements within easy reach of his home, even if the radius of the sphere 
were relatively large. This information is a consequence of Gauss’s formula 
20.16, which expresses K in terms of the fundamental magnitudes of the 
first order. In § 20.3 we shall see how Gauss’s complicated expression can 
be replaced _by his simple one involving the three angles of a triangle 
(like our feel Seepewieates-of a spherical triangle). In § 20.4 we shall 
extend harki Heto global measurements, which would en- 
able our iists Sait se geste the topological nature of his world: an 

os ach Fite Hore systematically in Chapter 21. 













gymbols are colled ofter Erwin Bruggs: 


1901), uced iri Nal in 1869,... deng 


of tensor ‘hry, 


. . ‘ A EETA 
For an adequate discussion of “geodesics,” which are the most impotent z 
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curves on a Surface, we need one more notational device: the Christoffel 
symbols 


20.11 Tijk = Fij’ hr, Të = ryj'rk, 


In virtue of 19.15, these symbols are related as follows: 
20.12 lyr = Igu ly TE = Sgt Tiu 
Clearly, Pox = Ty2,% and te — ity 


Since the derivatives of the fundamental magnitudes gi; are 
a 
(is)x = Sak (ri-r;) = Fine; + ri’ Fik 


20.13 = Tig + Dixi 


we can compute the Christoffel symbols of the first kind by means of the 
formula 


ee Vine = 2 {Gin + (ied — Gide} 
and then deducts Christoffel symbols of the second king $% means of the 
latter half of 20.12. 

Applying 18.2] with u = r;; andr; = r3 = n, we obtain 


r= reri ri + rije r? r2 + rir rs 
= Tir + Tr. + reno 
20.15 =2 TE ry + bij n. 


These expressions for the second derivatives of r are known as “the equa- 
tions of Gauss.” 


Another of Gauss’s discoveries, which pleased him so much that he named 
it Theorema egregium, is an expression for K in terms of the g’s and their 
derivatives. This means that the Gaussian curvature can be computed by 
measurements made on the surface itself, without reference to the three- 
dimensional space in which it may lie. In other words, K is a “bending in- 
variant,” unchanged by the kind of distortion that takes place when a flat 
Sheet of paper is rolled up to make a cylinder or a cone. The expression 
appears in the literature in various forms, not obviously identical. One of 
the neatest, discovered by Liouville,* is 


a ð [VE i 

20.16 K= [Y8 r) 2 [Y8 \. 

vg õu? (x Ti dut \ gi lie 

This can be derived by applying 19.49 to the unit tangent vector t = r,/ g1. 
Since [n r; rı] = 0 and (by 19.33) n x rı = Vg r, we have 


* J. Liouville, Sur Ja théorie générale des surfaces, Journal de Mathématiques 16 (1851), pp. 
130-132. 
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ri Fii 
tt] = 
[n t t] [r 21 21 =(nxrFr ve 
= 2. _ V8 
yer zu — gn ri: 

Hence VgK= Bei VE V8 re) 

811 j 
=- [V8pr al, _ {v8 rp oN 
gu N 2 ri? 


Theorema egregium takes a more symmetrical form when the parametric 
curves are orthogonal, so that 


gı2 = 0, gi = l/gu = 1/(g:}, 
V8 pe — 8182 (822) _ 82 2g0(¥2)1 _ (82h 


g&u O gu gon g Bg 7 gı 
and ie 
V8 po _ 8182 (gu) _ 82 2gu(gi)2 __ (Bu) | 
gu ® gn 2822 8 282? g2 
In fact, 
5 a [aE r2, V8 re ), 
gig2K = (v8 i) , oe r2 
20.17 - (‘a $ Cek) 
8&1 82 }2 
[Weatherburn 2, p. 98; Struik 1, p. 113} 
EXERCI 


1. Obtain a variant of 20.16 by taking t = r2/g2. 


2. For the case when gız? = 0, express all the Christoffel symbols in terms of g11. 
822, and their derivatives. 


3. Compute the Christoffel symbols for polar coordinates in the planc. 
4. For a surface in Monge’s Fats? = F(x, y), 
me a diy %/(1 + 24? + 22?). 
5. XTi, = flog v8). 
6. *Compute K for a surface on which 


su = {any z (Wy + a} 832 = [1E + (u2)? + a2}? ” 
12 4 g2 
eos we (u1)? + a 


{(ut)? + (w2)? + a2}? 


* E. Beltrami, Annuli di Matematica (1) 7 (1866), pp. 197-198. 
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20.2 THE DIFFERENTIAL EQUATIONS FOR GEODESICS 


Every sufficiently small portion of a geodesic is the shortest path on 
the surface connecting the end-points of the portion. . . . All the in- 
trinsic properties of o surface (such as its Goussion curvature) con be 
determined by drawing geodesics and meosuring their orc lengths... . 
We can obtain on approximation to the geodesics by moving o very 
smoll buggy along the surface on two wheels, the wheels being rigidly 
fostened to their common axis so thot their speeds of rotation are 
equo!.... The entire course of a geodesic is determined if one of its 
points and its direction of this point ore given.... The straightest lines 
may olso be characterized by the geometric requirement that the os- 
culating plone of the curve is to contain the normal to the surfoce ot 
every point of the curve. 


Hilbert and Cohn-Vossen 
[1, pp. 220-221] 


Consider the possibility of a curve on a surface having all its principal 
normals normal to the surface. As we saw in § 19.3, any curve on a sur- 
face satisfies 


kp = t= Zin = ün + BD ry 
S 


In the present case, since p = n is perpendicular to r*, we have 
(È ting + ZÈ i w ri)erk = 0. 
Since r;*r* = ôf and ry-r* = P's these equations reduce to 
20.21 a4 ISTE ww = 0 (k = 1,2), 
meaning o 


d2uk w dui dui _ 

a + 22 It a de = 0 
[Struik 1, p. 132]. Theoretically, we could eliminate s from these two equa- 
tions so as to obtain a single differential equation; but it is usually more 
convenient either to use both equations or to use one of them along with 
19.16. 

The curves so determined are called geodesics |Weatherburn 2, p. 100). 
Since the equations express the second derivatives of u* in terms of the first 
derivatives, there is a geodesic through any given point A (on the surface) 
in any given direction. There is also, in general, a unique geodesic joining, 
two given points A and B. In these respects the geodesics on a surface ves 
semble the straight lines in a plane; in fact, as we shall see, they are straight 
when the surface is a plane. 

When g2 = 0, so that the parametric curves are orthogonal, the differ- 
ential equations take the form 
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20.22 Baws a: Recs PA (811)2 ù! ú? — 4(822)1, (4)? = 0, 
20.23 gal koi Gei (822): ú! ú? + 4(822)2 (u*)? = 


The latter: Mowe, ‘tiat th pacahietric curves u* = 0 occur among the geo- 
desics if atic: cog: SAS FA ‘fuxeétion of ut alone (not involving u*), so that 
(gu): = 0." "inthis ‘case’ the curves #2 = 0 are a one- parameter system of 
geodesics and the curves ġ! = 0 are their orthogonal trajectories. Since 
211 is a function of ut alone, the differential form 


ds? = 211 (du')? + goo (du)? 


can be simplified by changing the notation so 
&ı=l, §= 82, and 


20.24 ds? = (du)? 4 gdu?) 


The effect of this change of notatipn 4 
geodesic u2 = constant. The differs 


20.25 gi ig 


du! is called ul, Then 










20.26 4 (git) — & Bol 


In particular, we obtain geodesit)e 
polar coordinates in the plane) by 
desics through A, and defining u2 iPr ms 
constant makes with an “initial” geodesic u 

The length of any curve from A to a point B (of general position) is ob- 
tained by integrating ds along the curve. The equation 20.24 shows that 
fds > fdu', with equality only when du? = 0. Hence the geodesic A Bis 
the shortest path from A to B. In fact, it is the curve along which a tightly 
stretched string would lie on the smooth convex side of a material surface. 
Since the only forces acting on an “element” of the string are the tensions 
at its two ends and the reaction of the surface along the normal n, these 
three forces must be in equilibrium. Hence n must lie in the plane of the 
two tensions, which is the osculating plane of the curve. These consigeray 
tions provide a statical explanation for the equation p = n which s 
this investigation. 

The curves ut = constant (which, of course, are not geodesics) are called 
“geodesic circles.” The circumference of such a “circle” is obtained by in- 
tegraling ds (given by 20.24 with du! = 0); thus it is 






Qn 


o Ve du. 


When the radius u' is small, this circumference is approximatec by both 
2a\/g and 2mu!. Hence the first term in the Maclaurin series for yg is 
simply ut, that is, 
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20.27 If u =0,° ea =1. 





Since geodesics are curves of shirt gt lengh, the geodesics on a sphere 
are the great circles, and the geodesics ir wplane are the straight lines. We 
can adapt Figure 8.55 to geodesi¢ -polay cectdinates by writing u! and u? 
for r and @, so that 20.24 expresses Pythagoras’s theorem for the infinitesi- 
mal triangle PP’N, and the angle ¢ between the geodesics OP’ and PP’ is 
given by 


cos 6 = lim %5 = =ù! or sing = lim or = ygi. 


Differentiating cos ¢ and using 20.25, we obtain 


_sing $= ü! = Hg) (RX = pe Wi (ye ite 
= (v/g)i(sin me 
Thus i 
20.28 do = —(y/2)s duž. 


EXERCISES 
1. In the case of the general surface of revolution 


=e ee REY, ul siñ uz, Z), 
where z is ust ide nie ‘differential equation 20.23 for geodesics reduces to 


es A fie ús | =0. 








One solutii re 2b shi tiiat the meridians are geodesics. In all other cases 
the constant aat oe Gt ang slay be denoted by 1/h, so that 






dam h (Wty du? 


ee 


comparing fie Gad IGE complete — 
w=Ct Cat 
Aut)? — L 
[Weatherburn 2, p. 102]. 


2. The geodesics on a cylinder are helices. 
3. The geodesics on the cone 





r = (uicosu*, usinu?, u’ cosa) 
are given by 
aul = seq + u? sina), 


where a and 8 are constants. Are these curves concho-spirals? 
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20.3 THE INTEGRAL CURVATURE OF A GEODESIC TRIANGLE 


The integral curvature of a region on the surface is equal to the area 
of its spherical image. ... This property of the integral curvature 
was already known to the French school of Monge before Gauss 
pointed out its significance for the intrinsic geometry of a surface. 


D. J. Struik [1, p. 156) 


Formulas 6.92 and 16.53, for the areas of spherical and hyperbolic tri- 
angles, are special cases of a beautiful formula which Gauss discovered for 
the integral curvature of a triangle formed by arcs of three geodesics on any 
smooth surface. We proceed to establish this formula 


20.31 | KdS=A+B+C—-z. 


Setting gı = l and g2 = +g in 20.17, we see that, when geodesic polar 
coordinates are used, the fottuula for K is simply 


20.32 V8K= —-(V8)u. 





Figure 20.34 


Consider a geodesic triangle ABC with its side AB along the initial geo- 
desic x? = 0, as in Figure 20.3a. Integrating K over the area of this tri- 
angle with the help of 19.24, we obtain 


J| Kas = [|K y gdut du? = —ff(vg)u du du? 
=-f (vgeh|o d. 


By 20.27, {vV 8} = 1 when u! = 0; and $y 20. 28, —(\/2)1 du? = do for any 
point on the geodesic BC. Hence 


ff KSE A- Cve rs) dat = [ae + [ao 
ABC o 0 7-8 

=A+C—(n—-B)=A+B4C—7 
[Weatherburn 2, p. 117}. 
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a e z; =I 
a a aZ. = EXERCISES 
-i 


1. om DE witht = n. 


2. On deiari sphere ealaine ‘end longitude serve as geodesic polar coordinates 
with g = since. ft. WY use 20. 32 in this case? For convenience, write 7, 8 
for ul, u?. ert E a martin. 26 (with (z)z = 0) has, as a first integral. 


(sin? nê = l/h 
(an arbitrary constant). Combining this formula for 6 = d6/ds with 
ds? = dr? + sin? r d@2, 


deduce dr = sin r yh? sin? r — 1 dé, 


csc? r dr 
6= |————__ = & + arccos (k cot r) 
| yh? — csc®r : 


where k = 1/\/h? — |, and 
k cotr = cos(@ — 9%). 


Expressing this solution in terms of the Cartesian coordinates 






x = $in r cos 0, y = sinr sin, z= 


verify that the geodesics on a sphere are the great circles dyin n planes through the 
origin). 


20.4 THE EULER-POINCARÉ CHARACTERISTIC 


As we saw on page 281, any polyhedron inscribed in a sphere can be pro- 
jected from the center onto the surface of the sphere so as to form a map. 
In fact, the V vertices are joined in pairs by E geodesic arcs {which we still 
call edges}, decomposing the spherical surface into F polygonal regions 
(which we still call faces). More generally, a map may be obtained by draw- 
ing a sufficient number of geodesic arcs on any closed surface. We can 
insist that the points (“vertices”) be so placed and so joined that every face 
is simply connected, that is, that the boundary of the face can be continu- 
ously shrunk to a single point without leaving the surface. 

In § 10.3 we used a Schlegel diagram to prove Euler’s formula. We could 
just as well have used the corresponding map on a sphere. The same argu- 
ment, applied to a map on the general surface, shows that the Euler-Poin- 
caré characteristic 


x= V- E4F 


is essentially a property of the surface, that is, that it has the same value 
for all maps drawn on the given surface. It is a remarkable fact that this 
property of the surface can be expressed very simply in terms of the integral 
curvature (which is obtained by integrating K over the whole surface). 
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Consider, frst a sphere, on which 4 map (with V = E = 3 and F = 2) is 
obtained by taking, zs vertices, three points oF eat circle. Each hemi- 
sphere is bowndeédi by three arcs of the great ciels, forming a spherical “tri- 
angle” whose three angles are n, 7, 7. By 20.31, each hemisphere has in- 
tegral curvature 





THT HT — T= 2a. 


Hence the integral curvature of the whole sphere is 4v (as it obviously must 
be, since the “spherical image” of any sphere is a unit sphere, whose sur- 
face area is 47). The general formula, of which this is a very special case, is 


20.41 [[ Kas = 2x, 


where the integration is taken over the whole of any given surface of charac- 
teristic x. 


To establish 20.41, we consider a map formed by E geodesic arcs on the 
given surface, choosing the V vertices in such positions that no face has a 
re-entrant angle (i.e., an angle greater than 7). The map can then be “tri- 
angulated” by selecting a new vertex inside each face and joining it by new 
geodesic arcs to all the vertices of that face. This procedure yields a new 
map having V + F vertices and 2£ triangular faces. Since the sum of all 
the angles of all these 2£ triangles amounts to 2x for each of the V + F 
vertices, the integral curvature of the whole surface is 


{[Kas =>%(4+B4+C-72) l 
= WV + F) — 2Er = WV 4 E- E 
= 2ryx. 


It follows that the integral curvature of a closed surface is not altered by 
topological transformation. For instance, the value 47 is maintained when 
a sphere is deformed into an ellipsoid or any other oval surface. The de- 
formation may even be continued so as to bring in anticlastic regions. 


EXERCISES 


1. The torus 8.88 (where a > b) is constructed by revolving a circle of radius b about 
a line (in its plane) distant a from the center. On this surface we can draw two circles, 
of radii b and a + b, which are geodesics having just one common point. These form 
a map in which V = F = 1, E = 2. Hence the integral curvature is zero. (The posi- 
tive integral curvature of the “outer” synclastic part of the torus is exactly balanced 
by the negative integral curvature of the “inner” anticlastic part.) 

2. Describe two further geodesics on the torus so that the four geodesics make a 
map in which V = F = 4, E = 8. 
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20.5 SURFACES OF CONSTANT CURVATURE 


When Gouss was nineteen his mother osked his mathematical friend 
Wolfgang Bolyai whether Gauss would ever amount to anything. 
When Bolyai exclaimed, “The greatest mothematician in Europe!” she 
burst into tears. 


E. T. Bell (1, p. 252] 


When we study a surface by means of the fundamental magnitudes of 
the first order and the consequent Christoffel symbols, we are treating it 
“intrinsically,” exploring it like the hypothetical two-dimensional creature 
who could not imagine any direction outside the surface itself. Such a crea- 
ture could measure distances by means of the formula 19.16, distinguish 
geodesics as the shortest paths from place to place, and measure the Gaus- 
sian curvature K at any point. 


One of the most elegant approaches to non-Euclidean geometry is to re- 
gard the elliptic or hyperbolic plane as a nondevelopable surface which is 
homogeneous (all positions alike) and isotropic (all directions alike). Since 
the surface is homogeneous, its Gaussian curvature is constant. By using 
a suitable unit of distance, we may take the constant value of K to be 1 or 
— | according as it is positive or negative. We shall find it convenient to 
use geodesic polar coordinates. Since the surface is homogeneous and iso- 
tropic, the expression 20.24 will be the same wherever we place the pole 
u! = 0 and the initial geodesic u? = 0, and g will be a function of u! alone, 
independent of «2. The “straight lines” of the geometry are the geodesics 
on the surface, and it is not necessary to regard the surface as being embedded 
in a 3-space. 

Setting K = +1 in 20.32, we obtain the differential equation 


(V8 = +V8, 
which yields 
Vg = Asinu! + Bcosul or A sinh u! + B cosh ut. 


At the polg; 42{= du!) is independent of u?; therefore g = 0 when u! = 0; 
that is, B = 9. Also, by 20.27, A = 1. Hence 


yg = sinu! or sinh wi 





and 
ds? = (du)? + sin? u! (du)? or (du)? + sinh? u! (du?)?. 
EXERCISE 


Compute the circumference of the geodesic circle u! = r (i) in the elliptic plane, 
(ii) in the hyperbolic plane. 
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20.6 THE ANGLE OF PARALLELISM 
In the elliptic case, we can identify u! and u? with colatitude and longi- 


tude on the unit sphere (as in Ex. 2 at the end of § 20.3). Accordingly, we 
now restrict consideration to the hyperbolic case, in which 


g = sinh? u!. 
For convenience, let us write r, @ for ut, «2. so that* 
ds? = dr? + sinh? r d62. 


To determine the straight lines of the hyperbolic plane, we use the differ- 
ential equation 20.26 with g = sinh? r, namely, 


4 (sinh? r 6) = 0 
as (sinh? z 6) = 0. 
For a first integral we obtain sinh? r = h— (a constant), whence 


dr? + sinh? r d? = ds? = (h sinh? r d@)?, 
sothat dr? = sinh? r(h?2 sinh? r — 1)d62 and 


0 = dr — { esch?rdr_ 
sinh r \/h? sinh? r — 1 Wh? — csch? r 
dcothr 
= = \ eo Se = bo + arccos (k coth r), 


where k = 1/ VR? + 1. Hence, finally, the lines are given by 
k coth r = cos(@ — 4). 


When & tends to infinity, so that k tends to zero, we have the radial lines, for 
which @ is constant. The line through (a, 0) perpendicular to the initial line 
8 = 0 (bcing a geodesic which is unchanged when 8 is replaced by — 8), is 


tanh a coth r = cos @. 


We can use these results to find relations between the sides and angles of 
a right-angled triangle ABC with its right angle at C and its side BC along 
the initial line, as in Figure 20.64. Since the equations for the lines BC, 
AB, and CA are 


6=0, @=8, and tanha = tanhrcos@, 
the lengths of the sides BC = a and AB = c are related by the equation 
tanh a = tanhe cos B 


[Carslaw 1, p. 109; Coxeter 3, pp. 238, 282]. (Another formula of the same 
kind can be obtained by changing a and B into b and A.) 


* E. Beltrami, Giornale di Matematiche, 6 (1868), p. 298 (12). 
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Tifa) 
B P 


Figure 20.6a 


The angle of parallelism I1(a) is the value of B that makes c infinite; that is, 


Il{a) = 
where cos B = tanha, sin B = secha, 
csc B = cosh a, cot B = sinha, 
escB—cotB = cosha — sinha, 


tan B = e~e. 
We have thus established Lobachevsky’s formula 
Il(a) = 2 arctan e-4 


[Coxeter 3, p. 208]. This is a precise expression for the function that we 
studied tentatively in § 16.3. 


EXERCISE 


Compute (a) for a few suitably chosen values of a, and sketch the curve y = I(x). 
Where does 11(u) occur in Figure 17.4b? 


20.7 THE PSEUDOSPHERE 


Having obtained the hyperbolic plane as a surface of constant negative 
curvature, it is natural for us to ask whether such a surface can be embedded 
in Euclidean space. In other words, can the hyperbolic plane, or a finite 
part of it, be represented isometrically by a surface in ordinary space, in 
some such manner as the elliptic plane is represented (twice over) by a 
sphere? The answer is No and Yes: there is no such representation of the 
whole hyperbolic plane* but there are certain surfaces that will serve for a 
portion of finite area [Klein 4, p. 286]. The simplest instance, which Liou- 
ville named the pseudosphere, is one half of the “tractroid” formed by re- 
volving the tractrix 17.51 about its asymptote. 

Writing z for x, x for y, and setting a = 1, we obtain the tractrix 


= sech ul, z = ul — tanh ul : 
* G. Lütkemeyer, Veher den unalytischen Charakier der Integrule von partiellen Difireräialglei- 
chungen (Göttingen. 1902). 
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in the plane y = 0. Revolution about the z-axis yields the tractroid 
x = sech ul cos x2, y = sech u! sin v2, z = ui — tanh ut, 


which has a cuspidal edge where ut = 0. The pseudosphere is the horn- 
shaped surface given by u! > 0. Differentiating the position vector r = 
(x, y, z), we obtain 


Zit = tanh? wt, 212 = 0, g22 = sech? ut. 
Setting g1 = tanh ul, go = sech ut in 20. 17, we deduce 
—tanh u! sech u! K = (—sech u+), = sech ut tanh ut, 
whence K=-1. 


Since the pseudosphere has the same Gaussian curvature 83 thi hyperbolic 
plane, the geodesics on the former represent lines in the ‘seer isometri- 
cally. Among these geodesics are the meridians (for which u? is constant), 
representing a pencil of parallels. Orthogonal to them, we find the circles 
for which u! = cemstant, representing arcs of concentric horocycles (§ 16.6). 
The longest of £ nee horocyclic arcs is of length 2”, since it is represented 
by the circle == = 















x = cos u2, y = sinu? 


in the wane u! = 0. Thus the whole pseudosphere represents the horocyclic 
sector bounded by this arc of length 27 and the diameters at its two ends. 
The horocyclic sector is wrapped round the pseudospiere go that the two 
diameters are brought together to form a single meridian. 

This limitation to a horocyclic sector renders the pseudeepere utterly 
useless as a means for drawing significant hyperbolic figures. Every geo- 
desic that is not merely a meridian winds itself round the “hora” as i} pro- 
ceeds in one direction, whereas in the opposite direction it is abruptly cut 
off by the cuspidal edge. Thus we cannot even draw such a simple arrange- 
ment of lines as Figure 16.3a! These remarks are needed to counteract the 
widespread but mistaken idea that hyperbolic geometry can be identified 
with the intrinsic geometry of the pseudosphere. 


EXERCISE 
Use 20.23 to obtain an equation for the geodesics on the pseudosphere. 
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Topology of surfaces 


In Chapter 4 we considered various tessellations of the Euclidean plane 
(including, in § 4.6, regular tessellations). These may be regarded as infinite 
“maps.” In § 15.7 we considered the analogous tessellations of a sphere, 
which are finite maps. In § 10.3 we proved Euler’s formula 


V—E+ F=2, 


which connects the numbers of vertices, edges (or arcs), and faces (or regions) 
of any map drawn on a sphere. In § 20.4 we extended this to 


V—-£4+F=x<€<2 


for a map on any closed surface, the Euler-Poincaré characteristic x being 
the same for all maps on the given surface. In § 6.9 we identified antipodal 
points of a sphere so as to obtain the real projective planc; for a centrally 
symmetrical map on the sphere, this identification naturally halves V, E, 
and F, thus reducing x from 2 to 1. In Figure 10.5a we considered recip- 
rocal polyhedra which, when regarded as spherical tessellations, are a spe- 
cial case of dual maps. In § 10.1 we defined the Schläfli symbol {p, q}, 
which is appropriate for a map of p-gons, q al each vertex; and in 10.31 we 
obtained the equations gV = 2E = pF. In § 15.4 we discussed groups of 
permutations of the faces of a map. In § 15.3 we found that the theory of 
translations and glide reflections belongs to absolute geometry; that is, that 
it belongs not only to Euclidean geometry but also to hyperbolic geometry. 

The present chapter applies all these ideas to a discussion of the topolog- 
ical properties of surfaces, including the conjecture of P. J. Heawood that, 
for the coloring of any map on a surface of characteristic x, 


[s+ } v49 — 24x] 


colors suffice. akes this conjecture remarkable is that, although in 
1890 he establigse< is truth for every x < 2, it still remains an oper ques- 
tion for maps on the ordin here or plane. Another conjecture is that 
Heawood’s formula is “be sible” in the sense that, for each x, a map 
requiring the full number of colors can be drawn. 









SOG TOPOLOGY OF SURFACES 
23.1 ORIENTABLE SURFACES 






The group of tronsinerotions op uregiest importance in present-day 
mathematics, nomely, the group of topological tronsformotions, is for 
wider than the projective group. Here we are dealing with a topo- 
logical space; that is, with o set of elements, coll them points, for which 
the concept of a neighborhood is defined... . Any transformotion 
preserving neighborhoods is colled topological. 

Topology moy be visualized as rubber-sheet geometry, since a topo- 
logico! transformation permits any amount of stretching or compress- 
ing (without tearing). 


S. H. Gould [1, p. 304] 


In Chapter 5 we mentioned Klein’s famous classification of geometries 
according to the groups of transformations under which their theorems re- 
main true. In this sense, projective geometry is characterized by the group 
of collineations and correlations, and hyperbolic geometry by the subgroup 
of collineations leaving invariant a conic (ths of points at infinity). 
Topology, sometimes described as “the most al of all geometries,” is 
characterized by the group of continuous trarisidfinations. For instance, 
since a polyhedron can be continuously transformed into the correspond- 
ing spherical tessellation, topology does not recognize any distinction be- 
tween the polyhedron and the tessellation. Again, in § 20.4 we defined the: 
characteristic 


in terms of a map formed by geodesic arcs on the given surface, but the 
value of x will not change if we replace the geodesic arcs by any continu- 
ous arcs which join the same pairs of points without crossing one another. 
In other words, the edges of the map are not necessarily geodesics like the 
boundary between Colorado and Utah; they can just as well be “wild” like 
the boundary between Indiana and Kentucky 

In the same spirit, the torus 8.88 is topolo ‘ equivalent to a sphere 
with a handle (like the handle of a teacup), and we can derive more compli- 









neee SS 


—— 


figure 21.1a 
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cated surfaces by adding any number of further handles. The operation of 
adding a handle to a given surface reduces the value of x by 2. For, since 
the handle may be chosen in the form of a bent triangular prism joining 
two triangular faces of a suitable map, as in Figure 21.1a, its insertion leaves 
V unchanged, increases £ by 3, and increases F by 3 — 2. Knowing that a 
a sphere has x = 2, we deduce that a sphere with p handles has 


21.12 x = 2 2p. 


This is called a surface of genus p. In particular, a sphere is a surface of 
genus 0 and a torus is a surface of genus 1. 

From a rectangular rubber sheet, we can make a model of a torus by iden- 
tifying, or bringing together, each pair of opposite sides. The first identifi- 
cation produces a tube, and the second an “inner tube.” Conversely, by 
cutting a torus along two circles that have only one common point, we can 
unfold it (after some distortion) to make a rectangle whose pairs of oppo- 
site sides arise from the two cuts. More generally, given a surface of genus 
p, a Suitable set of 2p cuts, all beginning and ending at a single point, en- 
ables us to unfold the surface into a 4p-gon whose pairs of opposite sides 
arise from the 2p cuts [Coxeter and Moser 1, p. 25], as in Figure 21.14. 


een (@=2) 


Figure 21.1b 


If we regard the 2p cuts on the surface as the 2p edges of a map, we find 
that this map has one face and one vertex, in eon with the formula 








me hiy salile square, and this 

midua may pied bf the regular tes- 
siia tates generated by two 
éfoation of opposite sides 
aging positions in all the 


sellation (4, 4} (Figure 4.62) or asi tie epn 
translations in perpendicular directs: |) Wis 
may be achieved by identifying pests tins zi 
squares, that is, by pretending thaisi’ transl : ys ro effect. In tech- 
nical language, the Euclidean planes is ei aievoering surface of the 
torus. Similarly, when p > 1, the 4g-2eéit canvetient saken to be a regu- 
lar 4p-gon of angle 7/2p in the hyperbolic plane, and this {4p} may be re- 
garded as a face of a regular hyperbolic tessellation {4p, 4p}. Opposite 
sides of the {4p} are related by 2p translations, which generate a group hav- 
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ing the {4p} for a fundamental region. The infinite hyperbolic plane (which 
is the universe! covering surface) is reduced to the given finite surface by 
identifying zach pointin one {4p} with the correspendixg points in all the 
other {4p}’s. Fhe group of translations is called the fundamental group of 
the surface [Coxeter and Moser t, pp. 24-27, 58-60]. 


EXERCISE 


A graph is a set of points (called vertices), certain pairs of which are joined by arcs 
(called edges). In particular, the vertices and edges of a map forma graph. Conversely. 
any connected graph can be drawn on a surface so as t form a map covering the sur- 
face.* A graph is said to be planar if it can be drawn on a sphere withogt any edges 
crossing one another, in which case it can just as easily be drawn Teh athe timversive) 
plane, provided we allow one face of the consequent map to be infinite, Ac vertex is 
said to have valency (or “degrec”) q if it belongs to q edges. A graph,is said: pi vg riva- 
lent if every vertex belongs to three edges. In this case 3V = 2E; theraford, W is even. 
The Thomsen grapht has six vertices P}, ... , Pa and nine edges P; lA where i +jiìs 
odd. This is the simpest nonplanar trivalent graph. Can it be drawn on a torus? 


21.2 NONORIENTABLE SURFACES 


A surface is non-orientoble if and only if there exists on the surface 
some closed curve .. . such that o small oriented circle whose center 
troverses the curve continuously will arrive of tts starting point with 
its Orientotion reversed. 


Hilbert ond Cohn-Vossen 
[1, p. 306] 


Each of the surfaces discussed in § 21.1 is orientable, that is, a positive 
sense of rotation can be defined consistently everywhere. More precisely, 
the faces of any map on the surface can be regarded as directed polygons 
in such a way that the two directions thus assigned to each edge disagree, 
or cancel out. A surface is said to be nonorientable if it admits one map 
which cannot be oriented in this manner. The most famous instance is the 
Mobius strip, which can be illustrated by taking a strip of paper A BA B, sev- 
eral times longer than it is wide, and sticking the two ends together after 
twisting one of them by a half-turn. Its nonorientability can be checked 
by means of a map consisting of a single row of squares. It is one-sided in 
the sense that an ant could crawl along the whole length of the strip, with- 
out crossing the bounding edge, and find himself at the starting point on 
the “other side.” If two wheels in a machine are connected by a belt of 
such a shape (e.g., for the purpose of conveying hot or abrasive materials), 
the substance of the belt will wear out equally on both sides. A patent for 

*J.H. Lindsay, Jr., Elementary treatment of the imbedding of a graph in a surface, American 


Mathematical Monthly, 66 (1959), pp. 117-118. 
+ W. Blaschke and G. Bol, Geometrie der Gewebe (Berlin, 1938}, p. 35. 
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this practical application of the Möbius strip has been acquired by the Good- 
rich Company.* 


Unlike the closed surfaces considered in §21.1, the Möbius strip is 
bounded. The boundary is a simple closed curve, but physically it cannot 
be shrunk awa estause, if we make it coincide with the circumference 
of a circle, the iior of the circle must intersect the surface of the strip. 
This practical diiti¢uity arises because the model is embedded in Euclidean 
space. Theoretically, no such embedding is needed. When the boundary 
has been shrunk away, the resulting closed surface is topologically a real 
projective plane! In other words, the Möbius strip is tite real projective plane 
with a hole cut out of it. For we may regard the projective plane (§ 6.9) as 
a sphere with antipodal points identified. When cutting out a circular hole 
round the north pole we must, of course, also cut out an equal hole round 
the south pole. What remains of the sphere is a zone bounded by two paral- 
lels of latitude such as the Tropics of Cancer and Capricorn. But the iden- 
tification of antipodes has the effect that only half the zone is needed, say 
the “visible” half (Figure 21.2a). This half-zone, with its ends AB identi- 
fied, is evidently a Möbius strip. 








Figure 21.2a 


Instead of a whole sphere with every pair of antipodal points identified, 
we may regard the projective plane as a hemisphere (say the “southern” 
hemisphere) with identification of diametrically opposite points on the pe- 
ripheral equator. In the spirit of topology, the hemispherical surface can 
be stretched until it covers almost the whole sphere, and the periphery (with 
opposite points identified) is reduced to a very small circle round the north 
pole. In other words, the projective plane is topologically equivalent to a 
sphere with a cross-cap. which may be described as a small circular hole hav- 
ing the magic property that, as soon as the crawling ant reaches it, he finds 
himself leaving the same hole from its diametrically opposite, ain Gaside. 
instead of outside, the sphere). 





* U.S. Patents 1,442,632 (1923), 2,479,929 (1949), 2,784,834 (1957). 
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A 


Figure 21.2b 


We can derive more complicated surfaces by adding any naner of oross- 
caps, each of which reduces the value of x by |. For, if a map on a given 
surface has a vertex A belonging to three faces, we can replace A by a cross- 
cap ABCABC as in Figure 21.26. Since this requires. the formation of two 
new vertices B, C, and three new edges BC, CA, AS, tse insertion of the 

cross-cap increases V by 2, E by 3, and leaves F unchssg 5d. (The faces on 

the left and right now meet twice: along the original edge through 4 and 
again along the new edge BC.) Knowing that a sphere has x = 2, we de- 
duce that a sphere with q cross-caps has 


21.21 x=2-q. 






When q = 1 this is, as we have seen, the real projective plane. When q = 2 
is the Klein bottle (or “nonorientable torus”) [Hilbert and Cohn-Vossen 
1, p. 308]. 

A suitable set of q cuts, ail fi ueginning and ending at a single point and 
each passing through a different cross-cap, enables us to unfold the surface 
into a 2q-gon such that q pairs of adjacent sides arise from the q cuts [Coxe- 
ter and Moser 1, pp. 25-28, 56-58] as in Figure 21.2c. These cuts are the 
q edges of a map having one face and one vertex, in agreement with the 
formula 

x=V-E+F=l-qg+l=2-q. 


(Q =1) {q = 2) {q = 3) 


Figure 21.2¢ 


When q = l, the 2q-gon is a digon which may be regarded as one of the 
two faces of the spherical tessellation {2, 2} (see Ex. 1 at the end of § 15.7). 
In fact, the universal covering surface of the projective plane is the sphere, 
and its fundamental group is of order 2, generated by the central inversion. 

When q = 2, the 2q-gon may be regarded as a face of the Euclidean tes- 
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sellation {4, 4}.sothat the universal covering surface is the Euclidean plane. 
Unlike the torus. whose fundamental group p1 is generated by two trans- 
lations, the Klein bottle has the fundamental group pg, generated by two 
glide reflections (sce § 4.3 and Plate I). Similarly, when q > 2, so that the 
universal covering surface is the hyperbolic plane, the 2q-gon is a face of 
the hyperbolic tessellation {2g, 2q}, and the fundamental group is gener- 
ated by q glide reflections [Coxeter and Moser 1, pp. 56-58}. 


EXERCISES 


1. The projective plane is topologically equivalent to a disk* with diay éeivally 
Opposite points identified. eS gs 

2. How can the Thomsen graph (sce the cnd of § 21.1) be drawn on a ghee with 
a cross-cap (or a disk with opposite points identified)? 


3. What happens to the vertices and cdges of a regular hexagonal prism when we 
project it centrally onto its circumsphcre and then identify antipodes? 

4. Isa sphere with p handles and q cross-caps topologically equivalent to a sphere 
with 2p + q cross-vaps? 


21.3 REGULAR MAPS 


We first give a method of reducing any two-dimensional manifold to 
one of the known polygonal normal forms. The method used is one 
by which a polygon on which the manifold is represented is subjected 
to a series of transformations by cutting it oport in a simple manner 
and then joining tt together again so os to obtain a new polygon rep- 
resenting the same manifold. 


H. R. Brahana (1895 - ) 
(Annals of Mathematics, 23 (1921), p. 144) 


It can be provedt that every closed surface is topologically equivalent 
cither to a sphere with p (> 0) handles (if the surface is orientable) or to a 
sphere with q(> 0) cross-caps. In virtue of 21.12 and 21.21, this means 
that, from the standpoint of topology, there is just one orientable closed 
surface for cach of the values 


x =2, 0, —2, —4,. 


namely a sphere with 1 — 4x handles, and there is just one nonorientable 
closed surface for each of the values 


x=1, 0,-1, -2,..., 


* A disk is a circle plus its interior. For other topological properties of the disk and sphere, 
see A. W. Tucker. Proceedings of the First Canadian Mathe matical Congress (University of To- 
ronto Press, 1946). 

$ Brahana’s orignal proof has been simplified by bajaba 7 (1, pp. 72-85] and others. One of 
the best expositions is by R. C. James, Combinatorial idpology of surfaces, Mathematics Maga- 
zine, 29 (1955), pp. !-39. 
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namely, a sphere with 2 — x cross-caps. We have already described, on 
such a surface, a very simple map having one vertex, 2 — x edges, and one 
face. In the orientable case, this map is “regular” in the following sense. 

The vertices, edges. and faces of a map (on any closed surface, orientable 
or nonorientable) may conveniently be called the elements of the map. Those 
permutations of the elements which preserve all the relations of incidence 
are called automorphisms of the map. The automorphisms form a group 
(of order | or more) called the group of the map. This is a natural general- 
ization of the symmetry group of a polyhedron or tessellation (§ 15.7), but 
metrical ideas are no tonger used. A map is said to be regular if its auto- 
morphisms include the cyclic permutation of the edges (and vertices) be- 
longing to any one face and also the cyclic permutation of the edges (and 
faces) that meet at any one vertex of this face. Such a map is “of type 
{p. q}" if p edges belong to a face, and q to a vertex. The dual map, whose 
edges cross those of the original map, is of type {q, p}. (The? letters p and g 
used here have no connection with our previous use of p and.g iqa or the num- 
bers of handles and cross-caps.)} 

The equations 10.31 remain valid. Combining them with 21. Ll, we ob- 
tain a generalization of 10.32: 


21.31 V = 2pr, E= Pd, f = 2qr, 
where, if x Æ 0, 


= x 
21.32 = 0g — pq 
Ifx = 0, so that 2p + 2g = pq as in § 4.6, there are infinitely many possible 
values for r, as we shall soon see. 
If x = 1 or 2, the possible values for p and g are given by 10.33 without 
the restrictions p > 2, q > 2. Thus the regular maps on a sphere {x = 2) 
are just the splierical tessellations 


(2). (2p). (3,3). 
ae (4.3}. (3,4), (5.3), (35). 


namely: the dihedron whose p vertices are evenly spaced along the equa- 
tor, the hosohedron* whose edges and faces are p meridians and p lunes, and 
“blown-up” variants of the five Platonic solids. All these are centrally sym- 
metrical, except the dihedron and its dual with p odd, and the tetrahedron 
{3,3}. In the centrally symmetrical cases we can identify antipodes to ob- 
tain the regular tesscellations of the elliptic plane {x = 1): 


{p,2}/2 and {2.p}/2  (peven), 
{4,.3}/2, {3,4}/2, {5,3}/2, {(3,5}/2 


[Coxeter and Moser 1, p. 111}. For instance, identifying opposite elements 


21.34 


* This term (literally “any number of faces”) was coined by Vito Caravelli (1724-1800), whose 
Traité des hosoédres was published in Paris (1959) by the Librairie Scientifique et Technique. 
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of the cube (Figure 10.55), we see that {4, 3}/2 is a partition of the elliptic 
plane {or of the real projective plane) into three “squares,” say AB : 
ACDB, ADBC. (These squares are just the three handkerchiefs which Lady = 
Muriel began to sew together in her attempt to make the Purse of Fortuna- 
tus [Dodgson 4, pp. 100-104]. The first two, joined along their common 
side CD, form a #4#t#ius strip whose boundary is ADBC.) Likewise, {5, 3}/2 
is a partition of lliptic plane into six pentagons, each of which is sur- 
rounded by the: ining five. 










The regular maps on the torus are derived from infinite regular maps on 
its universal covering surface, which is the Euclidean plane. As we saw in 
§ 4.6, these infinite maps are the regular tessellations 


21.35 {6,3}, {4.4}, {3,6}. 


The necessary identifications are determined by subgroups of the trassiation 
groups of these tessellations. 

The vertices of {4,4} may be taken to be the lattice of points whose Car- 
tesian coordinates (x, y} are integérs. The torus is derived by identifying op- 
posite sides of a square, one of whose sides goes from (0, 0) to (b, c}, where 
b and c are positive integers or zero (but not both zero). Since the area of 
this square is b? + c?, the part of the original {4, 4) that lies inside it con- 
sists of 62 + c? unit squares. We thus find, on the torus, a map 


{4, 4}o.c 











after cutti 
a map of! 


aps of the map. (If it seems para: al for 

E shel Hey one vertex, we must recognize that the 
face is stif Mat le ae hat hough its four vertices all coincide with the 
single vertis agi ities Happ Tie dhap {4, 4}2.1, whose five faces are each sur- 
rounded by the remaining four. ig 4 shows 3 in ‘Figure 21.24, 










Figure 21.3a Figure 21.3b 
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Similarly, the vertices of {3, 6} may be taken to be the lattice of points 
whose oblique coordinates, with axes inclined at 60°. are integers. The torus 
is derived by identifying opposite sides of a rhombus of angle 60°, one of 
whose sides goes from {@, y to {b, c). Since the area of this rhombus is 
b2 + be + c? times thai of the wait cell of the lattice (consisting of two ad- 
jacent faces of {3, 6}), the part of (3, 6} that lies inside it consists of 
2(62 + be + c?) equilateral triangles. We thus find, on the torus, a map 


{3, 6}a. 
in which 
V = b + be +e, E = 3V, F=2V 


[Coxeter and Moser 1, p. 107]. (For an affine variant of one-half of {3, 6}21, 
see Figure 13.5¢.) The dual map 


{6, 3}. 


has 6? + be + c? hexagonal faces. In particular, {6, 3}21 (Figure 21.35)* 
is Heawood’s partition of the torus into seven hexagons, each of which is 
surrounded by the remaining six. 

Thus we see that the torus admits infinitely many regular maps of each 
of the three types 21.35. On the other hand, there are no regular maps on 
the Klein bottle [Coxeter and Moser 1, p. 116]. 


If a regular map has more than one vertex and mers than one face, every 
edge joins two vertices and separates two faces. If there is an automorphism 
which interchanges these two vertices without interchanging the two faces 
(in which case there is another automorphism which does vice versa), the 
map is said to be reflexible [Ball 1, p. 129; Coxeter and Moser 1, p. 101]. 
Clearly, all the regular maps on the sphere and all those on any nonorien- 
table surface are reflexible, but those on the torus are reflexible only if 
be(b — c) = 0. It was suggested by Coxeter and Moser [1, p. 102] that 
possibly all regular maps on more complicated surfaces (i.c., on surfaces of 
negative characteristic) are reflexible. However, this conjecture is refuted 
by J. R. Edmonds’ discovery of a nonreflexible regular mapt of type {7, 7} 
and genus 7, having 8 vertices, 28 edges, and 8 heptagonal faces 


FDCGBENH, GEDACFH, AFEBDGH, BGFCEAH, CAGDFBI, 
DBAEGCH, ECBFADH, ABCDEFG, 
EXERCISES 
1. Describe the maps {2, 1} and {J, 2} on the sphere. (The former has onc facc. 
a digon {2}: the latter has two faces which are monogons {1}.) 
2. The elliptic tessellation {2g, 2}/2 has q vertices and g cdges, all on one line, 


* For othcr ways of drawing Heawood’s map, sec Coxeter, Map-coloring problems, Scripta 
Mathematica, 23 (1957), pp. 19-21, and ‘The four-color map problem, 1840-1890, Mathemarics 
Teacher, $2 (1959), pp. 288-289, 

t See also Robert Frucht, Canadian Journal of Mathematics, & (1952), p. 247. 
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and one facc. Its dual, {2, 2g}/2, has one vertex, g complete lincs for its cdges. and q 
angular regions for its faces. Describe the remaining regular tessellations of the elliptic 
planc. 

3. As we have seen, the standard decomposition of the torus provides a one-faced 
map {4.4}. The standard decomposition of the KIcin bottle (as in the second part 
of Figure 21.2c) provides another one-faced map of type {4,4}, but this is not regular. 
In both cases, the one vertex and the two cdgcs form a very simple graph, which may 
be described roughly as a figure of cight. The same graph can be drawn on the pro- 
jective plane to form {2, 4}/2, or on the sphere to form an irregular map whose faces 
consist of a digon and two monogons. 

4, The standard decomposition of a sphere with threc cross-caps (as in the third 
part of Figure 21.2c) provides an irregular one-faced map of type {6, 6}. Its one ver- 
tex and three edges form a “clover-lcaf” having three loops. ‘The same graph can be 
astawn on the Klcin bottle as an irregular map of type {3, 6}, on the torus as {3. 6}10. 
ga the projective plane as {2,6}/2, and on the sphere as an irrcgular map whose faces 
consist of a triangle and three monogons. 

5. Describe the retlexible maps 


fdha {4.4}20, (3, 6}11. {6-3} {6,3}20. 


6. The vertices and cdges of {6. 3}. form the Thomsen graph (sce the end of 
§ 21.1). Those of {4, 4}z 2 form an analogous graph having cight vertices instead of six. 
7. A graph is called a complete V-point it every two of its V vertices are joined by 
an edge. The verticcs and cdges of the following maps form complete V-points (for 
which values of V2): 
{3,2}, {3.3}, {4.3}/2, {4,.4}o1,  (3.5}/2. (3. 6}24. 


8. The vertices and edges of Edmonds’ map form a complete 8-point. 
9. There is no map of type {1,1}. (Hin: Set p =q = } in 2).31 and 21.32.) 


21.4 THE FOUR-COLOR PROBLEM 


“I doubt it,” said the Corpenter, 
And shed a bitter teor. 


Lewis Carroll 
[Dodgson 2, Chap. 4] 


The theory of maps on surfaces may be said to have begun in 1840, when 
M6bhius puzzled his students with the problem of dividing a country into five 
districts in such a way that every two would have a common boundary line 
{not merely acommon point). The impossibility of such a partition led nat- 
urally to the question whether four colors always suffice for coloring a map 
when we stipulate that different colors are need wherever two districts 
share a boundary line or, in mathematical terms, #nerever two faces share 
an edge. Tt must be emphasized that each face is simply connected {i.e., 
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topologically a disk). Thus the geographical problem applies to a single 
island or continent: the ocean and all the other islands and continents are 
to be taken together as forming one more face, and if this is a blue face the 
same color must be allowed for some of the other faces. For instance, in 
a map of Europe, we need three different colors (say green, red, and yellow) 
for Belgium, France, and Germany: Holland may have the same color as 
France, but Luxembourg must be blue, like the sea. 

Figures 15.4a, b, ¢ illustrate the use of four colors for the tetrahedron and 
octahedron, and five for the icosahedron. For the tetrahedron, four is the 
only possible number, since each face meets all the others, Apart from this 
simplest case, any map whose faces are triangles can be colored in three colors.* 
Moreover, any map having an even number of faces at each vertex (such 
as the octahedron) can be colored in two colors, like a chessboard. 


The problem of deciding whether four colors suffice for coloring any map 
on a plane or a sphere is sometimes called Guthrie's problem, after Francis 
Guthrie, who took his B.A. in London in 1850 and his LL.D. in 1852. Be- 
tween these dates the problem occurred to him while he was coloring a map 
of England. He tried in vain to prove that four colors are always sufficient. 
On October 23, 1852, his younger brother Frederick communicated the con- 
jecture to Augustus De Morgan (author of A Budget of Paradoxes). In 1878, 
Cayley revived interest in the problem at a meeting of the London Mathe- 
matical Society by asking whether anyone had proved the conjecture. In 
1880, Cayley’s challenge was answered by A. B. Kempe and P. G. Tait, who 
published plausible arguments, which were accepted for ten ycars (even by 
Klein himself), as proving that four colors will always suffice. In 1890, Hea- 
wood drew attention to the fallacy in Kempe’s argument, using for a.coun- 
terexample a particular map having 18 faces. The number of faces can 
actually be reduced to 9, so as to reveal the fallacy more quickly.7 

In §§ 21.5-21.7 we shall describe the valid part of Kempe’s work and also 
Heawood’s extension to maps on the torus and other multiply connected 
surfaces. 


EXERCISES 

1. In how many essentially different ways can a cube be colored with threc given 
colors, a dodecahedron with four? 

2. In Figure 15.4c, the icosahedron is colored with five colors so that each face and 
its three neighbors have four different colors. Replace each “e” by the one remaining 
color, thus reducing the numbcr of colors to four. Starting afresh, color the icosahe- 
dron with three colors [Ball 1, pp. 238-241]. 

3. Try to draw a map that is dificult to color with four colors. 


* R. L. Brooks, On coloring the nodes of a network, Proceedings of the Cambridge Philosophical 
Society, 37 (1941), pp. 194-197. 
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21.5 THE SIX-COLOR THEOREM 


Even the moonlit track ahead of him faded from his consciousness, for 
into his head had come a theorem which might be tru i ‘ight be 
false, and his mind darted hither and thither seeking pr ¥eestab- 
lish its truth and counter-examples to show that it could në possibly 
be frue. 









J. L. Synge [2, p. 165] 


The equations 10.31, which apply to a regular map of type {p. q}. remain 
valid for a general map having various kinds of face and various numbers of 
faces at a vertex, provided we interpret p as the average number of vertices 
(or edges) of a face, and g as the average number of faces (or edges) at a 
vertex. Since a vertex belonging to only two edges can be omitted by com- 
bining the two edges, there is no real loss of generality in assuming that every 
vertex belongs to at least three edges. Thus g > 3 and 


2E = qV 2 3V, 
whence, by 21.11, E < 3{(E — V) = 3(F — x) and 
2E 
21.51 p=3 <6 (1-4). 
This proves that p < 6 whenever x > 0, that is, for the sphere (x = 2) or 


the projective plane (x = 1). Hence 

21.52 Every map on the sphere or the projective plane has at least one fuce 
whose number of edges is less than 6. 

We can now prove, by induction over the number of faces, 


THE SIX-COLOR THEOREM. To color any map on the sphere or the projec- 
tive plane requires at most six colors. 

We take “any map” to mean “any map having F faces,” for cach particu- 
lar value of F. When F < 6 there is no problem: we can assign distinct 





Figure 21.5a Figure 21.Sb 
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colors to all the faces. The theoreri will be proved. if we can deduce the 
case of 7 faces from the case of 6, aad then & from 7, and so on. Accord- 
ingly, we make the inductive assumption that the theorem holds for every 
map of F — | faces, and then proceed to investigate a given F-faced map, 
paying particular attention to the face {or one of the faces}having 5 or fewer 
edges (see 21.52). For definiteness, we assume this face to be a pentagon, 
like the shaded face in Figure 21.S5a. (The same arguments can be carried 
through with trivial changes if it is a quadrangle, triangle, or digon.) Fig- 
ure 21.55 shows a modified map in which this pentagonal face has shrunk 
to a point, that is, in which its territory has been ceded to its five neigh- 
bors. By the inductive assumption, the modified map, having only F — | 
faces, can be colored with six colors. Let this be done, and let the same 
coloring be applied to the original map. Theti;#¢en if the five neighbors 
need five distinct colors, there is still a sixth 3 left for the pentagonal 
face itself. ee ee re 

Since this argument can be applied with F = 7, then with F = 8, and so 
on, the six-color theorem holds for all values of F. 






Can the number 6 be replaced by 5? For the projective plane it cannot, 
as we Shall soon see. For the apitere it can, by a subtler argument depend- 
ing on the topological theereim that a circle on the sphere decomposes it 
into two separate regions [Bail i, p. 229]. But the gap between the five colors 
that are always sufficient and the four that are usually necessary has never 
been bridged. Heawood himself continued to investigate the problem for 
the rest of his life, reducing it to pure algebra. Other authors have gradu- 
ally increased the lower bound of the number of faces for a map that might 
possibly require five colors. 

It is almost certainly a mcre coincidence that the numbers 4 and 5 play an analogous role in 
arithmetic. According to Mordcll (1, p. 19], it is “very easy to prove that cvery integer is the 


sum of at most five integer cubes, positive or negative, and there is an unproved conjecture that 
four cubes suffice.” 





projective plane, on the other hand, there is no gap to be bridged: 
are both necessary and sufficient. The simplest map that neéds” 








Figure 21.5c¢ 
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all six is {5, 3}/2 (see p. 387), which is drawn in Figure 21.5c as a disk with 
diametrically opposite points identified. By cutting out a hole round the 
vertex A, we obtain H. Tietze’s six-color map on the Mobius strip (Figure 
21.5d). Here, as on the whole projective plane, six colors are both neces- 
sary and sufficient. 


C 
B a eke j 
Sse B 





Figure 21.5d 


EXERCISE 


Make a model of the Mötius strip and color it as indicated in Figure 21.Sd. (Since 
this is a “one-sided” surface, the paper must everywhcre have the same color on both 
sides.) 


21.6 A SUFFICIENT NUMBER OF COLORS FOR ANY SURFACE 


[ Huck Finn to Tom Sawyer in their flying boat:] “We're right over Ili- 
nois yet. And you can see for yourself that Indiana ain't in sight... . 
Illinois ts green, Indiana is pink. You show me any pink down here, 
if you can. No, sir; it's green,” 
"Indiano pink? Why, what a lie!” 
“It ain't no lie; l've seen it on the map, and it's pink.” 
Mark Twain { =S. L. Clemens, 1835 -1910) 
{Tom Sowyer Abroad, Harper, New York, 1896, Chop. 3) 


The problem of coloring maps on a more complicated surface is not dif- 
ficult, as on the sphere, but easy, as on the projective plane. In fact, we 
can now prove 


HEAWOOD'S THEOREM. To color any map on a surface of characteristic 
x < 2 requires at most [| N ] colors, where 


Nett 49 — 24x 
= — yn > 


Since the case x = 1 has already been proved in § 21.5, we shall suppose 
that 
x < 0. 


Since the theorem is obviously true wën < N (which implies F < [N], we 
shall suppose also that 
ESR 
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and use induction over the numbei #i-#%<es, assuming that [ X ] colors sufice 
for any map having F — 1 faces. Since N satisfies the quadratic equation 


K on | sae 
or n X ) = l, 
the inequality 21.51 yields 
p<6(1-%) <6 (1-4) =N-1. 


Hence there is at least one face having [N] — | or fewer edges (cf. 21.52). 
We continue as in § 21.5, using [N] instead of 6, and conclude that [N] colors 
suffice for the given map. 


Although this proof would break down if x were positive, we note that 
Heawood’s expression for N not only yields the correct value 6 when x = | 
but also yields the conjectured value 4 when x = 2. 


EXERCISE 


Tabulate [ X] for values of x from 2 down to —9. 


21.7 SURFACES THAT NEED THE FULL NUMBER OF COLORS 


“Suppose there's a brown calf and a big brown dog, and an artist is 
making a picture of them.... He has got to paint them so you can 
tell them apoart the minute you look at them, hain't he? Of course. 
Well, then, do you want him to go and paint both of them brown? 
Certainly you don't. He paints one of them blue, ond then you can't 
mistake. It's just the same with maps. That's why they make 
‘ate a different color... .”’ 






Mark Twoin (tbid.) 


Heawood’s theorem (with x = 0) tells us that every map on the torus can 
be colored with seven colors. His regular map {6, 3}2.1, whose seven faces 
all meet one another, shows that at least one map on the torus really needs 
seven colors. Since Heawood’s expression for N depends only on x, it yields 
the same number 7 for the Klein bottle. However, Philip Franklin has 
proved a six-color theorem for the Klein bottle.* 

Ringel [1, p. 124] proved that the Klein bottle is the only nonorienta- 
ble surface not needing as many as { N] colors. For instance, inserting a 
cross-cap at one vertex of Heawood’s seven-faced map on the torus, as in 
Figure 21.2b, we obtain a seven-faced map on the surface of characteristic 
—l. This map still needs seven colors, since all its faces meet one another. 
(In fact, some pairs of faces mect twice.) 

* Coxeter, Scripta Mathematica, 23 (1957), pp. 21-23. 
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In the case of an orientable surface of genus p = 1 — 4x, Heawood’s 
number [N] is given by 





+ | 

7 ’ 

and it is appropriate to give the name “The Heawood conjecture” to the 
statement that, for every p, the orientable surface of genus p carries a map 
of [N ] faces, all meeting one another. This conjecture became a theorem in 
1968, when Ringel and Youngs* found such a map for every p. This break- 
through was the climax of a long story. The investigation was begun by L. 
Heffter in 189] and was then neglected until 1952, when Ringel resumed it. 
He collaborated with Youngs from 1966 on, and some helpful ideas were 
contributed by W. Gustin, C. M. Terry, and L. R. Welch. The values of p 
up to 32 were disposed of independently by Jean Mayer {a professor of 
French literature) in 1967. The four most difficult cases (p= 59, R3 158; 
257) were achieved by Youngs and Richard Guy in 1968. 


EXERCISES 
1. Replacing the “hole” in Figure 21.$¢ by a eross-cap, obtain a siaecolor. map fof 3 
pentagons and 3 heptagons) on the Klein bottle. - 
2. Draw an eight-color map on the surface of genus two [Ball 1,5. 2374, 


* Gerhard Ringel and J. W. T. Youngs, Solution of the Heawood map-colouring problem, 
Proceedings of the National Academy: of Sciences (U.S.A.). 1968. 
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Four-dimensional geometry 


The idea of four-dimensional space has long been surrounded by an attrac- 
tive aura of mystery. The axiomatic approach (12.44) dispels the mystery 
without reducing the fascination. Having become accustomed to non- 
Euclidean geometries, we are no longer disconcerted by the possibility that 
two planes may have a common point without having a common line. More 
simply, we may regard the points of Euclidean 4-space as four Car- 
tesian coordinates instead of the usual two or three. Any tw inct points 
determine a line, the three vertices of a triangle determine a plane, and the 
four vertices of a tetrahedron determine a hyperplane, which is given by a sin- 
gle linear equation connecting the four coordinates. 

In §§ 22.1--22.3 we describe the four-dimensional analogues of the Platonic 
solids. We shall see that there are six of these regular polytopes. Each con- 
sists of a linite number of solid cells in distinct hyperplanes, so arranged that 
every face of each cell belongs also to another cell. All these regular poly- 
topes were discovered by Schläfli before 1855. 

Just as we can make flat pictures of solids by projecting them orthogo- 
nally onto a plane, so we can make flat or solid “pictures” of hypersolids by 
projecting them either onto a plane or onto a hyperplane. Instances of the 
former procedure are shown in Figures 22.la, b and 22.35; for an example 
of the latter, see Plate III on page 404. 

In § 22.4 we consider certain honeycombs (or “solid tessellations,” or “de- 
generate polytopes”) consisting of infinitely many solid cells in the same 3- 
space. tn § 22.5 we see how these ideas help to explain some experimental 
results on the packing of equal spheres. ==>. 

The geometry of this chapter is Eucliés = But all the other kinds of ge- 
ometry can similarly be extended to spaces of any number of dimensions. 
As L. Fejes Tóth remarks in one of his books, we are able “to create an 
infinite set of new universes, the laws of which are within our reach, though 
we can never set foot in them.” 
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2e.% THE SIMPLEST FOUR-DIMENSIONAL FIGURES 


That ye... may be able to comprehend with all saints what is the 
breadth, and length, ond depth, and height. 


Ephesions Ill, 17 -18 


Spirits hove four dimensions. 


Henry More {1614 -1687) 


If an inhabitant of flatland was oble to move in three dimensions, he 
would be credited with supernatural powers by those whe were unable 
so to move; for he could appeor or disappear at will, could (so far as 
they could tell) create matter or destroy it.... We may go one step 
lower, and conceive of a world of one dimension—like a long tube— 
in which the inhabitants could move only forwards and backwards. . . . 


Life in line-land would seem somewhot dull. ... An inhabitant could 
know only two other tndividuals; namely, his neighbours, one on each 
side. 

W. W. Rouse Boll 


(Mathematical Recreations and Essays, 9th edition, 1920, p. 426) 


When trying to appreciate the idea of Euclidean 4-space, we are helped by 
imagining the efforts of a hypothetical two-dimensional being to visualize a 
three-dimensional world.* In solid genrnetcy we cag fine a line (“the third 
dimension”) which is perpendicular tz sth of iwo intersecting lines and con- 
sequently perpendicular to every line in theiy plane. Analogously, in 4-space 
we can find a line (“the fourth dimewision”) which is perpendicular to all three 
edges of a tribedral solid angle, such a3 corner ofa suke, and consequently 
perpendicular to every line in the 3-spece that Contains the solid angle. It 

-follows that two 3-spaces that have a common point have a common plane, 

_ aod the product of reflections in the isa rotaties about this plane, analo- 

"was to the familiar rotation about a line bz three digveasions or about a point 
in two dimensions. 

After accepting the idea of a fourth dimension, we can soon imagine a 
pyramid or a prism whose “base” is a solid. For instance, a regular tetra- 
hedron ABCD may serve as the base of a pyramid 4 BCDE (Figure 22.1a) 
whose apex £ is along the fourth dimension through the center of ABCD. 
If E is so chosen that its distances from A, B, C, D are all equal to the edge 
AB, we have a regular simplex, which may be regarded in five ways as a 
pyramid, each vertex in turn serving as the apex while the remaining four 
form the base. 

Figure 22.16 is merely an octagon with a square drawn inwards on each 


* Flatland: A Romance of Many Dimensions, by A Square (E. A. Abbott), Boston, 1885 and 1928. 
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Figure 22.14 Figure 22.1b 


side, or an octagon and an octagram with corresponding sides joined by 
squares. It may be regarded as a picture of a hypercube (or “‘8-cell,” or “tes- 
saract,” or “measure polytope”) which is a prism whose base is a cube, the 
“height” of the prism being equal to the edge of the base. Just as a cube 
can be traced out by moving a square along thè third dimension, so a hyper- 
cube can be traced out by moving a cube along the Fourth dimension. In 
Figure 22.15 the initial and final positions of ihe moving cube have been 
drawn in heavy lines. There are altogether eight cubes: these two, and six 
others traced out by the six faces. Each of the 24 squares (which appear in 
the figure as cither squares or rhombi) belongs to two of the cubes, not lying 
in the same 3-space but rotated about the plane of the square until the two 3- 
spaces are at right angles. 
The regular simplex and the hypercube are the two simplest instances 


{3,3,3} {4,3,3} 


of a regular polyiepe tp, 3r}, which is a configuration of equal Platonic solids 
(p. g}, called celis fiting togetherin such a way that each face {p} belongs to 
two cells, and cach edge to r cells. It follows that the arrangement of the 
cells at a vertex corresponds to the arrangement of the faces of a {q, r}, in 
the sense. thai sack fuce of the {g, r} is a vertex figure of the corresponding 
cell. This (9, r}, whose-vertices are the midpoints of the edges at one ver- 
tex of {p, q,r}, is naturally called the vertex figure of the polytope. In fact, 
the three-digit Schläfli symbol {p, 4, r} is derived by “telescoping” the two- 
digit symbols { p, q} and {q, r} which denote the cell and the vertex figure. 

We can now complete the first two rows of Table IV (on p. 414), in which 
the numbers of vertices, edges, faces, and cells are denoted by No, Ny, No. N3. 
Although there is no easy formula for any of these numerical properties as a 
function of p, q, r, we can readily find their mutual ratios by arguments anal- 
ogous to those that led to 10.31. In fact, if V, E, F refer to the cell {p. q}, and 
V’, E’, F to the vertex figure {q, r}, we have 


FEN; = 2N3, VN3 = F No, V'No = 2N. EN3 = rNı = PNe = E' No. 


For instance, the first equation comes from the observation that the F faces 
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of the N; cells are just the Nz faces, counted twice because cach belongs to 
two cells. 
EXERCISES 

1. The numbers Ny: Ny: No: N3 are proportional to 

l l l i J 1 
t} on a 

r r p p @q 2 
Thus {p. q, r} satisfies Schlafli’s four-dimensional analogue of Euler's theorem: 

No — Ny + No — N3 = 0. 
2. A hypercube of edge }, with onc vertex at the origin and 4 edgcs along the Car- 


tesian axes, has the 16 vertlows dxi, xz, X3, X4), Where cach of the four x’s is cither 0 or 
1, independently. a 


3. A hypercube of cdge 2, with its center at the origin and its edges parallel to the 
Cartesian axes, has the 16 vertices 


to 
ey 


(+o +), 44. =). 


4. Wherc is the center of the dilatation that relates the bypercubes described in the 
two preceding exercises? 


22.2 A NECESSARY CONDITION FOR THE EXISTENCE OF {P q r} 


“,.. Space... is spoken of as having three dimensions, which one may 
call Length, Breadth, and Thickness... . But some philosophical peo- 
ple have been asking why three dimensions particularly—why not an- 
other direction at right angles to the other three? ... I do not mind 
telling you I have been at work upon this geometry of Four Dimen- 
strons for some time. . . 


H. G. Wells 
{The Time Machine, 1895, p. 5) 


It was apparently Kepler who first thought of the regular tessellations 
(§ 4.6) as infinite polyhedra. Analogously, the three-dimensional honey- 
comb of cubes (whose vertices may be taken to be all the points (x, y, z) 
for which x, y, z are integers) is the infinite polytope {4, 3, 4}: its cell is the 
cube {4, 3}. and its vertex figure is the octahedron {3, 4) whose eight faces 
are the vertex figures of the eight cubes that surround a vertex, one in each 
“octant.” The final 4 in the symbol { 4, 3, 4} weegee that there are four cells 
surrounding an edge. These four cubes fit tog: without any interstices 
because the dihedral angle of the cube is exacti¥ aight angle. On the other 
hand, the hypercube {4, 3, 3} is a finite polytope because the total angle at 
an edge is only three right angles, allowing the cells to be rotated out of 
the 3-space the way one derives a polyhedron by folding up its net (only now 
the angular deficiency is not related in any simple way to the number of 
vertices). 
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Similarly, since the dihedral angle of the tetrahedron {3, 3} is slightly less 
than 71° (see Table II), we may place three, four, or five (but no more) tet- 
rahedra together at a common edge, so as to begin the consirgétion of 
(3, 3, 3}, {3, 3, 4}, or {3,3,5}. Again, since the dihedral angles of the octa- 
hedron and dodecahedron are between 90° and 120°, we may place just three 
of either together at an edge to obtain {3, 4, 3} anc {5, 3,3}. But the icosa- 
hedron cannot be used in this manner, as its dihedral angle is greater than 
120°. We have thus proved that the only possible finite regular polytopes 
in four dimensions are 


{3,3,3} {3,3,4} {3,3.5}, {4,3,3}, {3,4,3}. {5,3,3}. 


The condition for {p, q, r} to be a finite polytope may be expressed in 
general terms by recalling (from 10.43) that the dihedral angle of the Pla- 
tonic solid {p, q} is 


2 arcsin (cos 7 / sin FI . 


If r such angles together make less than 27, each must be less than 277/r. 
Hence 


arcsin | cos Z f sn@ | <2, 
A p r 





q 

that is, 
22.21 cos Z e sin Tain T sew = 

q EO e 

N bos i iy git WO ning Tem : 

Similarly, the condition for {p, q. *} to be an imfiviie heweycomb filling three- 
dimensional space is Sao ae em E 
22.22 cos” = Bint gT oe 

4 i P s = a 
an equation for which the only soluitign is integers greater than 2 is (4, 3, 4}. 

eniencises 





1. The condition 22.2) implies bot% 1% 
placed by r. Hint: 


3 and the analogous inequality with p re- 


sin 5 sin 7 < sin =. 
2. Obtain the Schläfli symbol for the regular polytope whose eight vertices arc 
(+1, 0, 0,0), (0, £1.0, 0). (0,0, 1.0), (0,0, 0, =), 
that is. for the polytope 


[xa] + [xe] tix] + [xal <1 
1 $ 
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22.3 CONSTRUCTIONS FOR KLOVLAZ POLYTOPES 


Though analogy is often misleading, it is the least misleoding thing 
we have. 


Samuel Butler {1835 -1902) 


{Music, Pictures, and Books} 


We have seen that the inequality 22.21 is a necessary condition for the 
existence of a finite polytope {p, g, r}. The sufficiency of the condition re- 
quires an actual construction for each of the six figures. We know that r 
cells can fit together at an edge, but it is not obvious that the addition of 
further cells will ultimately yield a closed configuration in which every face 
of every cell belongs also to another cell. 

As the complete story of such constructions is very long [Coxeter 1, pp. 
145-153], we must be content with a brief sketch, aided by analogy with 
what happens in three dimensions. 

We recall that alternate vertices of a cube {4, 3} belong to an inscribed 
tetrahedron {3, 3} whose four faces correspond in an obvious manner to 
the four omitted vertices of the cube, whereas its six edges are diagonals of 
the six faces of the cube (one diagonal of each face). Moreover, the mid- 
points of these six edges, being the centers of the faces of the cube, are the 
vertices of an octahedron {3, 4}. 





Figure 22.3a 


Analogously, by selecting alternate vertices of the hypercube {4, 3, 3} we 
obtain a polyiope which kas 5 vertices (the black points in Figure 22.3a) 
and i& osils: one tetrahedroa {such as BCPQ) corresponding to cach of the 
8 omsisted vertices; and another (such as ABPO) inscribed in each of the 8 
cubic cells? This “}6-sekt” Pras 24 edges, which are diagonals of the 24 square 
faces of the #ypsrtube fone agonal of each face). Each of these 24 edges 
belongs to 4 tetrahedra (2 df cach type, occurring alternately); for example, 
the edge PQ belongs to the 4 tetrahedra 


ABPQ, BCPQ, CDPQ, DAPQ, 
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the first and third of which are inscribed in two adjacent cubes whose com- 
mon face has PQ for one of its diagonals. We have thus proved that the 
16-cell is {3, 3, 4}. 

Completing the third line of Table 1V, we observe that the numerical prop- 
erties of {3, 3, 4} are just those of {4, 3, 3} in the reverse order. In fact, 
instead of obtaining the vertices of the 16-cell as alternate vertices of the 
hypercube, we could have obtained the vertices of another (similar) |6-cell 
as the centers of the cells of the hypercube. In other words, the hypercube 
and the 16-cell are reciprocal polytopes [Coxeter 1, p. 127], like the cube 
and the octahedron. More generally, the reciprocal of {p, q, r} is {r, q. p}. 


The midpoints of the 24 edges of {3, 3, 4} are the 24 vertices of a poly- 
tope whose cells are 24 octahedra: the vertex figures at the 8 vertices of 
{3, 3, 4}, and 16 inscribed in the 16 tetrahedra. Since all its cells are octa- 
hedra {3, 4}, this “24-cell” is {3, 4, 3} [Hilbert and Cohn-Vossen 1, p. 152, 
Fig. 172]. 

By suitably dividing the 12 edges of an octahedron in the ratio 7 : 1, we 
obtain the 12 vertices of an icosahedron (see § 11.2). By dividing the 96 
edges of the 24-cell {3, 4, 3} in this same ratio, we obtain the 96 vertices of 
a semiregular polytope s{3, 4, 3} (the “snub 24-cell”), whose cells consist 
of 24 icosahedra and (20 tetrahedra: namely, at each vertex of the 24-cell, 
a set of 5 tetrahedra consisting of 1 surrounded by 4 others (like a partially 
folded “nei” for the regular simplex {3, 3, 3}). When each icosahedral cell 
of s{3, 4, 3} is capped by an icosahedral pyramid (the way an icosahedron 
is derived from 4 pentagonal antiprism by adding two pentagonal pyramids), 
we obtain a new polytope having a cluster of 20 tetrahedra to replace each 
of the 24 icosahedra, making a total of 


24°20 + 120 = 600 


tetrahedra. The 120 vertices of this polytope consist of the 96 vertices of 
${3, 4, 3} and the 24 apices of the 24 icosahedral pyramids. (These 24 points, 
corresponding to the cells of the original {3, 4, 3}, are the vertices of a re- 
ciprocal {3, 4, 3}.) By careful examination [Coxeter 1, pp. 152-153] we 
find that every edge belongs to 5 of the 600 tetrahedra. Hence the 600-cell 
is {3, 3, 5} [Coxeter 1, frontispiece]. 

Finally, the 120-cell {5, 3, 3} (Figure 22.35 and Plate Ill) can be con- 
structed as the reciprocal of {3, 3, 5}: its 600 vertices are the centers of the 
600 tetrahedra. This information enables us to complete Table IV. 


It is interesting to record that the snub 24-cell s{3, 4, 3}, which plays such 
a useful role in the above construction for {3, 3, 5}, was discovered by 
Thorold Gosset in 1897.* Figure 22.3b was drawn by B. L. Chilton. 
Plate TI is a photograph of a wire model made by P. S. Donchian. 


* Gosset was born in 1869 and dicd in 1962 [see Coxeter 1, pp. 162 164). 
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Figure 22.3b 


Hartley [1, Nos. 56, 60] has given instructions for making models of a 
tetrahedron with an icosahedron placed on each face and of a dodecahe- 
dron with a dodecahedron placed on each face. When completed, these 
models show how we might begin to make solid nets for s{3, 4, 3} and 
{5, 3, 3}, respectively. 

EXERCISES 
1. Locate the centers of the 8 cubic cells of the hypercube (+1, =], #1. + 1). 
2. Locate the midpoints of the 24 edges of the 16-cell 


(=2, 0,0, 0), (0, +2. 0.0), (0, 0, 2,0), (0, 0,0, +2). 
3. Verify that the 96 vertices of s{3, 4, 3}, which are 


(+r. +1, 1-1, 0), 
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evenly permuted, divide the 96 edges of the 24-cell (+7, +7, 0, 0) (permuted) in the 
ratio 7 : 1. 


4. The 120 vertices of the 600-cell {3, 3, 5} are the 96 vertices of the above poly- 
tope s{3, 4, 3}, along with the 24 extra points 


(+2, 0,0,0) (permuted) and (+1, +1, +1, +1). 
5. The 600 vertices of the 120-cell {5, 3, 3} are the permutations of 


(+2, +2, 0, 0), (+5, £1, £1, +1), 
(Er, +r, +7, +17-*), (2, 9-1, 4771, &77)) 


along with the even permutations of 
(+12, +7-2, +1, 0), (+5, e771, tr, 0) (#2, #1, +r, +771). 


(This corrects an crror in the first edition of Coxeter 1, p. 157.) 
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22.4 CLOSE PACKING OF EQUAL SPHERES 


As the foot presses upon the sond when the falling tide leaves ıt firm, 
that portion of it immediately surrounding the foot becomes momen- 
tartly dry.... The pressure of the foot causes dilatation of the sand, 
and so more water is [drawn] through the interstices of the surround- 
ing sand . . . , leaving it dry until a sufficient supply has been obtained 
from below, when it again becomes wet. On raising the foot we gen- 
erally see thot the sand under and around it becomes wet for a little 
time. This is because the sond contracts when the distorting forces 
are removed, and the excess of water escapes af the surface. 


Osborne Reynolds {1842 -1913} 
{British Association Report, Aberdeen, 1885, p. 897). 


Of all the two hundred thousand million men, women, and children 
who, from the beginning of the world, have ever walked on wet sand, 
how many, prior to the British Association Meeting at Aberdeen in 
1885, if asked, “is the sand compressed under your foot?” would have 
answered otherwise than “‘Yes!"? (Contrast with this the case of walk- 
ing over a bed of wet sea-weed!} 


Lord Kelvin {1824 -1907) 
(Baltimore Lectures, 1904, p. 625) 
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Figure 22.4b 





Figures 22.4¢ ard b show two possible ways of packing equal circles in a 
plane: the incircles of the faces of the regular tessellations {4,4} and {6, 3} 
(§ 4.6). Tt is intuitively obvious that the latter is the more “economica!” . 
packing. To make this idea precise, we consider the incircles of the fe<3_ 
of the general regular tessellation {p, 4}, and define the density of the pazk-... 
ing to be the ratio of the area of a circle to the area of the {p} in which it 
is inscribed. The density so defined is evidently less than 1, and the closest 
packing will have the greatest density, that is, the density nearest to 1. If 
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PLATE IV 


face is a p-gon of side 2/, its inradius is r = / cot z/p and its area is pir 
2.91, 2.92): therefore, the density is 


a nr o =? fant. 
pr pi 


3 is an increasing function es and tends to ] when p tends to infinity. 
since the p-gon is a face of a regular tessellation, the only relevant val- 
ofp are 3,4, 6. Therefore the “best” value of p is 6, and the closest 


ilar packing consists of the incircles of the faces of {6, 3}, the density 
1g 


tea F V3. = 0.9069... 
gg = 23 i 


bert and Cohn-Vossen 1, p. 47]. 
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It can easily be proved that this is still the closest packing when we aban- 
don the requirement of regularity but insist instead that the centers of the 
circles form a lattice [Hilbert and Cohn-Vossen 1, pp. 33-35]. Actually, 
even this restriction can be abandoned [Darwin 1, p. 345; Fejes Tóth 1, p. 
58]. as the bees discovered millions of years ago (Plate 1V). 


An analogous packing of spheres in three-dimensional space may be ob- 
tained by taking the inspheres of the cells of a honeycomb of equal poly- 
hedra. The density is naturally defined as the ratio of the volume of a sphere 
to the volume of the cell in which it is inscribed. In the case of {4, 3, 4}, 
_.the-roneycomb of cubes of edge 2/, this is 






sheity can be obtained by using the midspheres (§ 10.4) of alter- 
nate cells, s as we shall soon see. 


LIX) 


Figure 22.4c 


If we imagine the cells of the cyisic:oneycomb to be colored alternately 
black and white, like a three-dimesisiomal chessboard, we may dissect each 
white cube into six square pyramids (by planes joining pairs of opposite 
edges) and attach each pyramid to the neighboring black cube. Each black 
cube is now covered with six white pyramids, one on each face, to form a 
rhombic dodecahedron (Figure 22.4c), whose twelve rhombic faces have the 
twelve edges of the black cube for their shorter diagonals [Steinhaus 2, p. 
152]. Thus the insphere of the rhombic dodecahedron is ihe 
the cube, of radius \/2/, and the volume of the rhombic; ; 
twice that of the cube, namely, 2(2/)* = 168. In the honeycomb of such 
larger cells, each insphere is the midsphere of a black cube, and such spheres 
touch one another at the centers of the rhombic faces, that is, at the mid- 
points of the edges of the original honeycomb of cubes. Thus each sphere 
touches twelve others, the points of contact being the midpoints of the twelve 
edges of a cube. The density of this cubic close packing is evidently 







408 THREE-DIMENSIONZS. 


$V _ on 
168 ~ 3/2 






“= 0.74048... 


[Hilbert and Cohn-Vossen 1, p. 47]. 

The rhombic dodecahedron occurs in nature as a crystal of garnet, and the 
three-dimensiona] chessboard occurs as the arrangement of atoms in a erys- 
tal of common salt, with a sodium atom in each black cube and a chlorine 
atom in each white cube (or vice versa). The centers of the black cubes, 
which are the centers of the spheres in cubic close packing, are easily seen 
to form the face-centered cubic lattice. It follows from § [8.4 that this is 
the densest possible packing of spheres whose centers form a lattice. 


In old war memorials we often see a pyramidal pile of cannon balls: one 
at the apex resting on four others which, in turn, rest on fine, and so on. 
Each interior ball touches 12 others: 4 in its own layer, 4 above, and 4 be- 
low. In fact, these cannon balls are arranged in cubic close packing [Kep- 
ler 1, pp. 268-269]. The base of the square pyramid consists of (say) n? 
balls arranged like the circles in Figure 22.4a. When n is large, the shape 
of the whole pyramid is essentially the “top” half of a regular octahedron 
(regarded as a square dipyramid); each sloping face is an equilateral tri- 
angle formed by | + 2... + n balls. 

By turning the pyramid over so that such a sloping face becomes hori- 
zontal, we obtain a different aspect of the same packing. In this aspect we 
begin with a horizontal layer of spheres whose “equators” are the incircles 
of the hexagons of {6, 3}, as in Figure 22.45, The next higher layer is just 
like this but shifted slightly to the right (say), so that each sphere rests on 
three, its center being vertically above a vertex of {6, 3} from which an edge 
goes off to the right. Since all the centers form a three-dimensionai lattice, 
the spheres in the third layer (resting on the second) are shifted again to 
the right, so that each center is vertically above a vertex of {6, 3} from which 
an edge goes off to the left. The fourth layer is vertically above the first, 
and thereafter the sequence recurs. 

In 1883, the crystallographer Barlow described an equally dense packing 
in which the centers do not form a lattice. This can be derived by taking 
the same horizontal layers in a different order. More precisely, we discard 
the “third layer” just described and substitute a new third layer vertically 
above the first. Then we add a fourth layer vertically over the second, and 
so on; the shifting from one layer to the next is alternately to the right and 
left, like a zigzag. This nonlattice packing is called hexagonal close packing 
[Ball 1, p. 150; Hilbert and Cohn-Vossen 1, p. 46; Steinhaus 2, p. 170; 
Fejes Toth 1, pp. 172-173}. 


Helpful models to illustrate these ideas arc provided by fourtcen golf balls and two shallow 
trays of dimensions 5 in. x 5 in. and 4.6 in. x 5.8 in., respectively. Either tray will hold nine 
balls in threc rows of three. In the square tray, a pyramidal “cannon ball” arrangement can be 
completed by adding four more above and the remaining onc at the top. In the oblong tray, 
the four balls in the second layer should have their centers at the vertices of a rhombus, not a 
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rectangle. The third layer is again represcnted by just one ball, but now there are two possible 
positions for it: onc belongs to cubic closc packing and the other to hexagonal close packing. 

Since hexagonal close packing has the same density as cubic close pack- 
ing, namely 0.74048 . . . , it is natural to ask whether some still less systematic 
packing (without any straight rows of spheres) may have a greater density. 
This remains an open question. The best theoretical approseh be AB ge 
swer is the proof by Rogers* that, if such a packing exists, igs; de: iya ae wat 
be less than 0.7797. . 


Experiments in this direction began as long ago as 172% dii Siepheh . 


Hales stated, in his Vegetable Staticks, 


I compressed several fresh parcels of Pease in the same Pot, with a forbs egusi d t 
800, and 400 pounds; in which Experiments, tho’ the Pease dilaté, ker thej dg ag 


raise the lever, because what they increased in bulk was, by the great: ipeunpant wejghe EF 


pressed into the interstices of the Pease, which they adequately filleğ. upi 4 petag ihierety! 
formed into pretty regular Dodcecahedrons. 


Hales presumably reached his conclusion by observing some pentagonal 
faces on his dilated peas. They could not all have been regular dodcca- 
hedra. For, since the dihedral angle of the regular dodecahedron is less 
than 120° (see Table 3! on p. 413), three such solids with a common edge 
will leave an angular gaz of about 10° 19’. In fact, dodecahedra {5, 3} are 
the cells of the configuavion {5, 3, 3}, which is not an infinite three-dimen- 
sional honeycomb but a finite four-dimensional polytope. 

In 1939, the botanists J. W. Marvin and E. B. Matzke repeated Hales’s 
experiment, replacing his peas by lead shot, “carefully selected under a mi- 
croscope for uniformity of size and shape,” in a steel cylinder, compressed 
with a steel plunger at a sufficient pressure (40,000 pounds) to eliminate all 
interstices.¢ When the shot were stacked in cannon-ball fashion and com- 
pressed, they became nearly perfect rhombic dodecahedra. But “if the shot 
were just poured into the cylinder the way Hales presumably put his peas 
into the iron pot, irregular 14-faced bodies were formed.” Almost all the 
faces were either quadrangles, pentagons, or hexagons, with pentagons pre- 
dominating. Another botanist examined cells in undifferentiated vegetable 
tissues, and concluded that the internal cells have an average of approxi- 
mately 14 faces, though the most prevalent shape (occurring 32 times among 
the 650 cells examined) had 13 faces: 3 quadrangles, 6 pentagons, and 4 
hexagons. The few cells that had only 12 faces were neither rhombic dode- 
cahedra nor regular dodecahedra. 

Matzke also made a microscopic examination of a froth of 1900 measured 
bubbles. “For 600 central bubbles examined, the average number of con- 
tacts was 13.7.” The commonest shape had again 13 faces: | quadrangle, 
10 pentagons, and 2 hexagons. 

*C. A. Rogers, The packing of equal spheres, Proceedings of the London Mathematical Society 
(3), 8 (1958), pp. 609-620. 


+L. B. Matzke, In the twinkling of an eye, Bulletin of the Torrey Botanical Club, 77 (1950), 
pp. 222-227. 
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In 1959, Professor Bernal* confirmed the prevalence of pentagonal faces 
by a remarkably simple experiment in which equal balls of “Plasticene” (oily 
modeling clay) were rolled in powdered chalk, packed together irregularly, 
and pressed into one solid lump. The resulting polyhedra were found to 
have an average of 13.3 faces. 

To test the possibility that a random packing of equal spheres might attain 
a density between 0.7405 and 0.7797, G. D. Scott poured thousands of ball 
bearings into spherical flasks of various sizes, gently shaking each flask as 
it was being filled. Assuming that the exceptional situation at the surface 
of the container will make the density 


p — eN-13 


for N balls, where p and e are constants, he found from these experiments a 
closest random packing with 


g = 0.6366, e = 0.33. 


By careful filling of the flasks without shaking, a loosest incompressible ran- 
dom packing was found with 


i= 0.60, e = 0.37. 


Since, for the closest random packing, p falls far short of 0.7405, it seems 
unlikely that amy greater density can be maintained throughout a region 
that extends indefinitely in ail directions. 

If we could fill a spherical fiask with N ball bearings in cubic close pack- 
ing, we would expect the density to be expressible as a series beginning with 
the two terms 


0.7405 — eN-14, 


But this experiment does not seem to be feasible. A scholarly book has 
been written on the theory of lattice points in spheres} without throwing 
any light on the value of e%# tis 3-dimensional case, although consider- 
able progress has been mags he analogous problem in spaces of other 
numbers of dimensions, suci 2 
Whatever the closest random packing may be, it is clear from Osborne 

Reynolds’s experiment on the seashore that any small disturbance increases 
the size of the interstices. The same principle may explain a Hindu fi 
magic trick, which was mentioned by Martin Gardner. A cylindricé, 
with a rather narrow opening at the top is filled with uncooked rice, gently 
shaken down so as to be well packed. A table knife is plunged repeatedly 
into the jar, to a greater depth each time. After about a dozen plunges, 
the knife will suddenly bind so that, when raised by the handle, it will sup- 
port the whole jar of rice. 










* J. D. Bernal, A geometrical approach to the structure of liquids, Nature, 183 (1959), pp. 141- 


47, 
+ Arnold Walfisz, Gitterpunkie in mehrdimensionalen Kugein, Warsaw, 1957. 
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EXERCISES 


1. Is the arrangement of incircles of all the faces of the tessellation {4, 4} (Figure 
22.4a) any Icss dense than that of the circumcircles of alternate faces, i.c., the circum- 
circles of the black squares of a chessboard? 

2. Is it possible to arrange seven equal non-overlapping sphercs in such a way that 
two of them touch each other and both touch all the remaining five, while these five 
(a) form a ring in which cach touches two others? (b) do not touch one another at all? 

3. Is it possible to arrange thirteen equal non-overlapping spheres in such a way 
that one of them touchcs all the remaining twelve whilc these twelve do not touch onc 
anothcr at all? 

4. A pyramidal pile with n layers contains a(n + 1X27 + 1)/6 cannon balls [Ball 
1, p. 59]; a tetrahedral pile contains n(n + l(a + 2)/6. In both cascs the arrange- 
ment is cubic close packing. 


22.5 A STATISTICAL HONEYCOMB 


The fluidity of o liquid ts a consequence of its molecular irregularity. 


J. D. Bernal (1901 - —) 


Three equal circles in a plane are packed as closely as possible when they 
` alf touch one another. The two-dimensional problem of close packing is 
easy because any number of further circles can be added in such a way as 
to continue the pattern systematically over the whole plane. This is, as we 
have seen, the pattern formed by the incircles of the faces of the regular tes- 
sellation of hexagons, {6, 3} (Figure 22.40). 

Analogously in space, four equal spheres re packed as closely as possible 
when they all touch one another, and sospe further seheres can be added so 
as to form the beginning of a patts?: apparently consisting of the inspheres 
of the cells of a regular honeycoms {y7,.3,3}. Although the equation 22.22 
has no integral solution when q = * = 3, we naturally conclude that a com- 
pressed random packing of equal lead shot, a nearly homogeneous aggregate 
of vegetable cells, and a froth of equal bubbles, are all somehow trying to ap- 
proximate to a honeycomb {p, 3, 3} in which p lies between 5 and 6. The 
fractional value of p means that this “honeycomb” can exist only in a statisti- 
cal sense, but the agreement with experiment is striking. 

When q = r = 3, the equation 22.22 actually becomes 


22.51 sin? = cot $ = J4: 


This shows that the angle 180°/p is 35° 15’ 52”, which is half the dihedral 
angle of the regular tetrahedron {3.3} (see Tablé Il). (In fact, we may re- 
gard p as the number of regular tetrahedra {3, 3} that can be placed together 
around a common edge, as if we were beginning to construct the dual honey- 
comb {3, 3, p} whose vertices are the centers of the spheres.) Thus 
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180 

F wink, =) ~ = 5.1044 ey 
in agreemeiit with Matze's observation that pentagons are prevalent (espe- 
cially in a Setè} whereas hexagons are more frequent than quadrangles. The 
cell {p, 3} has an average of F faces and V vertices where, by 10.32 with g = 3, 


12 4 
Fea] = 398s... Kaa 
6—p i (6/p) — 1 


in reasonably close agreement with Matzke’s 13.7, with Bernal’s 13.3, and 
with one of the two theoretical models proposed by Meijering,* who used 
intricate statistical methods to obtain V = 22.56.... A fourth theoretical 
model [Coxeter 4, p. 756] yields 


F = 3(23 + V313) = 13.564..., V = 3(17 + v313) = 23.128... 


= 22.796., 


EXERCISE 
In the “twisted prism” formed by 28 regular tetrahedra 
Ava Aas, Ardia ...., A27A 28A 2A 30. 


the broken linc Ag43A4gd49... Azo consists of 10 cqual chords of a circular helix. Taking 
the axis of this helix to be vertical, do we find the vertex Ago exactly above Ay? (A 
modcl can be conveniently made by fastening together 87 equal sticks from the “D- 
stix Pre-cnginecring Kit 701,” manufactured in Yardley, Wash.) For the whole story, 
we regard the tetrahedra as being 28 cells of the “honeycomb” {3, 3, p}, where p is 
given by 22.51. (AoAiA2... is a “Petiet polygon” of this honeycomb.) Setting 

2 


ar 
cost = oS 
P3 


and g = r = 3 in the cguation 12.35 of Coxeter [3z p- 221]-we obtain £, = 0 and 
cos $2 = —3. The angle between the planes joining the axis to Ao and A3 is 


30(f2 — 1207F = 354° 20" = 


(This $. being nearly 131° 49’, is remarkably close fa the corresponding property of 
the four-dimensional polytope {3, 3, 5}, whith ig exactly 132° {Coxeter 1, p. 247].) 


“J. L. Meijering, Philips Research Reports, 8 (1953), p. 282. The value V = 22.79... was 
first obtaincd by C. S. Smith, Acra Metallurgica, 1 (1953), p. 299. Sce also E. N. Gilbert, Annals 
af Mathematical Statistics, 33 (1962), pp. 958-972, and R. E. Williams, Science, 161 (1968). pp. 
76-277. 
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Table I 
The 17 Space Groups of Two-Dimensional 
Crystallography {§ 4.3) 








Symbol Generators 
pl Two translations 
p2 Three half-turns 
pm i l a translation 
Pg Sections 
cm allel glide reflection 
pmm Rcflections in the four sides of a rectangle 
pmg A reficction and two half-turns 
P99 Two perpendicular glide reficctions 

cmm Two perpendicular reflections and a half-turn 

p4 A half-turn and a quarter-turn 

p4m Reflections 52 žhe three sides of a (45°, 45°, 90°) triangle 

p4g A reflecti¢n aad a quarter-turn 
p3 Two rotations through 120° 
p3m!1 A reflection and a rotation through 120° 
p3im Reficctions in the threc sides of an equilatcral triangle 
pó A half-turn and a rotation through 120° 
póm Reflections in the three sides of a (30°, 60°, 90°) triangle 
Table Il 
The Five Platonic Solids (§ 10.3) 

Name Schlafli Symbol y E F Dihedral Angle 
Tetrahedron {3, 3} 4 6 4 70° 32’ — 
Cube {4, 3} 8 12 6 90° 
Octahedron (3. 4} 6 12 8 109° 28’ + 
Dodecahedron {5. 3} 20 30 12 116° 34’ — 
Icosahedron {3, 5} 12 30 20 138° 11’ + 


DE Ă—— O — 


Table Ill 
The Finite Groups of isometries (§ 15.5) 


Rotation Groups Direct Products 







Mixed Groups 









Symbol Order Symbol Order 


Name Symbol Order 






Cyclic Ci 


a a X {I} ConCn 2n 
~ Bihedral Dn DaCn 2n 
Tetrahedral A, DonDn 4n 
Octahedral Ss Sada 24 


Icosahedral As 
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Table IV 
The Regular Polytopes {p, q, r} (§ 22.2) 





Name Schlafli Symbol No Ny Ny 
Regular simplex {3, 3, 3} 5 10 10 
Hypercube (4, 3, 3} 16 32 24 
16-cell {3, 3. 4} 8 24 32 
24-cell {3, 4, 3} 24 96 96 
120-cell {5, 3, 3} 600 1200 720 
600-cclt {3, 3, 5) 120 720 1200 


Cubic honcycomb (4, 3. 4} ac æ oc 
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Answers to Exercises 


§1.3 


l. The reflection in the line « = y interchanges x and y. 

2. Ifthe linc BA meets the circle in P (beyond A) and P’ (between A and B), we have 
BC? = BP x BP’ = (BA + AC\(BA — AC). 

3. The triangle CDF is equilateral; so is ABC. 

4. This result was conjectured by Paul Erdés and first proved by L. J. Mordell 
{scc the American Mathematical Monthly, 44 (1937), p. 252, prok: 2740, or Fejes 
Toth 1, pp. 12-14). In 1960, Mordell discovered the following sss proof. For 
convenience, let OA, OB, OC, OP, OQ, OR be denoted by «, y, 2,77, 9 r, so that the 
theorem to be proved is 


g 






s t+y+z>2(p+g +r). 
Also let p’, g', r’ denote the lengths (within the triangle) of the bisectors of the angles 
2x2 = ZBOC, 28 = ZCOA, 2y = Z AOB. 


By comparing the area of the triangle OBC with the two parts into which it is dissected 
by the bisector p’, and using the well-known incquality y + 2 > 2Vyz which comes 
from (yy — vz} > 0, we find 

yzsin2« = py +z)sina > 2p’ Vyz sin a, 


with equality only when y = z, Hence V y2cos x > p’, and similarly Vzx-cos jb > g’, 
Vzy cos y >r’. Since 






£ +y +2 —2Vyzcos a — 2Vze cos 8 — 2V ry HAP” 
= (V2 — yycosy — yz cos p}? 4 siny — yzsin 8) > 0, 
it follows that ü 
ety tz>2%AUp +g +r) lpg +r). 


The inequality z + y +2 > 2(p’ + q' +7’), which may be regarded as an extended 
form of the Erdés-Mordcll theorem, was first noticed by D. F. Barrow. See also 
O. Bottema, R. Z. Djordjević, R. R. Janić, D, S. Mitrinovié and P, M. Vasić, Geometric 
Inequalities (Wolters-Noordhoff, Groningen, The Netherlands, 1969), p. 139. 

5. Equality occurs only if x = y =z and yysin y — vz sin = 
x = $ = y. The triangle is equilateral, and O is its center. 

6. Let h, denote the “altitude” from A to BC, and A the area oie ABC. 


ago 
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Since x + p > h,, we have 


a(a: + p) 2 dha = 2A = ap + bg + cr, 
whence 
ax > bq + cr. 
Consideration of similar triangles shows that this remains true when the line AQ is 
extended (even if O is on the far side ofthe Sase XC}. Applying the same inequality to 
the image of O by reflection in the internal bisector of 2 BAC, we obtain 





Adding these two inequalities for a:c, we dbam * 
Zax > (b + c) +r). 
Multiplying together this and two other incqualitics of the same kind, 
8 abcxyz > (b + che + ava + dg + rr + pp +q). 
Sincc b +¢ > 2vbe, ctc., we have (b + c)(c+ aa + b) > Rabce. Hence 
xyz > (qg +r)r + pp +q). 





Figure I-3e 


7. Let B be the smaller of the two different angles B and C of the triangle ABC. 
Let BY and CZ bc the internal bisectors of these angles, as in Figure 1,3e. Take U on 
AZ so that /ZCU = B. Since the triangle UBC has a smaller angle at B than at C, 
BU > CU. Take V on BU so that BV = CU. Take W on BY so that / BYW = 
2CUZ. By the angle-side-angle criterion, BYW and CUZ are congruent triangles, 
and BW = CZ. But Wand Yare on opposite sides of the line CU. Hence BY > BW, 
that is, BY > CZ. 

This theorem was proposed in 1840 by C. L. Lehmus, and proved by Jacob Steiner. 
For its history, see J. A. McBride, Edinburgh Mathematical Notes, 33 (1943), pp. 1-13. 
McBride asserts that more than sixty proofs have been given. The simple one given 
above came in a Ictter from H. G. Forder; it excels most by being “absolute” in the 
sense of §12.1. For the original proofs by Steincr and Lehmus, respectively, sec Journal 

fiir die reine und angewandte Mathematik, 28 (1844), p. 376, and Archiv der Mathematik 
und Physik, 15 (1850), p. 225. 
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§1.4 

l. Apply Euclid I.5 to the isosceles triangle GBC and then 1.4 to the two triangles 
BBC, C'CB. 

2. Add together three inequalities such as 


2BB' + 2CC' > BC. 


Complete the paraliclogram CABK and observe that twice the median from A is 
AK <AC+ CK =b+6. 


§1.5 


l. The circle through P with center O. 
2. Use 1.52. 
3. Let the tangents to the incircle from A, B, C be ty, fy, fe. Then 


ty +t, =a, te + la = 5, loth =c; 
therefore 
ty =b +c —a)=s-—u, 

4. By Euclid II1.20, if the angle at the circumference is greater than 90°, the angle 
at the center is greater than 180°. 

5. At the midpoint of the hypotenuse, 

&. Make repeated use of Pythagoras’s theorem. 

T. Since bc + ca + ab = {(s — a)(s — 6)(s — c) + abe + s/s =r? + 4Rr + 5? 


and abc = 4RA = 4Rrs, we have 
(2R — a)(2R — b)(2R — c) = 8R? — 8BR?s + 2R(r? + 4Rr + s?) — 4Rrs 


= 2RQ2R +r — s}. 


Alternatively, in the notation of ex. 3, 


(ta — rt, — rt, — r) = (s —r —alls -r — bs -r - e) 
= (s — r} — 2s(s — r)? + (r? + 4Rr + s*(s — r) — 4Rrs 
= 2r?(s — r — 2R). 


This yields the desired criterion, since the angle A is acute or right or obtuse according 
as fa — r is positive or zero or negative. In fact, we can conclude further that the 
triangle has an obtuse angle if and only if r + 2R > s. Corrado Ciamberhini (Bolletino 
della Unione Matematica ftaliana (2), 5 (1943), pp. 37-41] observed that 


4R? cos A cos Bcos C = s* — (r + 2R}. 


8. Since 27, = —e, + e + ea + ég ey + tj = 4D; Also Bey; = Lele, + n) 
Le? = (26)? — Le? = 

9. Ife, = « = 0, Beccroft’s equations imply 73 = n = 0 and e = e = 7 = tg 
so that the configuration consists of four lincs E,, H3, E, Hy forming a square. and 
four circles H3, E4, H}, E; having the sides of the square for diameters. This is what 
happens when k + / =m + =0. In any other case, we can assign arbitrary values 
to the three bends e}, e2, 13, subject only to the condition e, + ep > 0 (which cnsures 
that if E, and E, have interna! contact, the larger circle is the one whose bend is 
negative). Then 24 is determined by the simple equation 


4 + e = M + M 
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{which follows from «©, + e, — e3 + e4 = Rig, € + €2 + eg — € = 244), and the 
remaining bends are 


4.2 me : 2 i 2 ` 

tjg — Clg ljg” — €16? j a — Nighy , a7 — aia 
& = ———_,, E SS inmin ji oo aa io = — 
, e +e A ate ate’ a te 


The proposed parametrization is obtained by choosing 














kaal Yat &, f= ei Vey + ey 
m= — gi Vey + eg, n= — Ve, + e. 
10. Using 1.59, 1.58, 1.52, and 1.56 in turn, we obtain 
1 1 l 2 
a Eee a Tog pk se r 


Potty tre £2 r+4R425 
la see ey ae 
These two circles (which touch three mutually tangent circles) became known as 
Soddy`s circles before anyone noticed the earlicr work of Descartes and Steiner 
[1, pp. 60 63, 524]. As Descartes used the letters d, e, f, r for the radii of four mutually 
tangent circles, he undoubtedly saw that he had obtained a quadratic cquation for 2 
in terms of d, e, f. 

Il. Let A,B,C; be the feet of the perpendiculars from P to BC, CA, AB. Applying 
Euclid 111.21 or 22 to each of the cyclic quadrangles PA, B,C, PABC, PA, BC,, show thal 
/ PA,B, and / PA,C, are either cqual or supplementary. 

12. 2C3B,A, = 2C3P3P + 2 PBA, = ¿CBP + / PBA = / CBA. 


§1.6 

l. The circumcenter of the new triangle is the orthocenter of ABC. 

3. At the vertex where the right angle occurs. 

4. Because sin B = sin C. 

5. On B'E, take C so that GC = GB, and A so that AB’ = B'C. 

6 It is bsin C, and 6 = 2Rsin B. 

7. One-third of the altitude. 

8. If the Euler linc passes through A, and if A is not a right angle, the altitude line 
AH is a median. 

% Rcos A = ȘRsin Bsin C. 


§1.7 
I. (a) Onc pair. (b) Three pairs. 
2. If A > B >C, the order is FA’ FC'B’ DAC" R’. 
3. The angular measures of the relevant arcs of the nine-point circle (with A > 
B > C, as in Figure 1.7u) are 
AE=AF=2A, BF=8'D=28B, CD=CE=2C, 
whence 
DA! =r -2C-A) A'B =2(r — A — B), 
B'E = 202A + B- 2), EF = 2(7 — 2A), FC" =A + C — 2). 
4. The internal and external bisectors.:x7 a8 angle are perpendicular. 
5. The nine-point center of /,A,/, is tas fraumcenter of its orthic triangle ABC. 
6, Each circumradius is twice the radius of the nine-point circle. 
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§1.8 

I. UV. which passes through W, is the image of UV by reficction in AC. 

2. When there is a right angle at A, V and W coincide with A. When there is an 
obiuse angle at A, this degencrate triangle UAA is still “better” than any proper 
triangle. 

3. The lines jossiag 
AP, BP, CP, mak 
triangle. 

4. Atthe Fermat point. (H. G. Forder uses analogous considerations to prove that, 
if ABCD is a tetrahedron and PA + PB + PC + PDisa minimum, the angles 4PB 
and CPD arc equal and their bisectors lic on onc line.) 

5. They join pairs of villages to the ends of a short road in the middle. 

6. The “best” point for the “very obtuse” triangle is A itself. For the convex 
quadrangle it is the point of intersection of the diagonals. 

7. P is the incenter of P’BC. 

8. Lct Z. X. U be the centers of the squares on three consecutive sides AB, BC, CD 
of the parallelogram ABCD. The triangle XBZ is derived from XCU by a quarter-turn 
(i.e.. rotation through a right angle) about X. 

9. Let M be the midpoint of CA. By ex. 8, the segments MZ and MX are congruent 
and perpendicular. The same can obviously be said of MY and MA. Therefore the 
triangle MAX is derived from M YZ by a quarter-turn about Mo ot. 

10. As in cx. 9, the segments MZ and MX arc congruent #2 Goular. 
Similarly (by considering the triangle CDA instead of ABC), the: $ 
MV arc congruent and perpendicular. Therefore the triangle MX 
MZU by a quarter-turn about M. À 


spairs of centers, being perpendicular to the common chords 
les of 60° with one another, and thus form an cquilatcral 











§1.9 
l. These lines are the medians of the equilateral triangle PQR. 
2 (i) x =f = y = 40°: (ii) « = 30°, 8 = = 45°. 


3. Since ZCP, Q = /CPQ = y +% = ŻQRA, the circumcircle of AQR passes 
through P}. and likewise through P,. Since 
P,Q = PQ = QR = RP = RP,, 
the points P4, @. R, Ps arc evenly spaced along this circle. In the special casc, cach of 
the arcs P,Q, QR, RP, subtends 20° at A, and the triangle AQR is isosceles. 


§2.1 








l. Si — = — = — 
Since NP, DPy yS 
ON, ON, l v5- 1 
— = oem = = —-—— = COS 72° 
OP, ON, 4+N\Py 14+ 5 4 
2 Fij = 4 = 3i 
§2.2 
If s is odd, 2° + 1 is divisible by « + 1, and therefore 2% + 1 by 2" +1. 
si 4 


1. Suppose a given isometry of period 2 interchanges A and A’, and interchanges 
B es B', where B does not lie on AA’. The midpoints of AN and BB’ are invariant 
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points. If they are distinct, the isometry is a refiection (by 2.31). If they coincide, it 
is a half-turn. 

2 @) @ e, (-1, —; Gi) ©, 6) — (r, 0 + 180°). 

(b) G9) + (-9,9; Gi) HBP (r, 0 + 90°). 

§2.5 3 

(i) (r, 0) a (r, 6 + x); 

(ii) (2, Y) -> («cos x — ysin x + y cos 2). 
The transformed curve is f(r, 9 — x) = 0. 





§2.6 


I. If O is the center of a suitable one of the two squares that can be drawn on BC, 
the first quarter-turn is the product of reflections in CO and CB whereas the second is 
the product of reflections in BC and BO. 

2. P is transformed into A by a quarter-ture about C, and thence into S by a quarter- 
turn about B. 


§2.7 
l. (a) Cy, (b) D,, (c) Dy, (d) Cs, 
(c) Da, (f) Do, (g) Dy. 
2. RTT * = STT". 
and 
(R Ro)? = RRR, 7 RRR, = (R,R,R,)* = |. 


4. The periods of the elements of C,, arc divisors of n. 


§2.8 


2. If the angles areaitequal, sides of two different lengths can only occur alternately, 
and this is impossibie if their number is odd. 

3. 108°, 36°, 140°, 100°, 20°. 

4. Circumvadii (“4 + 24/2, (/2(\'3 + 1); inradii (4/2 + 1), (2 + v3); vertex 


figures IV 2 + V2, (V3 + L/ v2. 


Qk 
BO), 
no; 


6. Yes. Makc every cut from the center, If the perimeter is divided into cqual parts, 
the arca is automatically divided into equal parts. 





§3.1 


l. Rotation, translation. 

2. Reflection. Yes, 

3. If the perpendicular biscctors are distinct, find where they intersect. (If they are 
parallel, the segments arc not related by a rotation!) If they coincide, find where the 
lines AB and A’B' intersect. If these lines also coincide, the center is the midpoint 
of AÑ’. 

4. Rotate the first two mirrors untiJ the second (in its new position) coincides with 
the third. 
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§3.2 

I. T~. 

2. It can be any line perpendicular to the dircction of the translation. 

3. A translation. 

4. Translate the first two mirrors till the second (in its new position) coincides with 
the third. 

5. Any translation is expressible as the product of two half-turns, one of which may 
be arbitrarily assigned. Therefore, if Hy, Hy, Hg are half-turns, 

HH, = HH; 

for a suitable H4; that is, HHH; = Hy. 

7. (x, y) + (Œ +a, y). The transformed curve is f(@ — a, y) = 0; for instance, 
the unit circle with center (a, 0) is 

(« -aj +y- l=. 

§3.3 


J. (i) Half-turn about B, or reflection in the perpendicular linc through A. 
(ii) Translation from A to B, or a glide refiection. 

2. Two is the only even number less than or cqual to 3. The product of a reflection 
and a half-turn is a reflection or a glide reficction according as the center of the half- 
turn docs or docs not lie on the mirror. 

3. Reflection in the perpendicular line through O. 

4. Half-turn. 

5. An opposite transformation. 

6. The relation R,RoRg = R is equivalent to RiR} = RR4, which means that R,R, 
and RR; arc either equa rptatjong or cqual translations. 

7. Qœ? = € 

8. A gli} aay Ache requires an expression for the old coordinates 


in terms of tole ext ) Ne A 


gza | 
(a) 0,04 fe ey yii Shl dpo ossibly collapsing like OO’Q'Q in Figure 3.2a). 


(b) Jf m: Sisk fates 2 w Pir bi it en of the angles between them. If instead they 
are parallei Se an ni aot midway between them. 


§3.5 iA Ahi 


1. S is a glide ea 
2. If a translation commutes with a reflection, its direction must be along the mirror. 


§3.7 
1. (i), Gi), Gü), Gv), 6). 
2. (iii), (v). 


§4.1 


I. Fach side of a Dirichlet region joins the circumcenters of two congruent triangles 
having a common side. 


§4.2 
I. Because two opposite vertices of each quadrangle arc related by a translation. 
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§4.3 


2, Place the two parallelograms in such a position that a side of one is part of a side 
of the other (with a common vertex at one end). 


§4.4 


No. A “Procrustean stretch” [Coxeter and Greitzer 1, p. 102], which doubles 
vertical distances while halving horizontal distances, can be applied to three of the 
patterns in Figure 4.4a, namely those illustrating the groups p2, cmm, pmg. 


§4.5 

I. Rotation through the same angle about P”. 

2. If T is a translation and $ is a rotation whose period is greater than 2, then 
S“TS is a translation in a new direction. 


§4.6 

l. Since the vertex figure is regular, two adjacent faces are alike; therefore any two 
faces are alike. Since the face is regular, two adjacent vertices are surrounded alike; 
therefore any two vertices are surrounded alike. 

3. No, To complete the lattice we would also need the centers of the hexagons. 


§4.7 

1. If Q were not between P, and P}, we could obtain another pair having a smaller 
distance than P,Q. 

2. Use induction over n deriving a set ofn — | points by omitting one of two whose 
join contains no others, 

3. A complete quadrangle with its diagonal points. 


§5.1 
1. O27). 
2. It divides O10; in the ratio {fa = 1):€4, — I)de. 
3. (a) (r, 0) -> (Ar, 9), e 
(b) (x, y) > (4x, ży). PERAE. 
4. By similar triangles, OP'/OP = - OA'IOA. 
5. By taking O between A and J’. 


§5.2 


2. Ifa common tangent T7’mects the line of centers in O, the dilatation O(OT’JOT) 
transforms the first circle into the second. 
3. Mt divides O O, in the ratio (4, — 1):(1 — 4). 


§5.3 
1.0, —2, —3, —6. 
2. The nine-point center is the same for all. 
§5.4 


Since any invariant point of a Jormation is also an invariant point of the inverse 
transformation, we lose no generality by considering a similarity ABC -» A ‘B'C’ in 
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which ABC is the larger of the two given similar triangles. (If it were the smaller, we 
would aller the notation and consider the inverse similarity instead.) If A and A’ 
coincide, we have already found an invariant point. If not, suppose the similarity 
transforms A’ into A”, A” into A”, and so on, Let x denote the ratio of magnification, 
so thal A'B’ = pAB, 0 <u <1. Then 4’A” = AA’, A” A" = uA' A", and so on. 
The circle with center 4 and radius (1 — #)7AA‘ is transformed into the circle with 
center A’ and radius (l — x) AA’. Since 
j l 





A ti -øp l=’ 

the former circle encloses the latter. Continuing, we obtain an infinite sequence of 
circles whose radii #"(1 — #) 14A’ tend to zero as n tends to infinity. Since these 
circles are “nested,” their centers 4, A’, A”, . . . converge to a point of accumulation O. 
Since the similarity transforms AA’A” --- into A’A"A",... , which is essentially the 
same sequence, the point O is invariant. 


§5.5 

l. A dilative rotation, possibly reducing to a dilatation or a rotation. 

2. Let P be the point of intersection of the corresponding lines AB, A'B’, Let the 
circles AA’P, BB’P, which have the common point P, meet again in O. The triangles 
ABO, A'B’O (possibly collapsing into triads of collinear points) are easily seen to be 
directly similar. Hence, this point O is the invariant point of the direct similarity 
AB + A'B’. 

If AA’ and BB’ are paratlel, O coincides with P (and the two circles have s common 
tangent at that point). In any other case, an alternative construction makes use of the 
point T where AA’ meets BB’. The circles ABT, A’B’T, which have the common point 
T, meet again in O. 

H follows that the four circles AA’P, BB’P, ABT, A’B’T all pass through one point 
[Baker 1, p. 110). 


§5.6 

1, This is the invariant point of a similarity. 

2. The segments AB and A’B’ are related by a direct similarity and an opposite 
similarity. The łatter is a dilative reflection whose two axes divide each segment PP’ 
in the ratio AB: A‘B’ (one internally and the other externally; see Figure 5.6a). If 
A, coincides with 8,, or A, with B,, the direct similarity is a dilatation, and the analog- 
ous points P, or P, (respectively) all coincide. 

3. If S is reflection, S? is the identity. If S is a glide reflection, S? is a translation, 
which is one kind of dilatation. If S is a dilative reflection, S? is a central dilation. 

4. (a) A dilative rotation, possibly reducing to a dilatation or a rotation. (b) A 
dilative reflection or a glide reflection, possibly reducing to a reflection. 

5. As we saw in §5.4, the invariant lines of the dilative reflection meet in the in- 
variant point O and are the internal and external bisectors of 2 AOA‘. By Euclid 
V1.3 and its “external” analogue, they are the lines OA, and OA,. The same reasoning 
can be repeated using the 8's instead of the A's. 

6. (a) A dilative rotation. (b) A dilative reflection. 

§6.1 

2. Draw (wo circles with centers O, A and radius OA, meeting in C, C’. The circle 

with center C and radius CC’ determines B on the circle OCC’. 
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3. Find the inverse of a point distant $k from O and double its distance from O. 
For a point whose distance from O lies Fie kj2n and k/(2n — 1), apply he-dilata- 
tion O(n), invert and then apply OC) again. 

4. To biscct OA, construct 8 as in ex, 2, and use three more circles to coristruct its 
inverse in the circle with center O. 

5. To divide OA into » equal parts, transform A by the dilatation O(1), and invert 
with respect to the circle with center O and radius OA. 


§6.3 
1. Compare Figure 6.34 with Figure 5.2a. In the case of equal intersecting circles, 
one of the inversions is replaced by a reflection. 
2. Let Q denote the center of the rhombus APBP’. Then 
OP x OP’ = (00 — POXOQ + PQ) = OQ" — PO? 
= OQ? + AQ? — (AQ? + PQ’) 
= Of? — PR. 

3. Let N be the midpoint of BD, and H the foot of the perpendicular from A on 
the linc BD. Suppose AO = wAB, so that OP = BD and OP’ = (1 — #)AC. Then 
BD x AC = (HD — HBXHD + Ha) MD? — HB? 

= Ap? — AB? 





and 
OP x OP! = BD x (1 — AC = p — uX AD? — ABÌ), 

4. Let d be the distance from O to the center of 7. Comparing the diameter through 
O of y with the corresponding diameter of the inverse circle, we see thai tiv igdtcr is 
of length 

k? k? 2k?r 2k*r 


§65 oeeo ser 

i, Orthogana} cies “ies invert into orthogonal circles, and any circle orthogonal to 
the circle of inversion inverts into itself. 

2. The two limiting points arc the common points of any two members of the 
orthogonal] pencil. 

3. Let x,, «x be the two given circles, and £}, Pz any two circles that cut them both. 
Let /;; be the radical axis of «; and 8,;. Let P, be the point where /,; mects lj. Then 
P,P, is the radical axis of x, and x. 

4, Onc is the center and the other is ihe point at infinity. 

5. invert the whole figure in a circle tase center is one of the points of contact. 
Two circles of the ring become parallel lines, say a and 6. The rest have their centers 
and points of contact on a line /, perpendicular to a and b. The original circles become 
equal circles both touching a and b. The line / serves as a mirror reflecting these two 
circles into each other, The inveti transforms this reflection into an inversion. 

The centers of the circles lie gi ai's 

6. Inverling in a circle whose center is the point of contact of the tangent circles 
with centers A and B, we obtain two parallel lines E,, E,, and a circle Fa sandwiched 
between them (as in the first part of the answer to ex. 9 of §1.5). In this very simple 
case, Soddy’s circles (in the same sandwich) are congruent to Ez and tangent to it on 
opposite sides. Yheir radical axis H4, joining the points of contact of E, with E, with 
Fe, is the inverse of the incircle. 
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§6.6 saa 

I. Each circle of Apollonius is orthogonal ix #3] the circles through A and 4’. 

2. With its center where the perpendiculay Séseetor of AA’ meets /, draw a circle 
through A (and A’), meeting / in P} (near A) and P, (near A‘). Consider the value of 
the ratio 

A'P 


=- 


AP 


for various positions of P. Since PP, is a diameter of the circle drawn through A 
and A’, two of the circles of Apollonius touch /at P, and Ps respectively, Let z, and s 
be the valucs of u on these two circles. 

On all circles of Apollonius inside the onc through P,, we have # > #,, and on all 
circles outside, n < x. Therefore, among the various positions of P on /, P, has the 
maximal x, namely s = z. Similarly, the circle of Apollonius through P, has # < s 
inside and & > #y outside; therefore, among all positions of P on /, P} has the minimal 
H, Namely u = iy. 

3. ujil — 2°). 

4, Since O and O are the common points of two circles of Apollonius, we have 


and the same with O replaced by O. If A’ = B, use cx. 3 on p. 76. 

5. Inverting in a circle whose center is either of the limiting points of the coaxal 
pencil, we obtain three concentric circles whose radii satisfy either ay < ag < ay or 
a, > a, > ay. Choosing the limiting point that yields the former order, we find 


( ped yaj as i ay l ay 
X, % Xə, %) = log — + log — = lop — 
ace iii. By, + E7, Bz 


= (41, %). 


For further details see Coxcter and Greitzer 1, pp. 123-131. 

6. The circle of similitude is a circle of Apollonius, namely, the locus of a point 
whose distances from the centers of the two given circles are proportional to their 
radii, say OA: OA‘ = r:r’. The direct or opposite similarity that transforms OA into 
OA’ also transforms the given circle with center A into the given circle with center 
A‘, It follows that the locus of points from which the two given circles subtend equal 
angles is their circle of similitude or, if the two circles intersect, it is the part of their 
circle of similitude that lies outside them. 

For two equal circles, the locus reduces to their radical axis. 

7. Let the given circles have centers A, B and radii a, h. Let P, Q be the inverses 
of a point W on the circle of similitude. Then 

AP XAW @& (5) (; wy 


BO x BW Bb \b Bw)’ 
AP AW 
BO BW’ 


and PQ is parallel to AB. Since both the given circles are orthogonal to the circle 
WPQ, their radical axis is a diameter of the laticr, namely the diameter perpendicular 
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to AB. Since this diameter is also perpendicular to PQ, P and Q are images of each 
other by reflection in it. 


§6.7 

J,S =S-S7J,S =SJ',, where J’, is the inversion in the circle with center O and 
radius k. The two inversions are the same if and only if the isometry S leaves O 
invariant, that is, if and only if T interchanges O and O’. 


§6.8 
1. OA x OA' = OB x OB’ and Z AOB = /£A’OB’. 
2. The rites? magnification is 









OA OAx OA J k? 
OB OAxOB ab 


3. Leta = OA, h = OB, c = OC, d = OD. Then 
A'B' x CD (k?jab)AB x (k?icd)CD AB x CD 


= See = 


4. Spheres through O invert into plancs. Two spheres that touch each other at O 
have no other common point. Two planes that have no common point are parallel. 

5. After inversion we have a sphere y “‘sandwiched” between two parallel planes 
x and 8. All the spheres c}, o2,... are congruent to 7. The section of the figure by 
the plane midway between « and is a circle touching a ring of six congruent circles, 


§6.9 

l. Consider, for instance, two circles of radius 47 whose centers are distant } 1, 
When each circle is represented by a pair of parallel small circles on a sphere, the 
points of intersecton are the vertices of 2 squares. (The common radius of the circles 
may be taken to have any value between jz and $7. ‘The result is most evident when 
this value is nearly $7.) 

2. Prove this first for a triangle and then dissect the p-gon into triangles. 


§7.1 


Let R denote the reflection in the plane of the two lines, R and R, the reflections 
in the planes through the respective lines perpendicular to that plane. Then the half- 
turns may be expressed as R,R and RRs, so that their product is RyRe. 


§7.2 
The identity. 


§7.3 
The reflection in another parallel plane. 


§7.4 


l. The reflection in another plane through the same line. 
2. The two tetrahedra OABC and OA’B'C’, being congruent, are related either by a 
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rotation or by a rolatory-inversion. In the former case any point on the axis of rotation 
would be, like O, equidistant from 4 and 4’, from B and B’, and from C and C’. 


§7.5 
l. (a) Reflection, (b) Quarter-turn, (c) Translation, 
id) Twist, (e) Glide reflection, (f) Rotatory inversion, 
2. In the notation of Figure 7.5a, the half-turns arc R' R's, R’,R’,, and their product 
is the twist RR’ RaRa 


§7.6 


I. it is transformed into 
(ux cos 4 — aysina, wxsin x + py COS 2, uz). 


2. Axis 2 =y =2, Angle 27/3 

3. This is a dilative rotation with angle r and ratio —A. 

4. Yes. Simply use spheres instead of circles. The same proof is applicable in a 
space of any number of dimensions. 


§7.7 

An isometry is the product of four or fewer reflections. Any other similarity is the 
product of a rotation and a dilatation. If the ratio of magnification happens to be 
Negalive, we can use instead a rotatory inversion and a direct dilatation. Since a 
direct dilatation is the product of inversions in two concentric spheres, ‘hts faakes, 
altogether, two or three reflections and two inversions. 

Finally, the product of an inversion and an isometry is the product of jr anversion 
and r reflections, r < 4. 


§8.1 
3. If P; is (2), u;i), Mij is 









(= +2 mt ”) 
and the midpoint of M M34 is 


Xa + ly + ta + H% Yr t ta + Yg +I 
4 aa 4 i 
§8.2 
I. ry? + ry? — 2rir cos (Pa — f). 
2. (r, 0), where 
= i [r]? + r? + 2rir cos (0, + 0)] 
rsin @, + rsin 0, 
and tan 0 = omde 8 
rı cos 0, + ry cos f 
3. @ = o, 
4. The respectively parallel lines through the origin are ax + by =0 and a'z + 
b’y =0, or 
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The condition is derived from 8.22 by writing it in the form 


gu’ 


xa’ 


-lL. 


1, thati £ 
=-l, atis, <->= 
1a bo 


7S Replacing x and y by xcosx —ysinaxand xsina +ycos x, where « = 
garclan (—*7;4) = arctan (—#), we obtain 


4(4x + 3y)® + 24(42 + 3y)(—3x + 4y) + 11(—3r + 4y)? = 125, 


which reduces to 
-c + 4y? = 1, 

§8.3 

l. c{2? + y?) + AXax + by) = 0, 

e + y*) + 2k*( ya + fy) + ki = 
2. x? + y? = ke, 
3. (22 + yP = 2a%(2? — y?), 
2 = 24? cos 24. 
6. From 


rcos0 + h = 2bcost — bcos 2t = 2bcost (1 — cost) +b 
and 
rsin§ = 2h sin Z — b sin 21 = 2bsint (1 — cost) 
we deduce r? = (r cos 0)? + (rsin A)? = 4b? (1 — cosz)? and tan 0 = tant. When 


9 is replaced by —0, r changes from 2b(1 — cos 0) to 2b(1 + cos 0). The sum of these 
distances is 46, for all values of 0. 


§8.4 

A, A parabola. 
> A hyperbola. 
» The half-turn about the center yields a second focus and a second dircctrix for 
any centra] conic. For the ellipse, the two foci lie between the two directrices; for the 
hyperbola, the foci lie beyond the directrices. Let O and O’ denote the foci and K’ 
the foot of the perpendicular from P to the second directrix. Since 


OP = PK and O'P = PK’ 






we have, for the ellipse, 
OP + O'P = «(PK + PK’) = «KK, 
and for the hyperbola, 
O'P — OP = <(PK' — PK) = KK’. 
4. e = VI F baè, 4/2. 
5. Since the circumcenter must be equidistant from A and C, we have 
a + (G? = 1 + (fy), 
e+ hy = 1. 


6. By the theory of quadratic cquations, F is the product of two linear forms if it is 
indefinite, and a perfect square if it is semidefinite. 
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7. 2xy = a’. 

8. For each point P on the ellipse there is a corresponding point P’ on the auxiliary 
circle whose diameter is the major axis, PP’ being perpendicular to that axis. The 
radius through P’ makes an angle ¢ with the major axis. 

9. Both branches are included. 

10. Replace r by //r. 


§8.5 
1, The parabola a = 2/7, y = 2/1 meets the line Xx + Yy + Z = 0 in points piven 
by the roots of the quadratic equation 


X-2h? + YU +Z =0. 
The sum and product of the roots, say ¢ and ¢’, are 
f nii 
Ae one 


2. The secant of the ellipse v = acos t, y = Obsint is 


x y l 
acos({x +) Asin(a +) 1| =0. 
acos (x — p) bsin(x — $) 1 


For the hyperbola, the tangent is 
£ Y. 
-cosh tf — z sinht =}. 
a b 


3. The envelope of the line Xx + Yy + Z = 0, whose coefficients X, Y, Z are 
functions of a parameter ż, is the locus of its point of intersection with 
(X + dX)a+(¥ + dY)y + (Z+dZ) =0, 
or with X's + Y’y + Z’ =0, where X’ = X} ĉr, etc. Differentiating 
ax sect — by cscri = a — h? 
and dividing by sin ¢ cos ¢, we obtain 
ax —by _ @esect — by csc t 2 _ p 


=a 


cos?; sin?¢  cos?t + sin? r 








Thus the envelope of normals is the locus of (x, y) where 





ax by 
-——_—_——- = 3 = —sj 7 
ZB cos? t, P T sin? ¢ 
§8.6 
I. saab, 
2. ġab. 
§8.7 


1. 2", = au®+?*, This inversion has the same effect as reflection in the initial line. 
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(il) 


G) 
These drawings were made by Ryszard Krasnodębski. See also Coxeter, Mathematical 
Gazette, 52 (1968), p. 5; Aequationes Mathematicae, 1 (1968), pp. 112-114. 


§8.8 


1. Eliminate X: Y:Z: T from the four equations 
Xx, + Yj + Z4 =T and Xr + Yy +Z =T. 


The effect of replacing the ¿th point by a direction is the same as the effect of replacing 
it by (X;t, Y;t, Z,t), so that the ith row becomes 


Xt Ya Zt 4 
or (equally well) 

X: Yı Z, Aft, 
and then making 1// tend to zero. 


5. The condition for the radii to any common point (2, 4, =) of the two spheres to 
be perpendicular is 
(tue tu) + (y+ y+’) + © + we + w) =O. 
The desired condition is obtained by doubling this and subtracting the equations of 
the spheres. 
6. The polar plane of (X, Y, Z) passes through (X’, Y’, Z’) if 
XX' + YY + ZZ’ =k’. 


The symmetrical! nature of this condition shows that then the polar plane of (X', Y’, 2’) 
passes through (X, Y, Z). (Two such points are said to be conjugate with respect to 
the sphere.) The special case asked for arises when (X’, Y’, Z’) lies on the sphere and 
(X, Y,.Z) lies in the tangent plane at that point. 
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7. Facterizing both sides of the equation 


x y, ¥ (xX 4 z., Ẹ 
-cos« +-sinoj— |-]= — cosa = sina) +1, 
a b c, h a 


; 


we see that, for each value of z, every point on the line 


+ Y. 3 y z, 

-cosa+r>snz=-, = cosa — -sma = 1 

a b c b a 

lies on the hyperboloid. Reversing the sign of Z, we obtain the other system of generators. 
The general generator of the first system meets the special generator 

x = 


y 
a c’ pra 


of the second where 


z z 
sina =- (1 + cos «), 2 sina =] — Cos z, 


The consistency of these equations shows that gencrators of opposite systems intersect 
(or elsc, if x = 7, are parallel). On the other hand, any common point of the general 
generator of the first system and the special gencrator 

y 


: b 


Qin 


x 
a 


of the same system would have to satisfy both the equations 


s 


2 ; ae 
sin a =-(I — cos x), —-sing« = 1 — cos a, 
c c 
which can happen only when the two generators coincide. 


§9.3 
1, 2 = 2 + i. 
2. u + vi = 0 means that the point (u, *) coincides with the origin (0, 0). 
3. (a + bi)! = x + yi, where 


a b 
? = — y = — sso. 
Sete OTP 


4. (i) The dilative rotation reduces to a dilatation, and the two shaded triangles are 
homothelic. 

(ii) The dilative rotation reduces to a rotation, and the two shaded triangles are 
congruent. 


§9.4 


(a) 3 + 4i = S(cosx + isin z), where cosa = 
sin $x = y4. Hence one square root is 


(3 + 4i)} = Scos ła + isingz) =2 +i 
and the other is —(2 + i) = —2 —i. 


3» so that cosda = y$ and 
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(b) L =cosO + isinO = cos 27 + isin27 = cos 4m + sin 47. Hence the three 
cube roots are 
cos0 + isinO =1, 
cos $m + isin įr =4(—1 + iv3), 
cos 47 + isin ýr = §(-1 — iv3). 
(c) £1, ta, +07. 
(d) The same and also +/, tiw, +iw?. 


§9.5 


l, ef? = cosa + /sindr =i. Yes, 


§9.6 
By Pythagoras, 


i 2 2 1\2 
(Fy-c ++ (i +5)=(* 41 +2) - 1, 


ee ie 7 i 
§9.7 
l. The angle is am a 
2. The angle is am a. 


§10.1 

1. The octahedron is a square dipyramid with equilateral side faces. 

2. A triangular dipyramid. 

3. (i) A square, (ii) a hexagon, (iii) a decagon. 

4, The cutting plane, for either acute corner, passes through the midpoints of the 
three edges that meet there. The rhombohedron, like any parallelepiped, can be 
repeated by translations to fill the whole space without interstices. 


§10.2 

l. The bases appear as two pentagons: a large one with a small one oppositely 
placed inside. 

2. Seven. 

3. Eight. 


§10.3 


1. Use 10.32. 
2. If a polyhedron has p > 4 for every face and g > 4 for every vertex, 


4(V — E + F) < Xq — 4E + Sp = 2E — 4E + 2E 
=0. 


3. The only possibility is a tessellation of rhombi whose vertices form a lattice, 
§10.5 


1. The edges at a vertex are mutally orthogonal and of equal length. 
2. One vertex in each “octant.” 
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3. (1 > 1, t). 
4. From the cube in cx. | we derive the tctrahedron 


(0, 0, 0)(0, 1, 1I)1, 0, IC, L, 0), 


with face planes v +y +2 =2, x =y +2, y =2 +,z =v +y. To normalize 
these equations we divide by v3. The cosine of the internal angle between two of the 
planes is }. 

5. (+1, 0, 0), (0, £1, 0), (0,0, +1). The face planes are + +y tz = 1. The 
edge joining (1, 0, 0) and (0, 1, 0) belongs to the planes x + y +z = 1, which make 
an angle whose cosine is —}. 

6. Points between the parallel planes « +y +2 = +1 satisfy x +y +z <1 and 
—« — y — 2 < l; similarly for the other pairs. 

7. 120°, The regular tetrahedron 


(-1, -1, —1)(-1, l, Ia, ~1, D(L, l, —1) 
has its center at the origin, ‘The planes joining the origin to pairs of vertices are 


yiz=0, ziz=0, x+y=0. 


§11.1 
i n _ 2r 2 n, on 
» TSn 5 sin 5 = Z cos 5 sin 5° 


2. Center S, radius QU. 


§11.2 
l. The four points (+7, +1, 0) cvidently form a golden rectangle in the plane z = 0. 
2. The scgment (0, 0, 7*)(0, 7?, 0) is divided in the ratio 7:1 by the point (0, r, 1). 
3. (0, +71, +7), (47, 0, 4774), (4074, +7, 0), (41, 41, +1). Thus the 20 
vertices belong to 3 “doubly golden” rectangles (whose sides are in the ratio r?: 1) and 
a cube. 


§11.3 

1. Corresponding sides of the two rectangles meet in the points 8, D, F, H. The 
lines BF and DH mcet in O. 

2. The points 7, G, C, A, having polar coordinates (+ *, — 1), (774, —}7), (+, $=), 
(77, 7), have Cartesian coordinates (—+r ?, 0), (0, —771), (0, 7), (—7*, 0). Hence the 
lines IC, GA are 
7 =0, c+ y +r =0; 





and H, their point of intsseeezion, is (—}$, —4) or, in polar coordinates, (1/3, —ł 7). 


Thus the points J, H, F, D, B, given by 
r= 2+", 0 = 4(2n — 3)n (n = —1, 0, l, 2, 3), 


lie on the spiral 8.71, where a = 2-477, This is derived from the spiral r = «? by the 
dilatation O(a) or by rotation through the angle 

log a 

log ` 
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§11.4 
i, Tne — 1. 
2. Using induction, assume fy..2fn —f2 ı = (-1)". Then 
faifai 2 Se = faiths +f —Safa-e + fn) 
=f? 1 — fu-2 s= (-1)". 
3. Working modulo 10, we have 5 + 8 = 3,8 + 3 =I, and soon. 
4. Setting A + j = n, we see that the coefficient of r” is 


4) 


where k = n — jand, ier eS =n,0 <j < jn 
5. 1.010203050813213455 . 





6. By 11.48, 
Ent =, znl + (=ry-7-1 r+ (=—1)ytrt enn 
En | + (—7)" l+(- 1)? 
Hence the limit is +. 
§11.5 
When k = 1, 11.51 yields A = 73? = 0.48587... 
§12.1 
1. Both. 


2. The sum of the three angles of a triangle is equal to two right angles. 
3. Affine geometry. 
» (a) Affine, (b) absolute, (c) absolute. 


> 


§12.2 

l. By Axiom 12.22, there is a point C with ARE }, aiso a point 2 p with [BCD], and 
so on forever, eae. 

2. Theorem 12.271. 

3. If [FDE], we could apply 12.27 to tite teiangl: SED with (PCB), obtaining Z on 
EC with [BZF]. Since Z = A, this cozttadicis FAFS], 

4, Any line not belonging to the set contains an infimice quazber of points, among 
which only a finite number can lie on lines of the set {at wost One on cach). 

5, Use 12.278 (and Fig. 12.24) with D, A, B, F, C, Ł replaced by A, B, C, L, M, N. 

6. Take A’ on A/B, B’ on B/C, and apply Axiom 12.27 to the triangle A’B’B with 
[B’BC] and [BAA]. 

7. For any such A’ and B’, the line A’B’ meets A/C; therefore it docs not meet C/A. 


§12.3 


The # — | points P; (i > 1) are joined in pairs by at most Ce) lines, some or all of 
which may mect P,Q. In Figure 12.3, the six joins PaP4, PyP,, Py Pz. PaPa, PePi, PiPs 
all make the same contribution as P, Ps. 


§12.4 


I. Since the five points are not collinear, they must form either a convex pentagon 
or a convex quadrangle with one point inside, or a triangle with two points inside. In 
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the first and second cases the result is obvious. In the third case the two inner points 
lie on a line meeting two distinct sides of the triangle. The ends of the ijid side. form, 
rt thesc inner points, the desired convex quadrangle. 

4, The first two lines, BC and CA, decompose the plane into four engulay regions. 
The linc AB has no intersection with the region bounded by C E and C/A, but it 
decomposes each of the remaining three angular regions into two parts, ‘The-vegion 
bounded by the triangle is the only finite part, since at least one side of each of the 
others is a ray. 

5. Consider any m — 1 of the mn lines, and the f(2, m — 1) regions formed by them. 
They decompose the sh line into » parts (namely, two rays and m — 2 segments), 
lying respectively in # of the f(2,m — |) regions. These m regions arc each decomposed 
into two, whereas the rest are unaffected. Hence 


fQ2,m =fQ,m—-1) +m. 
Combining this with the analogous equations 


fR. ii e SET 


fe, 1) = fQ, 0) + 1, 
we obtain 
f{(2,m = f(2,m—1) +m 
ha m—2)+(n—1)+m 


fo, 0O +1424 -4m 


i m+l ‘m m) ‘m 
= +( : .(n + (1) +()- 
6: The first m — 1 planes decompose the mth into f(2, m — 1) plane regions lying 


respectively in f(2, m — 1) of the f(3, m — 1) solid regions. These f(2, m — 1) solid 
regions are cach decomposed into two, whereas the rest are unaffected. Hence 


SB, m) = f(3,m — 1) + f(2,m — 1) 
= {(3,m — 2) + fQ, m — 2) + f(2,m—)) 


= (3,0) + f(2,0) + f2,1) + +f, m- 1) 


; + $1 + G) =] +m+ i ') 
Tej ga 
- (0) + (3) + (3) + (3) 


7. f(a, m) = f(n,m — 1) + fin — 1, m — 1), with f(»,0) = 1. Therefore 


fa, m) = f(a, 0) + "S" flan —1,r). 
r= 


one (3) 7 e poria (>) 


To prove 
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by induction, assume the same formula with # replaced by n — 1. 


{la m) = f(r 0) +E (6 )+ (‘) +-+ a i)i 
FOFO 
(0) + (1) E) ++ (2) 


The final step makes use of the familiar series 
m-l f wiif fy +1 ‘r\| m n = ') ‘m 
pe (es _ i) =A n ) ~ 4} 7 a z ( njo ("") 
§12.6 


1. The relation [prs] tells us that the three lines do not meet onc another and that 
they contain points 4, C, B (respectively) such that [ACB]. Suppose that p, is parallel 
tos. Then any ray from 4 within the angle between AB and p, meets s, and therefore 
also r. Hence p, is parallel to r. 

2. The two rays through a given point parallel to a given line appear as the segments 
joining the point to the ends of the chord. 





§13.1 
- Let q and r be the two parallel lines. If p met g without meeting r, then p and g 
would be two lines through the point p-q, both parallel to r, contradicting Axiom 13.11, 
2. Yes, provided the three lines are coplanar. 


§13.2 

1. This is a one-dimensional version of the principle that every direct isometry 
(including the identity) is the product of an even numbcr of opposite isometrics. 
Translations prescrvc directions, whereas half-turns reverse directions. 

2. By 13.25, (A -» D) = (C — B) implies (A «< > B) = (C « > D), that is, (A < > B) = 
(D « > C), which, in turn, implies (A -> C) = (D -> B). 

3. This is the half-turn about C. 

4. Any two opposite sides are interchanged by the half-turn about the common 
midpoint of the diagonais, 

5. Using the symbol = to relate congruent segments, we have 


BA, = C; B; = AC, BA, Ld CB = AC. 


By ex. 2, BA, = 4C implies BA, = A,C. Hence A; = A). 
6. Dissect the quadrangle into two triangles by a diagonal, and usc 13.26. 
7. The three bimedians all have the same midpoint. 


§13.3 

l. Each point on AB is transformed into a point dividing the segment AB in the 
same ratio, that is, into itself. For any other point P, we can draw PM parallel to 
CA, and PN parallel to CB, with M and N on AB. The corresponding point P” is 
obtained by drawing A¢?’ parallel to .4C’, and NP’ parallel to BC’. 
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This is a typical affine construction, tasiead, of Euclid’s “ruler and compasses” 
we are using a simpler instrument, the penellehre wler, wich cogsists of four rulers (or 
two rulers and two auxiliary bars) forming & waraliefogrdm! with pivots at the four 
vertices. This cnables us to draw lines paniki toa given line (hid, of course, also to 
join two given points). 

2. If an affinity interchanges two points € antl C”, it leaves invariant the midpoint 
O of CC". If O is the only invariant point, it is also the midpoint of PP’ for any P, 
and the affinity is the half-turn C « > C’. But if there is another invariant point M, 
the aftinity, transforming the triangle MCC’ into MC"C, is the reflection M(CC’). 

3. If the affinity is not a dilatation, it must transform at least one line « into a line a’ 
not. el to a. Another line b, parallel to a, will be transformed into another linc 
b'i lioa’. The point of intersection A = a: a’ is invariant; for, if not, it would 
lie invariant linc m and could be called cither a - m or a-m, contradicting its 
no ance. Similarly, there is another invariant point B = h- 6’. Therefore, the 
affinity is either a shear or a strain: ABC — ABC’. 
4,_Since lincs have lincar equations, any transformation of the form 13.33 preserves 
yery. Conversely, we can express any affinity /¥ Y -> 7'X’ Y” in the form 13.33 
ble values for a, bh, c, d, /, m, For, the triangle (0, 0), 9)(0, 1) is 
cd into 









Gd, mila +1, c + mib +i, d+m), 


which can be identified with any given triangle. The non-collinearity of these thes. 
points is ensured by the condition ad ¥ he. 


5. (i) Translation, (ii) Central dilatation, 
(iii) Shear, (iv) Strain 
(including an affine reflection as the special case when a = —1). 
§13.4 


l. This follows from the remark after 13.41. 
2. If the diagonals PoPa, PPa, PyP, PaP, are parallel to the sides PiP, PaPa, PaPa 
P,P,, respectively, the following triangles all have the same arca: 


PoP Pe, P,P,Ps, PPP 4, P3P Po, PaPa Pa 


Therefore, P,P, is parallel to PyP;. 

3. When it is a translation or a half-turn, In fact, a central dilatation O(/) has 
ad — be = 

4. Always. 

5. Never. 

6. Each affine rcticction reverses area. 

7. A translation is the product of two affine reflections in the direction of the 
translation, the mirrors being parallel lincs in any other direction. More precisely, 
in the notation of Figure 13.2d, the translation A — D is the product of reflections 
A(BC) and B(AD). 

A half-turn is the product of reflections in two intersecting lines, the direction of 
each reficction being along the mirror for the other: the half-turn A +> B is the product 
of A(CD) and CAB). 

A shear is the product of reflections in one mirror in two different directions. 
Alternatively, it is the product of reflections in one direction in two intersecting mirrors, 
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8. For any gcomctric transformation, the successive transforms of a noninvariant 
point Py comprise a sct of points PyP,P, - -- called the orbit of Py; the transformation 
takes Py to Py, P, to Pz, and so on. Exercise 3 (on page 203), describing a situation in 
which the orbit of every point consists of a set of collinear points, shows that the only 
afinitics of this kind are the “trivial” ones: the dilatations, shears and strains. For 
every other kind of affinity there is at least one noninvariant point P} lying on no 
invariant line; the line P,P, is transformed into a different line P,P,, the orbit begins 
with three points forming a triangic, and the affinity can be expressed as Py P,P. > 
PiPPa} In the case of an equiaffinity, the “trivial” kinds are those considered in 
ex. 7. For any other kind, PgP,P, and P, PP, are iwo triangles of equal area. Since 
they have a common side P,P}, ex. 1 shows that P,P, must be parallel to PP. 

9. Since the translation, half-turn and shear have already been covered in ex. 7, we 
may restrict consideration to PoP, Py, — PiPPa with PoPa parallel to P,P}. Letting M 
denote the midpoint of PPs, as in Figure 13.44, we see that this equiaffinity is the 
product of the two affine reflections 


R, = M(P Po) and R, = Pa(P Pa) 
(compare §2.7 on page 34). For, these reflections have the effect 
PoP iP, -> P3P,P, > PPPs. 


10. Since R, transforms the points -> PaP, PaPa: >> into ---P,P,P;P,---, while 
Ro transforms <’ PyP)PoP3P,°-- into ---P,P,P.P,P,°-:, the stated parallelism 
certainly occurs when į + j =h +k =3 or 4. For other values, we simply have to 
transform by a suitable power of the equiaftinity RR. 

11. Because aflinc geometry cannot distinguish between a circle and any other ellipse. 
The elliptic shadow cast by a coin illustrates the fact that an ellipse is a “strained 
circle.” We are free to use a strain as a coordinate transformation, writing ev for x, 
so that the ellipse becomes 

ear + yr = 1 


and the elliptic rotation 13.49 becomes 


r 


Yii : 
wz’ = xcos J — = sin 4, y = esin 8 + y cost. 
€ 


This equiaftinity reduces to a half-turn when we set 0 = 2. Ifinstead wesel 0 = 7 — e, 
€ = nf(2d + 1), and make d tend to infinity, we obtain a new equiaffinity: the focal 
rotation 

z = ey, y =, 

which lcaves invariant the pair of parallel lincs y* = 1. In other words, the affinely 
regular star polygons of type {2 + 1/d} (d = 2,3,4,...) may be regarded as approxi- 
mating either a digon (page 37) or a focal polygon, whose vertices 


(0, 1), (-1, —1), (2, 1), (-3, =1), cee 


lic alternately on these two paralicl lincs while its sides pass alternately through the 
two “foci” (+ 3, 0). 

12, Every triangle is affinely regular, but the only affincly regular quadrangles are 
the parailelograms. 

13. Given Po, P;, Pe, complete the parallelogram PPP O. Then draw P,P, parallel 
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to 2,0 Cxith Pa on O/Po), PsP, parallel te FO (with P, on OPi ad Pafs parati 
te OF, iwith Ps on OJPo). 

id, Et is important to remember that affine yecomctry admits no mitasure of angiss. 
The symbol 6 occurring in 13.49 must not be interpreted as an angis bit gimaply as 4 
number. The use of sines and cosines does not force us to work in Ewelidenn POMY: 
they are employed because of thcir convenient properties, such as cost 4} 3in® g = t. 
These functions can, of course, be defined by analytical means without any reference 
to geometry. After these words of caution, we take the typical vertex P, to have 
affine coordinates 

(cos j0, sin j9), 
where 0 = 2/n, and conclude that 
PoP sin 30 _3 — 4sin? 0 
P,P» = in? —sin0 2cosd—1 SAEN 

15. The values arc 2, 3, 4, 6 (as in §4.5 on page 60). This conclusion can be justified 
as follows. Wc see from §13.3 that the parallel-ruler enables us to multiply the length 
of a given scgment by any rational number. In fact, given (0,0), (1,0), (O, 1), the 
points that can be constructed by means of the paralicl-ruler are the points (r, ) whose 
afine coordinates are rational, and no others. We scc from ex. 8 that the nature of an 
affinely regular polygon P,P, Po -- is determined by the position of P, on the line through 
Po parallel to P,P}. It is clear from ex. 10 that we can then construct P, and alt the 
other vertices in turn. Exercise 14 shows that, for a polygon of type {n}, Pa can be 
constructed if and only if cos 4 and Uja are both rational. 

The following trick for determining the admissible values of & was devised by the 
same H. W. Richmond who geometrized Gauss’s solution ¢F ine cyclotomic equation 
27 — 1 =0 (Figure 2.16 on page 27). 

Since cos 20 = 2 cos? f) — 1, every rational cos 9 yiclds a rational cos 20. Since 
6/7 is rational, the expressions 


cos 0, cos 29, cos 40,..., cos 240. 


comprise a finite sct of rational numbers. When these rational numbers are 
expressed as fractions in thcir “lowest terms,” let b be the greatest denominator that 
occurs, and let 


cos ¢ = ($ = 240) 


cis 


be one of the numbers having this denominator. Since a and 6 arc relatively prime, 
the denominator of 
2a® — b? 
Be 
But this denominator must not be greater than 6. 





cos 2¢ = 
is cither b? or (if b is even) 14°. 
Therefore, 
b >30>0, h <2, b= l or2,cosé¢ =O or +1 or +}, 
and the only admissible values for ¢ are jr/2 and j=/3 for integers j. Since cos (7/4) 
and cos (7/6) are irrational, it follows that the only admissible valucs for 6, with 
0 <mn, are 
2s m m 
sida ae a "a 
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In our geometric application of this result, 6 = 2a/n < =. Hence n = 2,3, 4 or 6. 
In other words, the only finite affinely regular polygons constructible with the parallel- 
ruler are the digon, triangle, parallelogram, and affinely regular hexagon. (For 
instance, the pentagram and pentagon shown in Figure 13.4e are not constructible, It 
is impossible to assign rational coordinates to all the five vertices simultaneously.) 

The connection with §4.5 may be explained by observing that, in the formation of a 
crystal, Nature is, in effect, using a parallel-rulcr to line up certain atoms in the 
straight rows of a lattice. 


§13.5 

l. Any common factor of * and x, would divide xy, — ysi. By 13.52, this is 
impossible. 

2. By 13.52, toy — Hgt = | = ayy — 41, and therefore 


(ry + 2)¥ = (Hq + 4). 


3. We can systematically assign the symbols 0, 1,..., 6 in cyclic order to the 
points of the basic lattice, as follows: each of A, B, C gets the label 0, and then we 
proceed with 1,2, 3,4, 5, 6,0, 1,... to the right; from A toward L we have 0, 3, 6, 
2, 5,1, 4, & ... 5 and From 8 toward M we have 0, 5, 3, 1.6, 4, 2,0,.... All the 
points numbered alike form a “sublattice, and since there are seven such sublattices, 
each has a unit ceil seven times as big as that of the basic lattice. 

Alternatively, let the basic lattice consist of the points whose affine coordinates are 
integers. Take Bat (0,0), Cat (2, 1), A at (—1, 3). Then the only lattice points inside 
the triangle ABC are (1, 1), (0, 2), (0, 1), forming a triangle of area t Cirat is, „half a 
unit cell). By Pick’s theorem, the area of ABC is 3 + -1=. : 

3. (a) Thé triangle (0, 0) (3. 1) (—1, 4) has area 346-1 = \3, wheteas the 
Cevians form an inner triangle of area $ +0 — 1 = 2. The ratio is 7',. (b) The 
triangle (0, 0) (3, 2) (—2, 5) has area $ +9 — 1 = ',°, whereas the Cevians form an 
inner triangle of area +. 

5. The parallelogram (0, 0) (2, —1) (3, 1) (1, 2) has area $ + 4 — 1 = S, whereas 
the small parallelogram in the middle has area 1, 

The parallelogram (+6, +6) has area 144, whereas the smal] octagon in the middle, 
namely (+3, 0) (+2, +2) (0, +3), with 21 interior points, has arca 24. 

6 1 u 1 x 1 Aa 


Eear aed TTET] 
uy +I) +A +1) + Alu tl) 
(ż +1)Xæ + 1X” + 1) 
àur + 1 
T+ DE DE F l) 


7. This is obvious unless 4, z+, v are either all >1 or all <1. Assuming one of these 
eventualities, suppose, if possible, that LMN is the smallest of the four triangles. Then 
Auv + 1 must be less than or equal Lo each of 


(A +1», (u + 1), © + Dr. 
By addition, 
3(Axyv + 1) < (å + 1)» + 04124404 De 
= (uv + à) + {rå + y) + (åg +”), 
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that is, 
(à — Ger — 1) + Ge — DEA - I + e= DA - 1D A 
Since 7, n, » are all 21 or all <1, each of these three terms must be zera, sca that 
i=sp=ve=el. 
§13.6 

l. (i), (ii), and (iv) lack the additive identity (zero); (ii) contains | and į but not 
1 +i. The remaining four sets include zero, which has no multiplicative inverse. 

2. If B is the centroid of masses a at A and ¢ at C, B’ is the centroid of masses a at 
A’ and c at C’. Points dividing 4A’, BB’, CC’ in the ratio s:1 are the centroids of 
masses | at A and wat A’, | at Band zx at BY, 1 al Cand nat C’. Of these three points. 
the middle one is the centroid of masses a al the first and c at the last. 

[n the concise notation of Mobius’ barycentric calculus, we have 

B=aA +cC, B' =aA' +cC’, 
B+ eB =a(A + uA) eC + HC’). 

3. In Mobius" notation, the centroid of equa] masses al the four vertices of the 
quadrangle ABCD is A + B + C + D. The vertices of the Varignon parallelogram 
are A+B, B+C, C+D, D+A, and its center is (A + B) +(C + D) = 
(B+C) +W +A). 

4. Cutting the quadrangle along cither diagonal, we obtain two triangles whosc 
centroids are the midpoints of two of the broken linc segments in Figure 13.6b. 

5. A centrally symmetrical quadrangle, that is. a parallelogram. 


§13.7 
I. Inside the triangle 4,44, we have + + +: beyond the side 4,43, — + +; 
and beyond the vertex 4,, + — —. 


2/1 0 3 

Oo 1 ł 

x y tl 

—> —> —> -e 
3. HOS + OT) = (2s; OA; + Bt OA) 


= us; + Ors. 
o =» —> 
4. aus,OA, + tLt,0A; = (osi + tt )OA;. 
5. In this formulation it is no longer necessary to assume Es; = Dr; 
6/0 1 4 
# 0 1) =Apy +1. 
lv Q 
This has to be divided by (A + 1)(# + 1) +1). When L, M, N are collinear, il 
becomes zero, in agreement with Menelaus’s theorem. 
7. When the line is entirely outside the triangle, the signs are all alike (say all plus). 
Wien the line penetrates the sides 44, and 441, Ta differs in sign from 7, and 7». 


§13.8 

l. Any common point of a and 6 would be a common point of a and x. Apply 
13.82 to b, c, and a. 

2. Since a is parallel to b, it is parallel to the plane x through b, and we can use 
ex. 1, 


446 ANSWESS TO EXERCISES 


3. Our proof of 13.81 shows that all the Ines through A in the plane g’r’ are parallel 
to lines in the plane gr. 

4. The centroid of equal masses at 4,, 4s, Ag. 4, is the centroid of masses 1 at 
Ay, l at Ay, and 2 at the midpoint of 43-4;. 

5. (ti, to, ta, ty) is the centroid of masses 7; at A; {i = 4, 2, 3, 4). 


§13.9 

l. In the notation of Figure 13.86, if 4°, 8°, €", O ave the vertices opposite to 
A, B, C, O, the six sides of the skew hexagon 48°C.’ BC” can be dined to the diagonal 
OO’ to form a cycle of six tetrahedra, consecutive pairs of which are related by affine 
reflections; e.g., the ictrahedra OO'AB’ and OO" B'E ave related by the affine reflection 
OO"(AC), which leaves invariant the pkene OD 8 while interchanging A and C. 

2. An affinc reflection interchanges pairs of poitis, F and F*, w such a way that all 
the joining lincs PP’ are parallel and ai! the segmesits PF’ are bisected by the mirror 
(which, in the three-dimensional case, is a plane). 

3. The points (a, b, c) and (a‘, b’, ¢’) are interchanged by the central inversion 
(x,y,z) -> la +a — x, b +b -yc +e —2). 

4, If (x, 4,2) is a lattice point lying in a first rational plane Xr + Yy + Zz = +1, 
any common divisor of x, y, z would have to divide +1. 

5. No. For instance, (1, 1, 0) is a visible point in the “second” rational plane 


2+ y= 2. 
6. When x = 1,wehave2y + 32 = —|. Twoobvious solutions arey = 1,2 = ~~}, 
andy = —2,z2 = 1. When x = —4, we have 2y + 3z = 5, with the obvious solution 


y =2z = 1. We thus obtain the triangle (1, 1, —1)U, —2, 1)(—4, 1, 1). 

7. The triangle (1, 1, —1)(1, —2, 1(—4, 1, 1), whose determinant is —1, is half a 
unit cell for the lattice i: the plane 6% + 10y + [5z = 1, Hence the general lattice 
point in this plane-is 

(1,1, —1) + m(0, -3,37 + n(~5,0, 2) = (1 — 5n, 1 — 3m, —1 + 2m + 2n), 
whers: # nd n run through all the integers. 

8. The given equation implies 2? + 2V2xry + 2y? = 327. Since V2 is irrational, 
any solution in integers woud require zy = 0 and x” + 2y? = 3:*, which is impossible 


by the usual argument for establishing the irrationality of V3. 


§14.1 


I. By 14.11 the four points described in 14.13 are joined in pairs by six lines which, 
by 14.12, meet any other line in at least three points. Also each of the six lines meets 
the others in three points. 

2. The m points, with ¢ lines through each, apparently make a total of crn lines; 
but in this estimate cach of the # lines is counted d times, once for each of the d points 
on it. Therefore cm = dn. The Pappus configuration 9, may be regarded as a cycle 
of three “Graves triangles" in six ways. (Coxcter, Projective Geometry, 1964, p. 39.) 

3. Here is the table: 





12 11 10 9 8 7 6 5 4 3 2 1 0 
1 2 3 4 5 6 7 8 9 10 11 12 0 
2 3 4 5 6 7 8 9 10 11 12 0 l 
4 5 6 7 8 9 10 11 12 0 ] 2 3 

10 11 12 0 l 2 4 5 6 7 8 9 
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The last column indicates that the points on pe are Fy, Zis a?o and that the lines 
through Py are po. Py. Pas po The oker ponnn have on ana ogous interpretation. 
The columns of the table 
Py Py Py Pe Ps Pe Pa 
Pao Py Pe $a orc go Ep Py Po 
Ps P; P Pi OP OOP Ph” Pa 
indicate the eight lines of the configuration 8, formed by the cycle of cight points 
PyPyoPoPePoP2PaP3. The two mutually inscribed quadrangles are obtained by taking 
alternate points of this cycle. 
4. Through any one of the points we have p + | lines, each containing p further 
posts, This makes | + (p + Dp points altogether. 
5. The whole finite yeometry provides a counterexample to refute Sylvester's 
theorem. Every line joining two of the points belongs to the geometry and thus 
contains not only two but p + 1 of the points. 


yt 


Na 


§14.2 
1. Let A, B, C, D be the points 14.23, and continue as follows: 
E = AD: BC = (0,1, 1), F=BD-CA = (1,90, 1), 
G = AB: EF =(-1,1,9), H = BC: DG = (0,2, 1), 
I= AD- FH = (\, 2,2), J=EF-CI = (\,2,3). 


2. The three pairs of opposite sides are 
% +” = 0, t +2, =O, ry tz, = 0. 
3. We sec thal P; = PPa- PaPa, Py, = PiP: PsP; The collinearity of P PPs 
makes st +e +l =0. 
4. Pı = P,P; P,P, = (0, 1,1), P, = P,P; - PP, = (1,0, 1), 
P, = PaP; : PaP, = (2, 1, 1), Py = PoPa: PaPa = (L, 2, 0), 
Pio = PiP: PoPs = (0, 1, 2), Pi = PaP; ` PoP. = (1,1,2), 


Pip = PoP, PyP; = (2,0, 3) 
The lines are as follows: 
Potta = 9. Pity = 0. Perit, % = 0. 
pita +X, = 0. Paty + rg Hrg = 0. pyy t m — ry = 0. 
Pei hy Hey Hra =O. pri + ty, =O. Pats erg = 0. 
P9itz — zy = 0. Poiti S Fg + Pq =O. puit — % = 0. 


Prit = 0. 
5. The points P)P,P,P,P;P;P, may be taken to be 
(1, 0, 0) (0, 1,0) (0, 0, 1) (1, 1, 0) (0, 1,1) (d, 1, 1) (1,0, 1). 


§14.3 

I. The points (1, 0, 0), (1, 1, 1), (p, 1, 1) all lie on the line x, = æ, We obtain 
(0,g — 1, | — r) by subtracting (1, 1, r) from (1, g, 1). 

3. S = Pi, T = Ps, L =Vs F = Pin- (The point Pe is not used.) 


§14.4 
l. The definition for a harmonic set involves A and B symmetrically, also C and £ 
in the same way. 
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2. Draw any triangle RSP whose sides SP, PR, RS pass respectively through 
A, B,C. Let AR meet BS in Q. Then PQ meets AB in the desired harmonic conjugate. 

3. Taking RAB as triangle of reference, let C and S be (0, 1, 4) and (J, 1, 4). Then 
Q is (1, 1, 0), P is (1, 0, å), and Fis (1, 1, 0) — (1,0, 4) = (0, 1, —A). 

4. On any line in PG(2, 3), there are exactly four points. The harmonic conjugate 
of any one of these with respect to any two athers, is a fourth point on the line and 


therefore can only be the fourth point on thelfine? i ‘ 
5. The same harmonic sct is determinsd projectiel by pliang, and affinely 
by dividing the segment AA’ internally #8 y ang diternaliy yat Ap, in the same ratio. 
foe i ES 
§14. 5 EEES i Fe 1 | r ; 


l. Jf x and x’ are corresponding lies! of iio’ rea pencils, their point of 
intersection « - x’ continually lies on tle's#%s PA 

2. Any section of a harmonic set of Ehigstis a Iahi moli et tof'points, and any har- 
monic set of points is projected by a hugmehiic selata > 

5. Whenever a projectivity on a line g is the product'of iwo perspectivities, the 
join of the two centers meets g in an invariant point. 

7. 1f the given projectivity is an involution, say (AA’)(BB’), it is expressible as the 
product of the two involutions (AB)(A’B’) and (48’)(BA’). If the given projectivity 
is not an involution, and A is any noninvariant point, the projectivity may be expressed 
as AA‘A” A AAA” (where possibly A” coincides with A); it is then seen to be the 
product of the two involutions 

(AAAA) and (AANA A"). 

8. G) (C1, — Cae)® + 4eqyca, = 0. 

(ii) cy, + Cag = 0. 


§14.6 


l. Let Ad’ be the gives pair Gf corresponding points, collinear with the center O. 
Let AX mest the szin in ©. Then the collineation takes AC to A’C and leaves invariant 
the line OX. “Therefore X‘ is the point of intersection of A’C and OX. 

2. In the notellon of Figure 14.34, consider the perspective collineation with center 
O and axis DE thet transfarras ? into P’. When the construction in ex, | is applied 
lo Q it yields ©’, and whee itis applied to R it yields R’. 

3. Let two polinis 4 and 4, uiside the line o of invariant points, be transformed 
into 4’ and X’. Since AA‘ and YX" are invariant lines, their common point O is an 
invariant point and therefore lies on o. Hence all joins of pairs of corresponding 
points meet o in the same point O. 

4. In the notalion of ex. 3, let O, be the harmonic conjugate of O with respect to 
A and A’. Then the harmonic homologies with centers A and O, will have the desired 
effect, since the former leaves A invariant and the latter takes A to 4’. 

5. Yes. For the unique projectivity PP P} A P,P)P, must transform the remaining 
point on P,P, into the remaining point on P,P}. It is not necessary te give actual 
perspectivities, but in case they are desired, one possibility is 


PoP, P Pa EL PaPoPyPyn E P PPP ry. 


P; > P}; is a projective collineation of period 3. 
6. (i) A homology with center (0, 0, 1) and axis x, = 0. 
(ii) An elation with center (c,, co, 0) and axis x, = 0, 
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7. Consider a quadrilateral APXA,P,X,, as in Figure 14.66, with A conjugate to 
A, and P to P}. The polars a and p pass through A, and P}, respectively. By 14.64, 
the polar triangles APX and apr are perspective from the line 4,P,. Therefore :r 
passes throug 34, and X is conjugate to X,. 

8. The coxdition for the two points (0, 1, +1) to be conjugate is cza — Cs = 0; for 
(+1, 0, 1), egg = cu = 0. These two conditions imply c11 — Csa = 0, which is the 
conjugacy condition for (1, +1. 0). 

9. The given bilincar relation makes s} =0 the polar of (I, 0, 0), and 
X, + % + % = 0 the polar of (1, 1, 1). Any self-conjugate point (s) must satisfy 
ay? + arg? +2, = 0. This is impossible in the real field but happens for all the four 
points (1, £1, +1) in PG(2, 3). 


§14.7 


2. When B = D, we have x = p, y = PQ = d, und x-y =P. 
When A = D, we have y = 9,2 = d, and s'y = Q. 

3. See Coxeter 2, pp. 88-89. 

7. The hint shows that the correlation P; — p; is projective. Being obviously of 
period 2, it is a polarity. The triangle P,P iaPiz, whose sides are pq, Piw Piz, ìs Self-polar. 
Finally, since the residues 0, 7, 8, 11 are the halves (mod 13) of 0, 1, 3, 9, the points 
Py, Po, Pa, Py, (and no others) lie on their polars. 

Thus the four lines pp, P7 Ps, Pu are langents, the six lines p4, fa, Pas Prr Pas Po ave 
secants, and the three lines p4, Pig, Pie Are Non-secants. The three non-sscants are the 
sides of the self-polar triangle P,P )P). which was used in describing the polarity. 
Since each non-secant is a common side of two self-polar triangles, there are three 
further self-polar triangles 


PyPsPy, = Py P3Pg.  PaoPi Ps, 


each having for its sides one non-secant and two secants [like the triangle EHH of 
Coxeter 2, p. 82, Fig. 6.2C]. Each secant, containing only one pair of distinct con- 
jugate points, is a side of only one self-polar triangle. Hence the only self-polar 
triangles are the four already mentioned. 

Other geometries, such as PG(2, 5), admit self-polar triangles formed by three 
secants or by one secant and two non-secants. 

8. The sides of this hexagon are 


# =0, My = tg + ty, t = 0, 
Hy My = Qty, Ly My = Fkyy BN, + ey = Hy, 
Opposite sides meet in the three points 
(0,1,2), - 16, 1,5), (2, 0, 1), 


which all fie on the line x, + 4x, = Zr. 


§14.8 


l. Two distinct transyersals from R would detesrime a plane containing both 
a and b. 

2. Lel a, b, c be three skew generators. Let an arbitrary plane through a meet c in 
R. This plane contains also the generator Ra - Rb. 

3. The four lines A;B; all intersect one another, ad since ihey are not all coplanar 
they must be concurrent. 
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4. Calling the centers of perspective Ci, Cz, C3. Cy, we see that CCCG; is per- 
spective with B,B,B,B, from Ay, with B,B,B,B, from Ay, with BiB, B2B; from Az, with 
ByB,B,B, from Aq, with 4343444 from 8, and so on (with A's and 8's consistently 
interchanged). 

5. Each point of PG(3, p) lies on p? + p + | lines, each containing p further 
points. Hence there are altogether 1 + p(p? +p +1) =p? +p? +p +! points, 
and, by duality, the same number of planes. Each of the p? + pë +p + 1 planes 
contains p? +p + 1 lines, but each line lies in p + | planes; therefore the total 
number of lines is 


(P+ pr ++p t+ lyp?+pt+)) 
pti 
This expression was obtained by Von Staudt in 1856. (See the footnote on p. 237. See 
also P. H. Schoute, Mehrdimensionale Geometrie, vol. 1, p. 5, leipzig, 1902.) When 
p = 3, the number is 130. 


§14.9 


I. Because Euclidean geometry does not admit self-perpendicular lines. 
3. This is Clifford’s first theorem in its original form, which can be derived from the 
form given in our text by inversion in a circle with center S. 


§15.i 

l. By 15.11 there is, on the ray AB, a point B’ such that CD = AB’. Thus we have 
AB = CD and CD = AB’, By 15.12, AB = AB’. But AB = AB, and both Band B' 
are on the ray AB. Hence, by 15.11, B’ = B. 

2. Any triangle has an incircle, and the lengths of the tangents to it from A, B, C 
are s— a, 5— b, s —¢, as in §1.5, ex. 3. We have to abandon all the formulas 
involving trigonometrical functions, but ex. 1 remains valid. Even an acule-angled 
triangle may fail Lo have a circumcircle. 


§15.2 


l. See Coxeter 3, p. 189. 

2. If two lines have a common perpendicular m, they are symmetrical by refiection 
in m. Any point of intersection on one side of m would yield another on the opposite 
side, contradicting 12.2511. 


§15.3 


I. The plane through / perpendicular to the plane ABC meets the latter in a line m 
which may intersect / or be parallel or ultraparallel to /. In the first case, all the planes 
Al, Bi, CI pass thraugh ihe point of intersection, In the second case, they pass through 
the common end 2! / aad m. In the third case, by 15.26, / and m have a common 
perpendicular EF, aiid the planes A/, BI, CI are all perpendicular to the plane through 
EF perpendicular to /. 

2. By 15.23, p and r are parallel. Therefore the product of reflections in them is a 
parallel displacement. The first reflection leaves J invariant; the second transforms J 
into L, 


§15.4 


l. A tetragonal rotation about the front vericx on the left, a trigonal rotation about 
the center of the face d, the half-turn about the line joining the midpoints of two 


= (p? + Ip? +p +1). 
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opposite edges, and the half-turn about the line joining two opposite vertices: (ab)(ed) = 
(achd)*. Not counting the identity, we have 6 + 8 + 6 + 3 = 23. 

2. The cyclic group Cp has two “sets of poles, each consisting of just onc pole. 
By adding an ineffective p,-gonal pole with py = 1, we are able to include this group 
as a “trivial” solution of 15.42. 


§15.5 
I. (a) Cy. : 
(b) Do» D, (n even), Da X {I} {> odd). 
2. CC. 


§15.6 
(a) Da x {5}. (b) D; x {T}. (c) Ay x {I}. 


§15.7 

l. The vertices of {p, 2} are p points evenly spaced along a great circle (say, the 
equator), and its edges are the p arcs that join neighboring vertices. The vertices 
of {2, p} are two antipodal points (say, the north and south poles), and its edges are 
evenly spaced great semicircles (meridians). 

2. The tetrahedron has six planes of symmetry, each joining an edge to the mid- 
point of the opposite edge. The cube and octahedron have nine, one parallel to each 
pair of opposite faces of the cube and one joining each pair of opposite edges. The 
dodecahedron and icosahedron have fifteen, one joining each pair of opposite edges. 


3. 47 i (= i+ 5 - n}. Two corresponding edges of the blown-up {p, q} and 


{q, p} perpendicularly bisect each other at the common right angle of four specimens 
of the fundamenta! region. Accordingly, it is natural that the order of the group 
should turn out to be 4E. 


§15.8 
l. [f the ath radius is kp, we have n Knyt = Krt 
3. Using the abbreviation 
# 9 m 7 . n 
k? = cos? = — sin? — = cos? — — sin? — 
i Pe P2 Pı 
(cf. 10.42), we find that the radius and. #staice are 


l, 7z & T 1 7 
>sin— an —COS—- 
k Py k Pz 


§ 16.1 


If AB and AM, respectively, are perpendicular and parallel to r, as in Figure 16.34, 
we have an acule angle at A and a right angle at B, and yet the rays do not meet. 


§16.2 


I. In the projective model, points and lines are represented by points and lines. 
Therefore isometries are represented by collineations. Since parallel lines are trans- 
formed into parallel lines, these collineations must transform into itself. Since a 
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reflection levee invariant every point on the mirror, the corresponding collineation 
must be an clation or a homology (§14.6). Since it is of period 2, it can only be a 
harmonic homology. Since it preserves w, its center is the pole of the mirror (i.c., the 
point of intersection of the tangents at the ends of the chord). 

When the mirror is represented by onc of the vertical circles, the reflection appears 
as the inversion in the sphere, through this circle, orthogonal to Klein's sphere. 

2. A pencil of concentric circles may be described as the orthogonal trajecteries of 
a pencil of lines. In the conformal model these lines appear as circles thrawgk a pair 
of inverse points (with respect to 2). Therefore the circles belong to the orthogonal 
pencil of coaxal circles (including & and having the pair of inverse points for limiting 
points). 


§16.3 


I. In the projective model, the common perpeniiiaiay to two ultraparallel lines 
joins their poles with respect to w, and the commoti | porie! to two rays joins their 
ends. 

2. For any point G on A/B, we have (MAG > “MBA. But ¿DAM = ZEBM, 
Therefore DAG > LEBA = ZBAD. 

3. By considering congruent right-angled triangles, we see that AD = CF = BE. 
Since the angle C of the triangle ABC is equal to 2CAD + ZEBC, the sum of all 
three angles of the triangle is 

/.BAD + ZEBA, 


that is, the sum of two (cqual) acute angles. 

4. This is a generalization of the theorem that the altitude lines of a triangle are 
concurrent (which is a corollary of Fagnano’s problem), The simplest proof uses the 
projective model and refers to Chasles’s thearem (14.64): Any two polar triangles are 
perspective triangles. 

5, Eiter a translation or a glide reflection, according as the triangles are, or are 
‘on the same side of their common side. 

faa circle of the indicated radius, draw (angenis at ile ends of three radii 
making angles 120° with one another. These tangents form a trebly asymptotic 
triangle. 

7. Draw the Cevian through the given point ancl compare Figure 16.3a. 


§16.5 


3. Consider how successive translations along CA, AB, BC will affect the side CA 
of the triangle ABC. The first translation slides this segment CA along itself to a 
position AX. The second (along AB) takes this to BY, where ZABY = A. The third 
{along BC) takes this to CZ, where 2ZCB = w — / CBY = n — (A + B), so that 
£ZCA =n — A —B—C. (This result can evidently be extended from triangles to 
higher polygons.) 

4. Consider how successive half-turns about the midpoints DA, AB, BC, CD will 
affect the side DA of the quadrangle ABCD. The first half-turn reverses this side, 
yielding AD. The second {about the midpoint of AB) takes this to BX, where 
¿ABX = A. The third (about the midpoint of BC) takes this to CY, where 2BCY = 
A + B. The fourth (about the midpoint of CD) takes this to DZ, where 7 CDZ = 
A +B +C,sothat ZDA =2r —-A-—-B-—C—D. 

5. At any vertex we find one specimen of each angle of the polygon, in natural 
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order. The cycle may be repeated any number of times (if the polygon has a sufficiently 
large area). 


§16.6 

l. Compare §16.3, cx. 3. The perpendicular bisectors of the sides of the triangle 
may be cither intersecting or parallel or ultraparallel. 

2. The external bisectors of two angles of the triangle may be either intersecting or 
paralle] or ultraparallel. 

3. The horocycle is symmetrical by reflection in any diameter, The diameter y 
reflects J into L. 

4. Two. Their centers are the two ends of the perpendicular bisector of the segment 
joining the two points. 

5. Remember that an equidistant curve has two branches. 

7. Use §16.3, ex. 2. 


§16.7 


l. An equidistant curve. 

2. The additive property, described in §6.6, ex. 5, shows that hyperbolic distance 
is proportional to inversive distance. The factor of proportionality is a matter of 
convention, like the value « = 1 that led to 16.53. 


A 
g 





Figure 16,7a 


3. The following proof of Lobachevsky’s famous formula is credited to Paul Szász 
[see Coxeter, Amali di Matematica, pura ed applicata, (4), 71 (1966), p. 82). In Figure 
16.7a, the segment AB of length « is represented by the part AB of the line perpendic- 
ular to Q at Q. The circle through B with center Q represents the line through B 
 feerpendicular to AB, and the tangent circle through A with center O {also on n) 
_ ‘yepresents a parallel line having the same end M. The angle of parallelism 


£ = lià) = ZBAM 
appears as the angle at A in the “curvilinear triangle” BAM, and again as 2QOA. 


Since :» is the inversive distance between concentric circles with radii QB and QA (the 
latter not drawn), we have 


whence 
ë = 2 arctan e™. 
Any reader who dislikes using Euclidean trigonometry to obtain a hyperbolic result 
may turn to page 377 for a purely hyperbolic proof. 
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§16.8 
By all the circles through one point (the point of contact). 
§17.1 


l. The vectors a and ¢ must be either parallel to each other or both perpendicular 
to b. 

2. {a x b) x (c x d) = [acd]b — [bcd]a = [abd]e — [abcjd 

3. (a x b)- (a x b) = (a -a)(b- b) — (b -a)(a - b) 
= |aļ?]b|? — Jal?|b|? cos? 4 
= |a|?{b|* sin? 0 
= |a x bl? 
§17.2 

The velocity is in the direction of the tangent. The acceleration is directed towards 
the center along the radius. 


§17.3 

l. x =u — sinu, y = —} — cosu. This is, of course, a congruent cycloid. 

2.2 = cosu +asinu,y = sinu — u cosu. This isa kind of spiral (but, of course, 
not an equiangular spiral). 

3. Since r = scos g. 


§17.4 


l. At the origin. 
4. {a)s = 4sin y. 
(b) s = 3/(esc y cot » + log tan }y). 
5. Since u = log (cosh u + sinh u) = log (sec y + tan p), 


[sec y dy = log (sec y + lan y) + C. 


C 


§17.5 


p =asinhu. At the cusp it is zero: the curvature is infinite. 


§17.6 
l. Differentiating r? = 1 twice, we obtain r +t =O andr-p + p = 0, whence 
(r + pp)-t = (r + pp)-p = 0. 
2. Because t md (r + pp) = 0. 
ds 
$17.7 


ga lv. z 
2 The helicoid mi tan z: 


3 Én. 
@ 
§17.8 
a gee : 


= 3d + 2)?" 
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§17.9 


l & = ap” cosu, y = apt sinu, 2 =cu", 
3. The angle is arccot (W1 + ca* log x). 
5. The cylinder based on an equiangular spiral. 


§18.1 
Jip: a Jf dt 'x r?) = (r, X r3)’ < x r?) 
: te ehirg ee) — (rye Peg) = L. 
§18.2 5 
2. usy = gyut +e irato 
HEUL? + we) + galt? + P) + ga (ube! + we), 
5. det oe? = G7, 


§18.3 
2. ap Hp it, g = 4P —1, where 5,5 = 8” = 05. 


§18.5 
Dep s Baga, = 0. 
4. ga Sge wh ge = WWP, gag =U ¥ P). 
5. gu = (PP, gz = UPsinu')?, gy =1, gag =O # P). 


6 Iý at y? 2% 
"Sap = iG —wy(A - uP) F (B — w*)(B — u’) + (C — wC =), 
§18.6 

I. Srey, aye 
§19.1 


2. Ue xr; = Tage, xX r; = vg Ll gen =0, 
The triangle formed by r} and r, has the same area, apart from sign, as the triangle 
formed by rê and ry. 
Zor =r + 2,2), P = riuh)’. 
4.9, =g4 =), gy = Sinit, 
g? = csc u’, gy =e =0 4i J). 


§19.2 
2. lan $ = vgigi 
4. cos $ = cos O cos (¢ — 0) — sin # sin (¢ — 0) 


_ 1% a 2q? 


E ge 





= —( + 
figs” sea! + Sex) — mm 


Sie ge g” 
errs (aya + aay) + naff -4) aya 


=f, 
$182 
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5. gia" = ga”. 

6. The net consists of the parametric curves, which are orthogonal if g’? = 0. The 
identity gtg, — gga = 0 is in agreement with the fact that the internal and external 
bisectors of an angle are perpendicular. 


Ps fz 


rs -| 


“0 #0 


‘sin u di du. 





§19.3 
l. r x r? = nj VE- 
2. by, = —| ’ bag = —sin? w, bij =0 Gi # j). 


§19.4 
I. H =0. 
2, H = {z,(1 + 2,2) + ule, (1 + 2). 
3 wt ja, W = On. 

» At an umbilic. 


yri 


§19.5 
3w +k. 
4. u = +csinh (a? — k). 


§19.6 


l. At an umbilic, 19.52 is an identity. 

2. The expression is a perfect square. 

3. At an umbilic, K = «* > 0. 

4. The conditions b,):4)9! bez = 211: £1222 become 

—sin? 1?:sin n? cos u! sin n? cos u’: —sin? y? 

= 2 sin? u + cos? u! sin? u?:sin u! cos n’ sin u? cos 47:2 sin? u? + sin? w cos? 4. 

5. We . When there is a curve of umbilics, this curve is itscíf a line of curvature, and 
the Gut Pines of curvature that cross it do so at right angles. 


§19.7 


l. by = 0. 
3. The lines of curvature are the intersections of the ellipsoid with the other quadrics 
of the system. 





§19.8 
l. 0 = de, Žr, 


§20.1 


3 VE ` 3 : Ve ) 
e yg K == r} j -z< T}; |- 
l yg K a2 ts) aaa 2, 


Fije = Hli) ri, = Pinder 
2 Ving = Lidio Vas = “Peds Dii = Eda Ei = Msg 
3. Tye = 4l, Tray = —w, Th, = Val, V2, = —a#; all others are 0. 
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5. By the equations just before 19.33, 
vg rê = Eein X r}. 
Hence Vgrliy = ygĒr rj = SEA nrar] 
=n- Ldn, x r, = ne (ri X To); 
n: (yg n); = (vg); 


6& K=1. 


§20.2 


3. No; the tangents do not make a constant angle with the z-axis, 


§20.3 
2. (Vu = — vg. 


§20.4 
2. Another circle of radius b and one of radius a — b. 


§20.5 
(i) 27 sinr, Gi) 27 sinh r. 


§20.7 
cosh? u! + (u? + cF = k*. 


§21.1 


Yes; it forms a map of three hexagons on the torus. 


§21.2 


2 Let PiPPa be a regular hexagon gerssnltric with and interior to the disk. 
Join Py P,, Peas Pah, through the boundary of. the gisk rather than through the center. 

3. They form the Thomsen graph. 

4. Yes, if g > @. Both are nonorientable with x =2-2p-—4q. 


§21.3 jy 
1.42, 1} may be drawn as g great semicircle joining 2 antipodal vertices. {1, 2} may 
be drawn as a great circle with one point on it specified as a vertex. 

2. {3, 5}/2 has 6 vertices, each joined to every other, The vertices and edges of 
{5, 3}/2 form the Petersen graph [Ball 1, p. 225]. 

5. {4, 4},,, has 2 quadrangular faces, 4 edges, and 2 vertices; each verlex belongs 
to all 4 edges. 

{4, 4}5.9 has 4 quadrangular faces, 8 edges, and 4 vertices; each yerlex belongs to 
all 4 faces. 

{3, 6},,, has 6 triangular faces, 8 edges, and 3 vertices; each vertex belongs to all 
6 faces. 

{6, 3},,, has 3 hexagonal faces, 9 edges, and 6 vertices; each vertex beiemgs to all 
3 faces. 

{6, 3},.) has 4 hexagonal faces, 12 edges, and 8 vertices. 
All 5 maps are of genus 1. 

7. V = 3,4, 4, 5, 6,7. 
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9. The positive integers p and g are not quite arbitrary. If one of them is 1, the other 
can only be 2, For instance, g = 1 imples E = pr, F = 2r, whence 


E+ F =(p + 2)r = (2p + 2g -pgr =x <2, £ =F =1,p =2. 
§21.4 


l. The cube in only one way; the dodecahedron two ways. 


§21.6 
x=2, 1, 0, -1, -2, —3, -4, -5, -6, -7, -8, —9; 
[N]=4, 6, 7, 7, 8 9% 9% 10, 10, 10, LI, 11. 


§22.1 
l. rN, = E’Ng, where, by ex. L at the end of §10.3, 
1 1 1 | 
E' q i P D 


Similarly, pN = EN3. 

2. This is derived from the analogous cube in the space +, = 0 by translating it 
through distance 1 along the fourth dimension. 

3. The cube (+1, +1, +1, —1) is translated through distance 2 along the fourth 
dimension. 

4. (J, 1,1, 1). 


§22.2 


4 m n n n n 2 m a OE 
l. Since cos- <sin—-, —+-— >35. Similarly, cos- <sin-. 
P P q 2 q r 


2. {3, 3, 4}. 


§22.3 
I. (£1,0,0,0), (0, +1,0,0), (0,0, +1,0), (0,0, 0, +1). 
2. (+1, 41, 0, 0), permuted. 
3. (r, 1, 7 4, 0) = r-%{r, 0, 7, 0) + 27'(s, 7, 0, 0). 
4. The extra points correspond to the centers of the 24 icosahedra. 


§22.4 


l. No. 

2. (a) No. (b) Yes. 

3. Yes. The twelve can have their centers at the vertices of a regular icosahedron. 
4.12 +22 +--+ +P xe ain + 12m + 1/6. 
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